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Abstract

A self-stabilizing system is guaranteed to eventually reach and stay
at a legitimate configuration regardless of the initial configuration. In
this paper, we propose a generalization of the classical k-redundant
dominating set problem, and propose a self-stabilizing algorithm for
finding a minimal generalized dominating set in an arbitrary network
under the synchronous daemon. The classical k-redundant dominating
set in a distributed system is a set of nodes such that each node is
contained in the set or has k neighbors in the set. On the other hand,
in our generalized dominating set, each node ¢ is given its domination
wish set C; = {W{ Wi, ... : Wi C N;}, where N; is a set of neighbors
of node i, and each node i not in the dominating set has some W € C;
such that each member in W/ is in the dominating set. We show that
the worst case stabilization time of the proposed algorithm is O(n)
rounds, where n is the number of nodes.

1 Introduction

A self-stabilizing system is guaranteed to eventually reach and stay at a le-
gitimate configuration regardless of the initial configuration [1]. This enables
a distributed system to be adaptive to transient faults and topology changes
in a network. Two important requirements to a self-stabilizing algorithm are
closure and convergence properties. The closure property ensures that once
a system reaches a legitimate configuration, it stays at legitimate configu-
rations forever unless new transient faults or topology changes occur. The
convergence property ensures that regardless of the initial configuration, the
system reaches a legitimate configuration in a finite time.

A dominating set in a distributed system is a set of nodes such that
each node is contained in the set or has at least one neighbor in the set. A
k-redundant dominating set [4] is a set of nodes such that each node is con-
tained in the set or has at least k neighbors in the set. We call members of a
dominating set dominators and the remainder dominatees. A minimal dom-
inating set is useful for clustering and routing in an ad hoc wireless network.
A dominating set (resp. k-redundant dominating set) is minimal if and only



if no proper subset of the set are a dominating set (resp. k-redundant dom-
inating set). In these definitions, each node uniformly requires the same
amount of domination, that is, each dominatee has at least one or k dom-
inators in the neighbor respectively. So, these definition cannot give each
node a different amount of domination. In this paper, as a further general-
ization of these problems, we propose the generalized dominating set problem
in which domination requirements may not be uniform by nodes. For exam-
ple, domination requirements can be decided by the network performance,
the node performance, the network topology, the degree of a node and so
on. In addition, a generalized dominating set can also express a weighted
version of the k-redundant dominating set: given a network where each node
is assigned a positive weight, each node is required to be a dominator or to
be dominated by neighboring dominators whose total weight is & or more.

Contribution of this paper: The contribution of this paper is twofold.
First, we introduce the generalized dominating set problem. Second, we
propose a self-stabilizing algorithm for finding a minimal generalized domi-
nating set in an arbitrary network under the synchronous daemon. In this
paper, we assume the execution model where all nodes execute actions simul-
taneously in a lock-step fashion in each round (the synchronous daemon),
and the communication model where each node can directly read local vari-
ables of neighbors (the state-reading model). These models are commonly
used in literature of self-stabilization. Our algorithm repeats a sequence of
four phases, and all nodes must execute an identical phase at each round.
To realize the synchronization of the four phases, the self-stabilizing phase-
clock synchronization algorithm [11] is utilized. The convergence time of
our algorithm is O(n) rounds, where n is the number of nodes.

Related works: N. Guellati and H. Kheddouci [5] surveyed self-stabilizing
algorithms for finding a minimal dominating set and a minimal k-redundant
dominating set under various kinds of daemons in various network topolo-
gies. The minimum dominating set problem is NP-hard, so several self-
stabilizing algorithms [8, 15, 12, 13, 14] for the minimal dominating set
(MDS) problem have been proposed. The first research of self-stabilizing al-
gorithms for the minimal k-reduntant dominating set (MKDS) problem has
been developed by Kamei and Kakugawa [6] which assumes a tree network
under the central and the distributed daemons, and the convergence times
of their algorithms are both O(n?) steps. Huang et al. [9, 10] presented
two self-stabilizing algorithms for the minimal 2-redundant dominating set
(M2DS) problem in an arbitrary network. Recently, Wang et al. [2, 3]
proposed self-stabilizing algorithms for the MKDS problem, assuming the
central and the distributed daemons, both of which stabilize in O(n?) steps.
The results are summarized in Table 1. Note that MGDS in the table de-



notes a minimal generalized dominating set proposed in this paper.

Table 1: Self-stabilizing algorithms for various dominating set problems

Reference Problem | Topology Daemon Convergence time
Hedetniemi et al. [§] MDS Arbitrary Central (2n + 1)n steps
Xu et al. [15] MDS Arbitrary | Synchronous 4n rounds
Turau [12] MDS Arbitrary | Distributed 9n steps
Goddard et al. [13] MDS Arbitrary | Distributed 5n steps
Chiu et al. [14] MDS Arbitrary | Distributed 4n steps
Huang et al. [9] M2DS Arbitrary Central O(n) steps
Huang et al. [10] M2DS Arbitrary | Distributed not mentioned
Kamei and Kakugawa [6] MKDS Tree Central O(n?) steps
Kamei and Kakugawa [6] MKDS Tree Distributed O(n?) steps
Kamei and Kakugawa (7] MKDS | Arbitrary | Synchronous O(n) steps
Wang et al. [2] MKDS | Arbitrary Central O(n?) steps
Wang et al. [3] MKDS | Arbitrary | Distributed O(n?) steps
This paper MGDS | Arbitrary | Synchronous O(n) rounds

Organization of this paper: The rest of the paper is organized as fol-
lows. Section 2 presents formal definitions of the system model and the
generalized dominating set (MGDS) problem. Section 3 presents our algo-
rithm for the MGDS problem under the synchronous daemon in an arbitrary
network topology. Section 4 gives correctness proof and performance evalu-
ation. Section 5 gives concluding remarks.

2 Preliminaries

2.1 System model

A distributed system is modeled by an undirected graph G = (V, E), where
V ={0,1,2,--- ,n— 1} is a set of n nodes and E is a set of m bidirectional
communication links. Each node i € V has a unique identifier denoted
by ID; which is a nonnegative integer value. With abuse of notation, we
use ¢ to denote ID; when it is clear from context. IN; denotes a set of
nodes to which node 7 is adjacent, called neighbors. As a communication
model, we assume each node can read local states (or variables) of neighbors
without delay. This model is called the state-reading model. Each node
can update its own local state only, but each node can read local states
of neighbors. A configuration of a distributed system G is specified by
an n-tuple v = (8,81, - ,8n—1), where s; stands for the state of node 4
(0 <i<n-—1). Let I" be a set of all possible configurations. An atomic
step of each node i consists of the following two steps: (1) read local states
of all neighbors and (2) update its local state depending on its current
state and the states read from its neighbors. In this paper, we assume the
synchronous daemon for node execution such that all nodes execute atomic



steps simultaneously in a lock-step fashion, and computations progress in
rounds: in each round, every node executes an atomic step. Notice that
each node reads the neighbors’ states that are the ones at the beginning of
the current round and updates its own state.

2.2 Self-Stabilization

When the configuration changes from «y to 7/ (# I'), the transition is denoted
by v — «/. For any configuration -y, an ezecution II starting from ~g
is a maximal (possibly infinite) sequence of configurations I = ~g,7v1,- -
satisfying ~v; — Y441 for each ¢ > 0.

definition 1. Let I be the set of all possible configurations. A distributed
system is self-stabilizing with respect to A C I if and only if the following
two conditions are satisfied.

e Convergence: Starting from an arbitrary configuration, a configuration
eventually becomes one in A

e Closure: For any configuration v € A, any configuration v’ such that
~v " is also in A.

]

Each v € A is called a legitimate configuration.

2.3 The Generalized Dominating Set Problem

A classical dominating set is formally defined as follows. Let G = (V, E) be
a distributed system.

definition 2. A dominating set D of G is a subset of V such that for
each node i € V, i is in D or [N; N D| > 1 (or there exists j such that
jEN;ND). O

definition 3. [// A k-redundant dominating set D of G is a subset of V
such that for each node i € V, i is in D or |[N; N D| > k. O

definition 4. A dominating set (resp. a k-redundant dominating set) D
of G is minimal if no proper subset of D is a dominating set (resp. a k-
redundant dominating set) of G. O

The 1-redundant dominating set problem is equivalent to the dominat-
ing set problem. Hence, the k-redundant dominating set problem is a gen-
eralization of the dominating set problem. The generalized dominating set
introduced in this paper is defined as follows.



definition 5. Let C; = {W{ Wi, ... ,Wci(i)} for each node i (0 <i <mn—
1) where W C N; (1 < z < ¢(i)), and let C = (Cy,Cy,-++ ,Cp_1). A
generalized dominating set D of G with respect to C is a subset of V such
that for each node i, i is in D or there exists Wi € C; such that W C D. We
call C; a domination wish set of node i, and C a domination wish list. [

definition 6. A generalized dominating set D of G is minimal if no proper
subset of D is a generalized dominating set of G. O

A generalized dominating set is a further generalization of a k-redundant
dominating set. Besides, we define the minimal generalized dominating set
problem in a distributed system.

definition 7. Let G = (V, E) be an undirected graph modeling a distributed
system. The distributed minimal generalized dominating set problem is
defined as follows.

Input of node i : A domination wish set Cj.
Output of node i : A status d; = true or d; = false.

Condition : A node set {i € V : d; = true} is a minimal generalized
dominating set of G with respect to C = {Cy,Cy,- -+ ,Cr_1}.

Ol

3 The Proposed Algorithm

3.1 Variables

In this section, we propose a self-stabilizing algorithm for the distributed
minimal generalized dominating set problem. In our algorithm, each node
i uses two constants, one external variable (controlled by external activity),
two macro symbols and four shared variables. The constants are described
as follows.

e set of nodes N; C V : A set of neighbors of node i.
e domination wish set C; = {W# Wi ...: W C N;}
The external variable is described as follows.

e int PhaseClock; € {1,2,3,4} : We assume that external activity makes
this variable increase by one (in the circular order) at each round as
1,2,3,4,1,2,3,4,1,2,--- and take the same value in all nodes at each
round. Our algorithm implicitly executes the self-stabilizing algo-
rithm [11] for a phase clock synchronization simultaneously to main-
tain PhaseClock;. For simplicity, in our algorithm, we omit the de-
scription of the phase clock synchronization algorithm.



Besides, we use macro symbols as follows.

e set of nodes D; = {j € N; : dj = true} : A set of neighboring
dominators of node i. Consequently, a set N; — D; means a set of
neighboring dominatees of node 3.

o C!={W!eC;: W CD;}: Asubset of C; such that for each W € C,
each node in W/ is a dominator. A dominatee i is dominated when

! £ 0.
The shared variables are described as follows.

e boolean d; : This variable is true (resp. false) if node i is a domi-
nator (resp. dominatee). We call this variable status. Note that the
meanings of the status and state are different in this paper; the state
means the set of the variables of node 1.

e boolean Permissioné- : This variable is used by node ¢ to give a
neighboring dominator j(€ D;) permission to become a dominatee.
Permissioné- = true means that a dominatee ¢ is dominated by the
other set of dominators (€ C7) even if j € D; turns to be a dominatee.
In other case, Permissioné» is false.

e boolean ChangeFlag; : Node ¢ sets this variable true if node ¢ in-
tends to change its status from a dominator to a dominatee or from a
dominatee to a dominator.

e node name Pointer; : This variable is assigned one node j € N; U {i}
to approve j’s status change. Node j can change its status if Pointer;
points to j for each node [ € N; U {j}.

3.2 Algorithm Outline

Let us explain the idea of the proposed algorithm. The main feature of our
algorithm is that once a dominator ¢ turns to be a dominatee, node i never
changes its status afterwards, that is, node ¢ is dominated by at least one
set of dominators in C] afterwards. Intuition of the status change rules of
each node ¢ is described as follows.

* Rule 1 dominatee = dominator : A dominatee i (i.e.,d; = false) turns
to be a dominator (i.e.,d; = true) if it is not dominated, that is, C} = 0.

- Rule 2 dominator = dominatee : A dominator ¢ turns to be a domi-
natee if it is dominated and each neighboring dominatee j(€ N; — D;)
is also dominated even if node 7 turns to be a dominatee.

10



This idea for the algorithm seems intuitively correct; Rule 1 makes a
set dominating, and Rule 2 makes a set minimal. However, its straightfor-
ward implementation does not work correctly under the synchronous daemon
which is assumed in this paper. Let us observe three nodes, say ¢, j and k
in the network such that nodes j and k are neighbors of node 7, but nodes j
and k are not neighbors each other, that is, node ¢ is in the middle of nodes
j and k. Suppose that node i is a dominatee with C; = {{j},{k}}, and
nodes j and k are dominators. By Rule 2, nodes j and k simultaneously
become dominatees if each of them has at least one set of dominators in C
and C}, respectively. Then, node ¢ has no set of dominators in C;, and node
1 is still a dominatee; node 7 is not dominated.

To avoid such a scenario, we disallow the simultaneous status changes of
nodes j and k in the above setting. Generally speaking, we avoid violation of
domination by disallowing simultaneous status changes of two nodes within
distance two (e.g, nodes j and k in the above example). The idea for such
a control is described below.

e Each node i reads the status from each of its neighbors. Node ¢ can
now detect whether the condition of Rule 1 is satisfied. Concerning
Rule 2 at each neighboring dominator j, node ¢ can detect whether it
is still dominated even if node j turns to be a dominatee. If so, node
1 notifies node j of permission to become a dominatee.

e According to the permissions, each dominator can know whether or
not the condition of Rule 2 is satisfied. When node i satisfies the
condition of Rule 1 or Rule 2, it notifies its neighbors that it intends
to change its status by setting ChangeFlag; := true.

e To disallow nodes within distance two to simultaneously change their
statuses, we use the pointer Pointer;; node ¢ sets Pointer; := j where
j € N; U {i} is the node with the smallest ID among {h € N; U {i} :
ChangeFrag, = true}. Node i sets Pointer; := null if no node h in
N; U {i} satisfies ChangeFrag, = true.

e After the pointer assignment, node i changes its status if node i is
pointed by all the neighbors and itself.

By this, we prevent the simultaneous status changes by nodes within dis-
tance two. In Algorithm 1, we show the detailed actions of each node ¢
at each phase. The algorithm repeats the sequence of the four phases. We
explain the action of node i in each phase as follows.

e Phase 1: Each node ¢ updates Permz’ssioné for each neighbor j. Node

i sets Permissioné- := true if node 7 is a dominatee and {s € C} : j ¢

s} # (0 holds. In other case, Permissioné- = false. This variable is used
in Phase 2.

11



e Phase 2: Each node i updates ChangeFlag;. Node i sets ChangeFlag; =
true if the condition of Rule 1 or Rule 2 (mentioned above) is satisfied,
and ChangeFlag; = false otherwise. This variable is used in Phase 3
and 4.

e Phase 3: Each node ¢ updates its Pointer;. Node i sets Pointer; to
one node j € N; U {i} with the smallest ID among {h € N; U {i} :
ChangeFlag, = true}. Node i sets Pointer; := null if there exists no
neighbor j such that ChangeFlag; is true. This variable is used in
Phase 4.

e Phase 4: Each node i changes its status (d; := —d;) if the following
two conditions are satisfied.

1. Node ¢ intends to change its status, that is, ChangeFlag; = true.

2. Node i is pointed by each neighbor j and itself, that is, Vj €
N; U{i} : Pointer; = i.

3.3 Example

Fig. 1 shows a possible execution of our algorithm. The distributed sys-
tem consists of six nodes 0,1,---,5. In the initial configuration (Fig. 1(a)),
black nodes 2,3 and 5 represent dominators and white nodes 0,1 and 4
represent dominatees. Fig. 1(b) shows an execution of Phase 1. Since
C} = {{3},{5}}, node 4 is dominated even if node 3 turns to be a domi-
nator, and node 4 sets Permissions = true (this is represented by the small
black arrow). Similarly, node 4 sets Permissions = true. Since C| = {{2}},
node 1 is not dominated if node 2 turns to be a dominatee, and node 1
sets Permissiony = false. Similarly, node 0 sets Permissz'ong = false. In all
the other cases, Permissioné» = false (this is not used). Fig. 1(c) shows an
execution of Phase 2. Since C{; = 0, node 0 sets ChangeFlag, = true (this is
represented by the black flag). Since C% # () and node 3 receives permission
from each neighboring dominatee (in this case, from node 4 only), node 3
also sets ChangeFlag; = true. Fig. 1(d) shows an execution of Phase 3.
Since ChangeFlagy = true and there exists no neighbor 7 of node 0 such
that ChangeFlag; = true, node 0 is pointed by nodes 1,5 and itself (this is
represented by the big black arrows). Similarly, node 3 is pointed by nodes
2,4 and itself. Fig. 1(e) shows an execution of Phase 4, and nodes 0 and
3 change their statuses since they are pointed by each neighbor of them
respectively.

12
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Algorithm 1 Actions of node ¢ in each phase.
Constants:
1: N;: A set of neighbors
2: C; = {W}, Wi --.: Wi C N;} : A domination wish set
Macros:
3: Dj = {j € N; : dj = true} : A set of neighboring dominators
4: Cl = {W: e C;: Wi C D;}: Asubset of C; such that each element of
Wi isin D;
Shared Variables:
5: d; : Node i is a dominator (resp. dominatee) if d; = true (resp. false).
6: Permzsszon] : This value is true if node i gives its neighboring dominator
j (€ D;) permission to become a dominatee.
7. ChangeFlag; : This value is true if node ¢ intends to change its status.
8: Pointer; : This variable is assigned one node j € N; U {i} such that
ChangeFlag; is true. Then, node ¢ approves j’s status change.
Phase 1:
9: for each neighbor j of node i :
10: if (d; =false) N ({s € C!: j & s} # 0) then
11: Permzsswnj true
12: else
13: Permissioné- := false
14: end if
Phase 2:
15: if (d; = false) A (
16:  ChangeFlag; :=
17: else if (d; = true
then
18:  ChangeFlag; := true
19: else
20:  ChangeFlag; := false
21: end if
Phase 3:
22: if {j € N; U {i} : ChangeFlag; = true} # () then
23:  Pointer; ;= min({j € N; U {i} : ChangeFlag; = true})
24: else
25:  Pointer; := null
26: end if
Phase 4:
27: if (ChangeFlag; = true) A (Vj € N; U{i} : Pointer; = i) then
28: d; := —d;
29: end if

C! =) then
true .
YA (CL# 0) N (Vj € N; — D Permissz'ong = true)




Cs= {{0} “} G={B5Y G={2p

Ct= G={BL51 c={2y

5 4 3

0 1 2
Co = {{L5}} ¢ ={2} G = {13}
Co=0 ¢ ={{2}} =90

(a) Initial configuration

o= {04} C={BLY =2}
G=p CG=(BLEY =2}

5 p*
o0

Co={{15)} G ={2} G ={{13}}
Co=0 Ci={{z} G=9
(c) Phase 2

Cs={0L{4} G={8,{5} G ={{2}
Cs = {0} Gy ={{58 Ch= {21

S 3
0 1 2
C={15}} G ={2}) G ={{13}}
Co=9 ¢ ={{2} =0
(e) Phase 4

C={{0},{4) G={BL{1} G={2}
=90 G={B 51  G={2n

C={15}} ¢ ={2} C; = {13}
Co=0 i ={{(2}} =0
(b) Phase 1

= {04} C={B5Y =2}
G=0 C=(BLEY  ¢={2}

G ={{15} G ={(z} C; = {{13}}
G=0 G={2} ;=0

(d) Phase 3

@ : Dominator
QO : Dominatee
<« : Permission

: ChangeFlag

—nm

4= : Pointer

Figure 1: A possible execution of our algorithm
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4 Correctness Proof and Convergence Time Eval-
uation

In this section, we show the proof of correctness of the proposed algorithm.
Let I be a set of all possible configurations. First, we define a set of legiti-
mate configurations A C I' of our algorithm as follows.

definition 8. A = {y € I': {i € V : d; = true} is a minimal generalized
dominating set of G=(V,E) in v } O

In the following correctness proof, we consider only suffix of any execu-
tion that starts from Phase 1 after the self-stabilizing phase clock algorithm
converges to a legitimate configuration. This implies that all nodes executes
the identical phase at each round and the value of variable Permissioné- used
in Phases 2 is the one set in Phase 1. The similar property holds for all the
other variables. We define the two predicates A; and B; for each node i that
are used in Phase 2 as follows.

A; = (d; = false) A\ (C! = 0)
B; = (d; = true) A (C} # 0) A (Vj € N; — D; : Permission’ = true)
Then, we show the proof of the closure property of our algorithm.

lemma 1. If both of the predicates A; and B; are false at every node i in
v, both of them remain so in any v’ such that v — .

proof. We prove the lemma by contradiction. Suppose there exists some
node i such that either of its predicates A; and B; turns to be true in 7.

First, we assume that the predicate A; turns to be true in ', that is,
(d; = false) N (C] = 0) is satisfied in v . Because both of the predicates
A; and B; of all nodes are false in vy, C! # 0 holds in . So, at least one
neighboring dominator j must turn to be a dominatee so that C, = 0 is
satisfied in 7', by executing Phase 4. This implies that ChangeFlag; is true
in 7y, that is, the predicate Bj of node j is true in vy. This contradicts with
the assumption.

The similar proof is applied to the predicate B;. ]

lemma 2. Both of the predicates A; and B; are false at every node i in =
if and only if v € A.

proof. First, we show that if the both of predicates A; and B; of each node
i are false in vy, then v € A. Let i be any dominatee in . Since the
predicate A; is false, node i is dominated. Thus, v is a configuration with a
generalized dominating set. Leti be any dominator in vy. Since the predicate

B; is false, either or both of (1) C} =0 and (2) 3j € N;—D; : Permission] =
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false are satisfied. Suppose that we change the value of d; to false. Then,
node i or at least one neighboring dominatee j(€ N; — D;) comes not to be
dominated in the resulting configuration. This configuration has no longer
a generalized dominating set. Thus, v is a configuration with a minimal
generalized dominating set.

It is clear by definition of A that if v € A, then both of the predicates A;
and B; of each node i are false in . ]

The following Theorem 1 is obtained from Lemmas 1 and 2.

theorem 1. For any configuration v € A, any configuration v’ that follows
v is also in A (closure property).

Finally, we show the proof of the convergence property of our algorithm.

lemma 3. For any node i, C] # 0 always holds after node i changes its
status from a dominator to a dominatee (or after d; turns to be zero from
one).

proof. We prove the lemma by contradiction. Suppose that for a dominator
i, C] is empty after node i turns to be a dominatee. Since dominator i
sets ChangeFlag; = true when C] # () (Phase 2), C! # (0 holds when it
becomes a dominatee (Phase 4). Also Pointer; = i holds when it becomes
a dominatee, which disallows any neighbor of node i to change its status at
the same round. Thus, without loss of generality, we can assume that C]
becomes empty after node i becomes a dominatee due to the status change of
a neighboring dominator j from a dominator to a dominatee. This implies
that Permissioné» is true when mode j changes its status, and this means
node i is still dominated even if node j turns to be a dominator. Another
condition Pointer; = j for allowing node j to change its status guarantees
that any netghboring dominator other than node j cannot change its status
at the same time, that is, C} does not become empty. This contradicts with
the assumption. ]

The following Lemma 4 is obtained from Lemma 3.

lemma 4. For any node i, both of the predicates A; and B; are always false
after node i changes its status from a dominator to a dominatee (or after d;
turns to be zero from one).

lemma 5. Let v be an illegitimate configuration (i.e., v &€ A) at the begin-
ning of Phase 1. Then, at least one node change its status at the next Phase

/.

proof. We prove the lemma by contradiction. Suppose that no node changes
its status at the Phase 4. It is clear that the node with the smallest ID in
{jeV: ChageFlag; = true} changes its status at Phase 4 if exists. Thus,
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by assumption, for each node i, ChangeFlag; is false at Phase 2 following the
Phase 1 starting at v, and this implies both of the predicates A; and B; are
false. By Lemma 2, v € A holds. This contradicts with the assumption. [

lemma 6. For any node i, both of the two predicates A; and B; turn to be
false in O(n) rounds.

proof. By Lemma 4, if any node © changes its status at most twice, both of
the predicates A; and B; turn to be false. By Lemma 5, at least one node
changes its status every four phases before reaching the legitimate configura-
tion. So, both of the predicates A; and B; of all nodes turn to be false within
8n rounds. O

From Lemmas 2 and 6, the following theorem holds.

theorem 2. The algorithm converges to a legitimate configuration in O(n)
rounds once the self-stabilizing phase-clock synchronization algorithm con-
verges to its legitimate configuration (convergence property).

By the Theorems 1 and 2, we obtain Theorem 3.

theorem 3. The algorithm is a self-stabilizing algorithm for the minimal
generalized dominating set problem with O(n) convergence time under the
synchronous daemon.

5 Conclusion

In this paper, we presented the new generalization of a dominating set which
generalizes the classical dominating set and the classical k-redundant dom-
inating set. The generalized dominating set is a proper generalization since
more general domination can be realized than the classical dominating sets.
For example, each node can designate the nodes it wants to be dominated
by them, which is impossible for the classical dominating set and the k-
redundant dominating set. In addition, we proposed a self-stabilizing al-
gorithm for finding a minimal generalized dominating set under the syn-
chronous daemon. The convergence time of our algorithm is O(n), where
n is the number of nodes. The algorithm works even under the distributed
daemon when we apply the self-stabilizing techniques for simulating the
synchronous daemon under the distributed daemon.
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5B ANMA N E RS, 51 %Y —ALT 5
K (1,2)-DAMG THEMITF SN TWRWDTHE
BESFANRE D 5B FAMIT 5N dDTHFE
AL &SRO H, XML DOAE RO,
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51 &Y —A LT BHA (1,2)-DAMG THIEM T S0
TWADTY —RA, YV ITHR\WIREATHBE%
SWNEGL AL ZE D, X o THERL & A ad %
M HRFDO D, EIXERELDAERD.
E 5. ArffironTnwianwdaE 1 2T hREMAIT S
LEM234D55 1 DM EERIZIRL %D
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HELUBRWESTH D, £/, Ebob BT HEAT
e;j WML R 5581 pi, p; BWEBLLHLHITY —
ATHEHE, Ebob VI THEEEDATHS.
].. Di»s pj a% 673‘@&%7)&}%@—61:%/5}
ELonOANHEET 525G, HELZ e Ak
Efime s, HELZ7OoXx A% p, &35, p; B
5 p; AMIZAFMNITZ E p; v o Eish, YV
JTHRWEDIZT BT p; 5 p D TEE R
AN R SN B RBERD B0 M G E
ZTOTHEANY U IIZIE->TLED (KM 14). Th

ALy f el A

X 14 Sy oncEs
SDTURANY Y7 EREBNTZDITIE p; S F
MR SN TE = Tak A0 ENDIZAEL % A
RTINS RWAZDE EAEHEABNTET
LE>. (K15)

M 15 Y v 7 Th\WESIZT L ARERETE S
p; M5 p AN HBAMNT B L p; Y —A &Y,
V= ATRWEDITT 2T p; ~p BAADTox
A5 NEEZE R B BB B0, Gty
GETDTa R AN —AkkoTLEDS. Ih
S5DTAEAMNY = AL RSN E=DIZIE, p o
FHEfFonTE =T 206 ORNE%E Haft
R NER SRV D SAREKNATETL
£95. XoTpi, p; DEDSDPDANHBLT 2555,
1D Th AT 5 & & 2.4 272 Xm0,

2. E5 0B LRVWES
p; D5 DPj NHE T 256 ps WY =&z, Pj
Moo eind, ¥ 0nDANHRET 554 LH
BIZTBZETY =R, Yvr, AHABKEDONTH
PRGFEHET DL UPARMITEZEATERY
DTEM 2,4 ZHiT- 7200,
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e KL LY —ATHBGE
V=AM B Y — AN 5 & IENAL
R oTULE S DTEHM 3 2320
e KHELEYVITHBGE
VUIINS Y VI NHET B & o RSN
WEFF>TUE S DOTERMES 2z S 20
Lo TAHBMITSNTWERWAEZ 1 D2TH AEMITH L
Gl 2,34 2= 370K 72 5.
5 DD L DIROTHEDER D LD,
EE 1. fBKFEES (2,2)-DAMG Wi H AL E 7L I
D A LMEREOESE R v T — 2 FIZMK S EE (2,2)-
DAMG %M 5 HALET VIV AL TH 5.

6 FELHESEDFREE

ERA o)

o M AHR, F9HAS (S, T)DAMG DEH

o MK HHELS (2,2)-DAMG HERL 7V T XL DRE
o BETINITY X LDIEYMEDFEH

SO HE
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O, BEZEFELRWA & CHEZ LB EFEHT
LZRHENH D, HMFEEMEARL, BEERIELT
WA EMBIZOEZFERNZ & T, 2O LS R E S
F7ELUTETMMETAZENTES, HEREFELT
WA GG E (BEEATHIENTWS Z L 2 EIKkT %)
PR 1, ERENRREER WD, —DDOHEMB O A%
NUTRET2HE% (4% 2 K232 THEEN
TWb I L aERT 2) 2 & ARSI & T, M
O JEIREE » Y TRIEZ LQ2,1)-7 XY V7 RfEE L
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G=(V,E) 27 Z 725, ZZTde(x,y) &
mx,yMoa—210y R#TH 5.
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DL D VD,

EE 1. BAHZ 57 GOBRKRKZ) -0 41 X%
W BRI EALUZEE, 0-1<AL6w-TW

S/ VASR

SEBR. K7V —2%FZ2 DL, TOVA XN w i
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MEU, vo b2 Uza—2y NEBECHERE
DI CIZDOVWTHERS. [ C OREHEB LA LI
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a2 b ZZTRIE ava, EHEEE C 2L,
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EENDZBEDLTE. F-CIZEENSTHAFA LD
a—2)y FIEMIZETIUTEREDT, 2051k
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# TR VTN, T ORMEE 0, TET.
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BT 78526078 & MTFDO LS A 1258
WMTNVITVZAL%E525. 9, Ha DT —7 Ti(7=
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VOTBIETERIZ 8w &5, k72, FRIZGS
TI37DHED2w-127K0,0w>2 2RET S
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B3 emBDIFITF—T LizARLEE 1D, EXN
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LETHD. ZOLEB3DELIITTITINERS
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Erz, LEORETRWES, THRIZ4 ERIE5 &
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5D TEREDEMIIE 108 37405,
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HE

.z oo x ZA 25, R READ-WRITE G A€V SRS AT L EORFE 7o bare LT
EHTEENEIPHUETET7NT) ALZRETS. 2770, ZORBEIE—BRITIZEREMETH S Z
EDHISENTVWEDT, FEERAY D—EIZDWTZ DOEBATREN: 2 BMANIZ(RIFT 2 Z L 2 BN L 3 5.

At b Re Y —DFEE AW HEE OB CHEL S 1T W 2 IERIIEH R W REMEE R I KL, ¥
R AT % BARKERB ORI 2G4 & UTEXEE, TSNS 28 A0sf BB A ET X R 2
JEFRBFTEZT0 N ANEFET S, ZOLIRERAKERRTS7720, 55N X AT D0 5carrier
BIRCIPIEN 2 BARIEAR 2 LS B RICRERL U, carrier BARDH TR A2 DAY T 28K % H Iz
YT BBERANEBIIZER L TV Z itk >T7a b a)VERTREEZHET S, 0L S REKROE
B L BRI T 2 BARNE AR EOF THEINICR T Z e RN TE S, L LY S, TOBRZEMIE
INSIRRA TH>TENRYDRKRELR-oTUEDS. I TIOHEMER, carrier EA T T2 25
BT TERR MIGEREATLMEEENMEL, N RX=F T T RN R=T 5 VA MZET 287
OHMAERHT NIV AL %2BEHTEZLICL>T, BERY MEESRNIIKRT 5 A2 RET 5.

1 EC®IC

DWEHE Y AT LD M RA Y= [10] 1, DY ATLEMAGOE N AD Y —O5%EE2 AWV CHERE T
MEL, PRBY—RFEEEMAL T 70 b IVER A REVESE O 2 GBS 2 AEMMEE 2 S 2T U &
32T E5HDTH5. ZORHTRICEZERYM ORI, Herlihy & Shavit 12 & 2 FE[FIHA 5 Al s e 2
[12] THB. ZOFHIK, GAO5NZNWEAAT (HNET20HEIHEOARTREALNER) 23, FEFRM
READ-WRITE 2G5 #A €Y VAT L ECHEMAH T S a2 R0 008 +0&MHE%E2, MR Y—0
SETRHMO T 21T o722 0D s THRER A DR ZERTH D, SR A7 D71 b I)VFEBIAATEENEIC
DNWTEDHL < QEIRZENFER [4]) 2 EAHTEEE £8o72. 72, Gafi 5% Z OFH T OFERIN S
%, HGRABUC & BRMICE E P A IEFEMIGE R E AR Uz, [2, 20]

AFEOHIE, MR AT PEKNZGZ 5N &, ZORXRATPEMSESHNTE NIV E/HONES
PEHETZTIVIVALE[KT LI L THD. FaLNS, GRAONZHMRA AT ZFEBT S 70 han
PEHETEREI P TR ABA 3 U EOL SITRERRETH L ZLHHSNT WS 11,8 & Hb,
ZOHAZET AH%EEH £ 07O TETVRY. AL TIIEERMRIZIEZ DSOS, EHAERR A
O—HICEAL CTEECHRHEREREZWMETE L LR, BEEVELTERVWT VIV ALE2525Z%
HIEX 5. bbb, HEZRZAINIOTNIT) ALIE > TEHAEEHEINGEE, TOXRATITE
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BB b INERRFOZEEEEINED, 5 THRVWES (EHAGgELHEI W R» - 258) k7 m ha
JVEB O] A 13T T E R\,

AMTEEROIS BT NTY A L%, BANEBIZH > THT 5. Gafni 512 & 2 IEFMIFHE RN E
HiIzEhiE, 25022220870 haLz2/lOI L E2RTICIE, XA ADANEBIICE T HEY) A8k
BEEREETNZEN. 202D, et bR Y —0FE2HWTEY R BEAREEREZZREL, TOoHT
ATNZAIYS 2 Bk %2 BRBEIIC AT U, HCRE D £ BERE2 G2 FRE2ER 5. 2O &5 REROE
FhNE < SHfERIRIZ L 5T T U N AV DEFEEE G TEIENTES.

AREOHMIEEIZLATO®EY TH 5.

o LD & D BRAWDOHREME U THAGLEINICHEES 2 BAKEAR L LT carrier 81k %8 A
9 5. carrier KX, DX A7 ORI LFIRTH 5 carrier BED S BN LIEFEE D SME
BN EHARICHER S 0 2 BURNBEIRTH 5. MIILEIX carrier BIRNTORALZHEEDOEAL LT
FEHINE., IhoZBREEOEE%, carrier B#IKFOERBRY MLl GEHORZ FVGOBIE%E,
ERORE > THERL L7235 0) & LTRT. FEFEYGEHE TR O &M% 23 X 5 Ao
BaOT 2101, —EORMGEALTERRY MVGEVDEORET D2HEND 5.

o A XNENIFEREKBRVWARAITH-TH, BRI PVBIZIZHE L OEHIHE. KER
BREMOEN SRR MY BRELRT MVGE2FERTHMAEHN TV I XL E2RET
5. ZD7, carrier EARDMEEZ TH 2 BARNEIRE 2 e it A1 =25 7 REUTEHL
ZHUINANR=T T TDMER TV TV AL %2EATHILICE>T, KVBREETHE 7+ VA
HHT5., ZUT, 74VAMDOUEUS> THWE T EEERY MVIGEET 5.

EEM R

Havlicek IZREGEMHFIEEZH VS Z L I2X > T, 526N R A7 OEBATENE, ThbbNIET ST
O haIVDPFEELRNI E, 2EL OEEE25 X, TNE2HAWTEZ A PEBRLRATRTHLZ L 2HET S
TNTY A L%EGZ7-. [9] Havlicek D7V T XL L ARTRET 27V TV XALIEED 5 HERTZHARE
ELWVWI ETRAETWED, fiELE-> THEFIZR A OERAEMEZ2HETETIVITV AL EEITWS,

NANR=T 4 VA MDMEHT N T XL, BEREMEZ KECHRT2EE2&E#2E>TWS, 207
VT XL, Lovdsz DA 8—=7 x LA MZET % 2 el c B OGO TR [18) ShTH D,
Formin, Gaspers, Saurabh, $ & U Thomassé #* [6] DT, ZHARM7 LIV AL U THKTESZ L
ZFahL 7z,

1.1 ATHOHEK

AR, DA FO XS icfikansg. 3 28T, Mad bRoY—Icld 2 5ARNHIE L SHGEHED b
AoV —HEIZBE U Ci#i T 5. 3HEIT, carrier EAEEEL, XAZD 70 b IVEBAREEHED 720D
TNVITV AL %25, ZORMRTIE, HEZBERELRY SVEOERE FRENT>T0WD. 48T
I, B2 MVGOBREFTSWEET VTV AL %525, carrier BKADNA =275 7RBUTHEE

LS 270 3 AAMEEDO AW U THTEIET S, 72720, ABICL o TZEHEEDEA L 2 0 BEN RN THE
BTLwZedhb.
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0-HLAR 1- K 2-BifR

Nt

1: BAR & AT BT

7T XLZBEAY 52 & CHREEMZHIKTE 2 Z L 2Rd. ®RIC, 5 HiTHiwmERANS.

2 HUHEDLHOWEE M FROT—

AEITIE, ERENSEAGENRe Y - ZDO0HERE L DBEEIZODWTIRRNS, ZHSDFEEIZELTLD
HAIESFE SR [15, 10) 220720,

2.1 BAEBEEEHED

UTF, Vi2EROEALT . V OHBRHIES o 28K (simplex) £ WD . #0—1% 0 DRTE VY,
dim(o) £ RT3, dXTHK o % d-BIEE BV, REEBHRELTo@ e EL Bfko, 712D2WTo C T
MDD EE, clZT ODETHD LS.

BRI (BIE (complex) 5\ 5) C LIFETRVWHADESTH > TELGOEEMEBIIOVWTHL -
LD, TR HoelCPDDCTCoROIXTECLRDIEIBREDEVD. HEIRCITEENIHEKDRI
DI ILHRDHEDE C DWLL W, dim(C) £ EL. Wit d O#RE d-BiEEXH WS, V(C) TCItEEN
DIEMOEGERT. HIKD PERC DWMNEETHHLE, DIFCOBIEFTHL LS. Hiko D C
DIKIE (0 Co' €C%blEo=0") THBLE o ldC D facet THD LS. #IKC D facet THRVEIK
o MENEEUMH—D facet 2RO L &, 0 ZEHBEEL TR, BRDORTOD facet PR LYILEFRFO L E, £
DHERIZ pure TH 2 L\ D, KRETH S BIRIFFHZZS A LRWVID pure TH 5.

Bk o l22WT, TOB8c2c={r|0C7Co} TEDS. REZEHLT, v 2B VT 0-Hik {v}
B LU <IF0-#k {{v}} 2K7.

% d-Hfk o = {vg,v1,...,v4} (d>0)ITHULT, #EYAha—2Yy REMLEIZT 7« VHSIZRES D
d+1HOERADMAENEIEDLIENTES. (K1) ZhE o DBAMERE VW |o| TRT. EEKC D
BATFEB % C| = U, cclo| TEDD. 272U, 2DDHREIIAET DM IEA—ORANER 2RO LT 5.

BIKC © D ASEET B R A 2N 2 X, C 2 DDV aA Y& C+D = CUDU{oUT | 0 € C,r € D} T
DB, KT, vo*C 1% vo ZIATE, C ZIEM & T 25 (dim(C) + 1 ¥KIT) D8
(cone) THB. (ARZH. ) HIKC BLUHAK e CIZDOWT, RY—i
% St(0,C) ={reC|loUr e}, YvU% Lk(o,C) = {7 € St(c,C) |
TNo =0} TEHRT L. AX—=if St(0,C) & o0 2LET B facet(B LT
Z D) 2kt 5755 C WA, V> Lk(0,C) BA R —EHEIRT
LHEMLDSE o LB 2R VEDONSRIUHERTH S, FFiC
ceCDEE, gxLk(0,C) =St(0,C) THDI LITHEREX.
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BEREKR L :V(C) - V(D) &iX, C DN S D OTHMADO LT
HkEBKZET, 90D ELRED o e CIiZoVT u(o) €D b2 E5BEDTH 5.
IR C % X ST VERTHEIL 72 D2 EIROMS &\ 0\, Dive
DEIITET. H2ITREHE LT 2RICDGEEDEDLMS Bary %5 {1
. EOISE, SEEAOELEZEHRE T IRETHEIZT>THEON / \
5HDTHB. EOMSITPIEFTES EEERDLRPONH LT EHH

0.3 | _A\1.2}
SNTWS. [1] B CITR LT, BEEEE C DMK, VT % % / om\\
hDOAEBIR C LT3 IEFES F(C) BMEFoN5. F(C) 2 EEIER /1
(face poset) &\ 5. #IiZ, PIE/F (P,C) T LT, P OEEZIEMA, {0} {0,2} {2}

B d+ 1 OEEOWRBRFAMI {ap T a1 T -+ T aq} & d-HikE 2: OIS Bary {0,1,2}
UTHED & 5 RIBF#EAE (order complex) Mk TE, Zhz A(P) T

9. HHIET F(C) DA/ERVELM Bary C DIEHAMIZ—RIZNIES 2 Z &h o, #EIKkC OELMDIIIE
R AFC) ITk> THIAEMICRETESZ Z P bh5. (K212, 2-54K{0,1,2} OELMISOMEE
ez R U7z, )

2.2 BfE carrier BIRIC K 2089 R U KRIB

BT, n (n> 1) HOEFM T 0 A5 5% 5 READ-WRITE $#£4 2 € U BUEAHEA RS 25 L& %
Z5. Thbb, @xn—1HEOTBE AR L > TEIET 2 REE»H 2 2T 5.

ARTIE, ANEIHREAY, TRbLLETOLAR TR ABEOHL (Tut A ID) THAM S hE5E5D
AEBEETD. U={py,...,pn-1} 2EOEELT . BN ERXAZIZEVTI, B AT LLRDREIZ
(n—1)-B4& {(p1,u1), (p2,u2)s - -, (Pny un)} (BB NETEEADNWL DRDBHEL TV A HAEITZTN LD T
O 2SI RTEMZI D RN TRONEH) L LTREINS, 272U, BEROETEM (pi,u) 1EaA p; T
ZD70 ZADREN u; THD LI T 0L ATHIET 5. FIHRIH U TEMNITBEEZ color((pi,u)) = pi
TEHTS. ORERAZITBVT, 2TOHEKRC FBAEEE, THROLIEDYAK o e C 34 ELD
5 R B THNDEATRITNIER S0,

DR AT, S AT LD AHMHBIRE A E BRI OB E carrier BIR © : T — 2° THRAMIZE
FELUEHLDTHD. carrier BR O X ANEME T ORHIEZ HIER O OEAEEHRICETEBETH Y, HH
(c CTHRHIEP(0) C O(r)) Pola%EMRTF ((TED o € ZTIZDWT color(a) = color(V(®(0)))) LTI
o\, A E carrier BRIZGGERIRTT 5, 37405 dim(P(0)) = dim(o) PMEED 0 € T IZDWTE
DILDZ LITHERER K.

23 FRAMEEATRMEEE

Herlihy ¥ Shavit[12] 12 & 5 C, M READ-WRITE 4 2 €V £ S L OFHEAREMOMAH b KD
VI X BN AL R SN

EIE 2.1 (FEFEPAGHA ATREVEE HE (Asynchronous Computability Theorem)[12]). taffE A A7 & : T —
20 DA READ-WRITE A A BV ETFMICBVWTINEEHT A/ TE M aL% 0720 DBE+
DERME, WM A EMS DivT & EBKGE 1 V(DIvI) — V(0) 2MF4EL T, u(Div(0)) C (o)
MWMEED ¢ €ZIZDVWTHDNIDI L THS.
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ZlTctftEMa e, O ESEEROMN TH > TEXOMDIERS X tuft 4
KThobDE WD, BN SMD TROIERKZS O REEAN SIS [16] TH
5. M 312 2-BUADIG G OEEGN SHlD 2R 7.
Herlihy & Shavit (2 & % JERBAGHA AT gEMEEBE CIE B B4 S F13 carrier G4
IR DRI S L LTE X 5054, Gafni 513 2 02 @iz E & 2
et p NS ARVAS IR TN U 3. fEEE (L[] = 4

EE 2.1. DL & (k+ 1) YOLHg, SF 2T OBR, Thbb ERTKREL TS, (EL, k> 0) #
KCHWE-BRETHD LI, 2TOm (0< m < k) IZ2O20WT, EREOEGEB £ S™ — |C| »VE i BEK
g: D™ — C| IZHBRTE 2 FHE WS,

pure 72 n-#841K C 1%, Lk(o,C) PMERD 0 € CIZDWT (n —dim(o) — 2)-#EfETH L0 vV EKETH S
AREN

EE 2.2 (FEFRMIGHE Ao @, EHAR [2, 20)). AN E IR A2 & : T — 20 12DV T, (o) IMEED
cETIZHRLTY vk 3%, #4458 READ-WRITE £ AEVETIVIZBWTX AT & 2 EEHT 545
B7a halEd0d0nBEr35ME, EEEE f: |Z] - |0 BFEIEL T, f(lo]) C |P(o)] PMEED
cETITDWVWTIRDNIDIETHS.

3 BEROZEFICLZTOMNILER

PDMEARA7ZFERTA27 0 baVa2RETET7TILVI) X LE2H52%., 73 XLIX, carrier B4H 5E
HEI N2 BARNEROREE 2 BERERE LT, ZORTOEROERE2KRE TS GERERN) TLVIY XLk
LChH5zonb.

3.1 Carrier #{&

DR A2 DS E carrier B @ T 20 L LTHEASNTWE LTS, THXVO X (n— 1)-#kT
H5. ZDcarrier G5 S BARIZE PN D BIEFHEED S AT O & 5 2 BRI R Z SRR T 5 2
ENTES.

E#E 3.1 (carrier HIK). @ BWED D PLIEFELE {(0,7) €I X O| 7€ P(0)} U (T x {0}),C) DLSITE
b5, 272U, BIEFPEER (o,7) C (o', 7) id o Co' D7 Cr DEERDIDHDELT 5.
(01,7’1) C---C (G’k,Tk)} (k > 0) T € (I)(Jo) Ei7-3E 0% k-BkE LTE>EARTH D, A((b) &

=<

DIBEEERNZ, z,y, 2 F T carrier HIEDIEM (THRDOELIEFESDERE), u,v FT carrier RO AT -
HIEROELAERTHDLTE. 512, 2=(0,7) DL E, 1z(x) To %, 1o(x) TTERTHDLT 3.
Carrier #& A(®) IZEAFOME %7 3.

o A(®D) I pure & n-IRT, ZD facet ¥ dim(o,) =n — 1 22 dim(og) = dim(r,) ZH7=3 (Z A
FEREEINMUTCELS TERW) 8 21] {(00,0) C (01,71) T -+ C (00, 7))} TH 5.
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e A@) 12T = {{(00,0)C - T (04,0)} |0< k <m0, € T(0<i<k)} 2WMAMIKELTER, =

D J XTI OELMS BaryZ LRETHS.

e A(D) BV DDD (n—1) WAHMAPBATHE I NG, $hbb, e V(I)ILD2WTAL(P)={o €
St(z, A(®)) | FED ycoiz2WT z Cy} LEHT B L E, A(®) = J{AL(D) | z € V(T)} Ak
DALD. B, A (D) BENENHTH D, TOHEEMIZ V(AL(D) ODHTRNDIEETHS. %7z,
R B, o 1ITHLUT Ay(®) & Ay (®) IZIED facet % Firz 7m0,

4 \ZHEHER AT D carrier HIKZ RS, HEX XY
i, ANZZ0FEFELNETE2E2BRXAITHY,
carrier G ®(0) = 7 TEDHND. MTIRKIZT =
O = {(po,0), (p1,1)} DL =D carrier 54 & : T — 2°
ZRUT. (T HIZIAAAS T2 R AT Dcarrier HARIZD
WTIEAER A 22 B K. ) 51, carrier KD IE N
{vo, - yui b, {uo, -« um }) BERERIZHEAR T VWL S I
vo U | ug Uy DIBETERRT S, 72, Z, 0O OKIH
M (pi,w) BREIZDORDRTVWES IR RS Tk A
EESOTEMTUTHRRL, T ARFEIMEw % TN

00D

©1© (1)1

J

)

4: [H%E X 2 7 Dcarrier #K

MFFLTRT. (MOfITIETa R py 2# () BT, pp 2 (F) BCTEMITLTWS. ) MTRT &S
12, carrier BIKIEKWAR TR U2 O 2 HAEKR T L LU TEATEY, £F/22KIF T D3 DDORLBTEHN
EEINEFNTRNDIHR L UTHRD (AR5 THIIT SNE) AR THElENTWS.

32 WNERREICE BEERER

Carrier 1k A(®) BEL N EK T OER T4 E OHEEL2 — K % Algorithm 11289, ZO7LITY X
LK BB Uiz &, FEAR I &2FEBT 270 N IUDBFET D EMWRIESN 5.

Algorithm 1 BIKRZIC & BFERD FHi &

Input: ®:7 — O (* X A2 %E&HT bcarrier R *)
Output: K (* (B L 725E) EIKOZAER *)

J ={{(c0,) T+ (om,D)} | 00,.-yom €L,0<m <n}; K:=J;

while KNJ # 0 do

r:=HAEERLNT ODHKD S B K THUNZEREDTHA;
K:={0ecK|z¢go}UMinvElim(z, KN A,(®), A, (D));

end while;

return K

Lo — i, IFO X512, WIE L 22 5 08K T 2 IHRZE U TR IR ZIRREER 2 8 7Ty
ALZERLUTEY, KIZERERTOEERERT. 72, ZROFHEH L ORTIEHEIIn-1TH5.

o 7T X LIHBNERBREDTHE MinvElim 28038 L, 2 € V(KN J) hodk K TRl %

XD REM v I U THHT 5.
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00|00 00|00

0010 00 ___, 08l0 000 . 08l0 090

ol K(=7) @) @l minimal >@| o

5: MUNHMFRE DD K UIZ K B EEREE (MU/NERPREIC L DR R TR VEKIIIKERRLTWD)

o Tt & MinvElm (FMUNEA © OREZEROEIZ X - TERT 25, ZOZERIE A(P) 20EIF
BEAER AL(P) ITHIE L Tiibhd. BARRIZIE, MinvElm 3E0EE KN AL (D) %D KT
Lk(z, Ay (®)) RIZZERT A & >Ta 2BET 5.

MUNERFREDOTREE 1L, BRAERO L0 T LB A 2 R0 R ETHIERINSG. ZO0L5kK
PEONNET VI XLF K 2ERAERL UTGKRT. EOELOEFTH/NESRZRET 22 W TER
Ko B EIET NI ZLITERT 5.

M 512, BEROEEIPBNESREDBROELIZE>TED IS ITERINE %, EEZ A2 DIGE%EH]
IZ/RT.

321 BNERBRETILIY XL
Carrier /K% 2819 2 AR AL () 13BN ¢ 2 FHIEME T2 n REsTH 7. ZOHEMKT
Bk o € A (®) I2DWVWT, o€ Lk(z,A,(®) DL & o 2EEL LV, 2co DL EHME LI
MNERBR R, EEROEFH E 28 Y RIS ER I NZRT PVGIZ U > TIHRDIET Z &1
Lo THbh3S.

EE 3.2. C 2k 5. BEDH (o, @) c CxC T, #4744+ c CizonT alD U@ = yd+1)
27z H DR d DEMR Y bIL (deformation vector) £\ 5. (ald) IR2Z MLVOKE, @ HIEH
Th5. ) ALY d 2D C DERRZ MVOKES U ILOWT, EED (oD, 3@D) (oD, gDy e U %
a@ £ o/ D o DyR@D £ oDy D g amFrE UkCEOERRY ML (deformation vector field)
& kA

B2 C A% carrier G4 @ : T — 20 2 5EhND carrier Hk C DD EKRTH DL E, C DEBARZ ML
(D BDY 23\ Jrz(2) | z € oD} D {rz(y) | y € BD) %ili/=d & &, coherent THZ LS. 7z,
C LOERRTZ VG U IZOWT U LT 2EEDER N MV coherent TH S & &, U IE coherent
ThdE\n>.

BUNFSREDO 7L I ) X403 2 O BAKKERIZN T 22K %2 W ODMAETERTS. ZhonZ
AL 1T NTh, 77 1 YEBIZNIET 2 @52 E OB R TH 5.

D7D, A (O) DEWAMEE L PERNELTH Y, facet & UT -84k {x,y,2}, ZHRZ b L
T ({y},{z}) 2oL &S5, O O2HOZERIE, AEFAE (K6(a) THD. MEFZIEHOME {2y}
%, JEH & {y, 2} TNLSNOMIE {z, 2} ICEHT Z2ERTHD. BN, HHOFELMEZTEN 2 IZ5T
LSBT T4 VEBIZIET 5. 50 L oOLHILBER £2H (M 6(b) TH5. WEA =AM
i {2,y) ZHOHHE LB IEE L {y,2) £ ZNYSOME (2,2} MU DRT X 5125 £3AH (retract)
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=/

a) FITEH (b) HUEBI & 3AH

X 6: ME%wa“}aMEm% A% R&}(xﬁ%;U@H%@@;ﬁmﬂﬁwﬁw& KEHIIZE A
7hw%,ﬁﬁ%mi$m#774/ T L > THESEERLTWS. )

S V- S v/ S v/

E—
LiNaEhy-2 IS EAA MR
DERE
@ @ @

[ 7: BUKETIC X BRUNS ¢ ORE (n = 3 DB

BB TH S, BAKIZIE, MIEHOELEE & OTHM 2 3D EORETRT 2 ILET L5 BT 714>
B HIET 5.
L%2@ﬁ@§%ﬁﬂ?@i5’*W%Eﬁ%%?ié’tﬁ?%é.E%%Aﬂﬂ@%ﬁ@%,
(@, @) € Lk(z, Ay (®)) x Lk(z, Ay (®)) 2EFRZ ML ET B,

o ZHARZ ML (oD D) 1z X 2 REHBIE, L2 +aD % facet & LTHD A, (D) DEHBEATH
BrE, L& ,PPO(L)={re LUz (@PUBD)|T2axad} LT 5.

o ZIRZ bV (oD ) Iz X BAIEBIEAHE, LAz (aDUB@D) % facet & LTHFLH»D z*xald)
PEHATTITH S L5 7% A, (0) DEHETHH L X, L& R\, (L) = {r € LUz * (oD UF@D) |
TP rxa D} ITERT .

2 & a@DU{z) = D UBD Rl TH—DERE Ui b &, S, WEE P2 B 2 ol
DELEE 2 WET LSBT 74 VAR X0 ER o@ U@ B XU OMEICHET 5 & > mEHI K
B 5. MEd =5Aa R BRABICHE 2« ol OELAE 2 CET LSBT 71 VERCHIET 548
DB & o THITE z x o@D IZIZTH 22+ oD OWNHELHLEINS LS ICHOETB X O Ol
H I3 EABIFTDNG.

MUNEAPRE TV TV X% Algorithm 2 (ZRS. ZBENRD L ORGtiEn — 1, ZHEEE carrier #K
D5E A, (D) DWTLIE n TH .

MUNEARET VT ZLIE2 AT Y TOFHREN SRS,

1. EFHOIEHE Lk(z, A () LD coherent RAEE~RZ MV U 2EFITERT 5. (2 2 TRER
RY MV ORFUIIERER TH 55, Y RER T bV Z RERIZERS 5 HIEIC OV TR
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Algorithm 2 MinvElim(z, £, A, (®)): fU/NESRZED T
Input: z (* BRET SMUNEA *)

Input: £ (* ZRxI% & 2 2800, (n — 1)-84F *)

Input: A,(®) (* z T ¥ F v 2 A& Nizcarrier BIRD & *)
Output: K (* (KUIL 7256z 28 R VWA ROER *)

(* HIEHEIZ E B2 EROREDIRL *)

W :=U; K :=0;

while W # () do
X = {(a™? -2y e W | zx a2 € L poEED ("2, 3" e W 1zonT

am=2) C /"D gD 2513 o/ = (2 apg 7Y = =21,

if X = () then fail else ("2, ("2) .= X IZJ& T 2{EED X2 b L endif;
£i=.P0 0 (0);
W= W (a7, )

end while;

(* MIER| ZIAAIZ KB ELOMEDIRL *)
for d =n — 1 downto 2 do
while Lk(x L) M (d—1)-#4kz2 &8 do
= {(a(?=2), Bd=2)) | (al4=2) B(d=2))A% coherent 72 2B 2 R )L,
zx (@92 U=y e £, o rxaldD 3 L OEMRE);
if Y = () then fail else (a2, 5(4=2)) .= YV 2| T B{EED 2 bl end if;
L= RYG ) (L);
end whlle,

end for;

if # % coherent AW~ bV ({2}, {2}) €2WT 2=Lk(z, L)
then K:={re L |z g7} else fail;

return

BIZAHITRY. ) BRINEEHRZ MBS U HSRZ MLEVEDTOMO L, ZO~RZ b
> IS 2 EMIZHEA L TERLTWL, =ZEL, ZF~R2Z ML (o2, 302 2L
7Moo TR 2+ ("2 DHEATZEDI, zxa™ D REHHLBHETH V2D U BT 5o
RV (@D D) i X A EHES E N HE x oD RAERLRVWE X, Thbb
a2 C o/ YDy FICRS. ZOMERE O™ DR UICE W TEBERTREZA
T RNIVHERRZ VB U OHIZE->TLE 7258, 7TV U XLIGKKT 5.

PITESH O VE UM Uz & &, ZOLERAER L 3H0EHOHAEIR LN Lk(z, Ay (®) BLU
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MBI O HER St(x, L) DFIL > TWVWD., ZDD bEHEFITIXELMNES x» BEENTE D, M
FRTIHBREL ENZr o7 TR oLk TWa.

2. WIZ EFED &S % THRR) HEZMOIRL. n=205&6%2F 25, KR BHROWILIE1THD,
HELINDRVEDD I-HYEK {2, 2} DAP S, 2z e V(K) 2 ({z},{z}) # coherent ZREH 2 b
VTH LA BT RO T LWV, 2RI OGE FBUNERREIG KT 5. B, i
DEREFBEEEBTEHE 4 |{x, 2} 2% 1 K2 IZBETT 7 1 VEH) [THIGT 5.

BTG (n > 2) D&, BRI HHROWTZ2VE DT DS LTWL. L AR5t dimension d
(2<d<n—1)D LR BEE2EATVEELES. LOME z+a4"2 D55 HHEEDITHL
T, Lk(z, L) ® coherent 2ZE~_ 2 hL (ald=2) BA=2)) 12 U7z > THIT S| & 3A A% T 2 #fE
Z, LIPSYoL d DMEA %L 705 FTEMRICHEDIET. ZANH LGS, BHROKITIEV LD
BWoTd—1&%k3. HULIRTdOMENPER L ENTITHK-> TU & - 725 A I TM/NER DR K IX LK
5.
ZDESIZUTIRIEEIERBES LTV 22k o T, TR HIEOMIGE 1 L9228 TE, L
D n =2 D5E LMK, BRZETEFECL > TEERDREZITS 2N TE 2.

TIZ, n =3 OBEAICHUNEN 2 ARES N BT 2 BIBR TR T
ZOBKERT LT ZLDHETHS Z LIk, DTFOEMIZE > TREING. GEIEKT. )

EHE31. 2:ZT-50%, £o€ZIZOWT P(0) MMV V7 #EETH S LD 7% carrier R LTS, ¢ ITHL
THEEERT IV IT) ZLDREIT 22 51F, © HED S5 X R 7 13RI read-write e HEAEY ET LT
MAEHE 70 b 2V ERED.

4 BRI NLVBERRET7ILITN XA

SHITRUZTNTY XLFERAR Y VOB Z FRENIZIT> TS, FERERENZ1TS5 DD
2, MEERTRTORY MUVGEATRTHZ LTS8 T58, NEBRYAXDORKTH-THTITHEYE
BRERILTULED. (LA, o020 d- BRI LTI RS 24 — 2@ ) DRELBZEHRT b L
MREEARETH D, ) T HICHVWHEIZ, carrier ERITFELIZ U TERRIR TR W20, BRENRT TS T - TV
TV ALEHEHTHILETER.

ARETIE, NANR=T I TOHBTHONTWAEIEEZEAL T, T2 RELALVT A ZDOHRIZONT
&, EYRERANS SV BEN SRR TRETE D LS RREET VT XL 2 RET 5.

41 NAIR=TZTENAIR—TFL R

NANR=TZ7 3] H= (V,E) ZEHRDESV ENANR—TLOEE Eho5RD, NI —leec FEIF
V OMPEETHo T H#e>2%2BTeTE. NARX=T53T70LTDHec ENH#He=kr2A-TLE,
k—HRTHhBL 0D, (2N NR=T I 7FHMT T 7IZHYT S, ) N1 /8—=Te, & 220 TeDe T
HhBLE e DIBEBHUTHEL VD, T2, NAINX=FF 7 H ¥, HDWLD2DDU%EZFNSEHMEHNL -
LEDLBEENATRONDLE, H I HOBHWTHD LW,

Pure % d-#/K C (d > 1) 1§, The%ffiz (d+1) ~BAt =2 5 7R H = (V,E), 7L
V={cdD|gdDecct o E={{c?VDecV | oD cCrdy|rdcc}zE>o 2Fh, 11

10
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° o o o o o

( N J [ 1 o—o-0—yo -0-0—¢

:0:0 ) .10 ~ .7.0

75 7HKB 0:..00 o-:...-o men o-»:..‘o\.
o o o o o o

8: MEAFINZ K DEGRT FIVIGDFER (MR D o WIFFRE S NN N =LK THE )

IN—=30773 C D facet IZXIGL, TDONAN=DIZEEND d+ 1 HDTHKNA facet IZE XN D d+ 1 O
((d — 1)-HR) ITxEd 5. BT, HERONA R=T T TRBUIEEFNDIRIRE NI =L e & ¢/ ITHNLT,
#eNne') <1AFEITED LD,

NANR=TF7 F=(V,E) »i& Hall %2 27= 3, T745bbH EDLREOETHRWISES E TR LT
#(U{e|e € E'}) > #E +1ThdLE, FENANR=TALARTHD LN, 2 —HNA =T 5L A
M7+ VAN (Tbb, MEERZRVWEMS S 7) THhE. GRoNNA =057 H=(E,V)»
NAR=TZTPESIDE, NANRX—=TFT7h58ErNE 27 F 712 Hoperoft-Karp ¥ v F 773
A0 [13) AT 52T, ZEARM O((#V)V2(#E)?) THEZTH> 2N TES (19,5 Zeiksh
TW5.

HEINAN=T T TDEINAIN=TFTTHBEIINAN=T 4 VA M RIKROESIE (ZDESZMT
EHETE) T hOA REARBZIEMHSNTEY, ZThENAR—FS7HT A R17, 7] V5. &
ST, EEDONAN=TH VAN F=(V,E) 274 VAN (HBE2RKZZVWEMZ S 7) il tcEsl e
2 Lovés[18] IZ & o TmENT W5,

42 NANR—T LA MEHICLKDZEFEARY NLIZORE

W carrier #AAIZ & £ 0B IUNES ¢ RFEEME 58 AL (P) 2DOWT, ZOMERED S 755 N
KLOEWREZEZD. (n— 1)K Lk(z, A, (®)) LOLERAZ MVBORE 2 TD L S BFIETTS. (F
FEOWNEM S IS L LTRT. )

H %84K Lk(z, A (®) DNANR=F S5 TKE LTS, ZOLE Hizn —NA =257 ThHY, %
DI Lk(z, Ay (®) I2EEND (n— 2)-IKTH NP 5745, £7z, V(H) DEHNESL LTS = {a*?) |
a2 e Lk(x, L)} BLTF G = {2 € Lk(z, A, (D)) | 7z(z) D 7r(2)72 5% 2 € o2 WUFAE} 2 EHET
5. SIREROLRRERDIHEDOESRIT, G EERPKRET SHOBEMOESIZETNETNIGT 5.

NAR=25 T KB H % AT OFHEE T/ > TR 5.

L HPNARN=T 3 VAR TRWES, BRESIEAEZROZY O ROEMTILTY X4 [14] %ML
TNANR=T 5 VANF %2135.

2. NAN=TF VAN F ZHBROD Lovas[18] D HIEIZE > T7 4 LA MIHEHNT 5. T7hbE, #e>27%5
NANR—Pe lZHEENIHMvDIH, vg SEF#{ec Flvee >1ThHoTHD, v ZHD £>
TF 2L CHM Hall RtFZ S RVWE D B DD IRUVAERMIZIND o TITK 2 Ik o T T #
VA %S,

FEREFREOMEEL LT, AFOMEZM-ZT 7V ANT 2155.

11
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o T itk Lk(z, A, (®)) 2T 5. T7bb, FED 4" € Lk(z, A, (9)) L2WT, 7D =
oD U D 5530 {oln 7D, B0 R} € T HMFHET 5.
e SCV(T).

EELOMERI TR E h, RMEETTZSTNAN=T T TOHRBP RO S0 o 72856, MfId R UER RS
PGB E X 50780,

HLLEDNANR=TFTREH ML, TNEDT oL BT A VAT 2852 TE. LMLT
PoTICHNE T 2EERY PUVERRLOND DI TRV, BEks,

o T IIHAM AR WAZ T 7 ThED, BRI NVBIZE T T 7 OIZK L TEHE Neoherent
RAE PV T N TIEAR SR,

o TR ERDE 5 128K Lk(z, A (D) MEL T WA, ZHAZ M LEEZ5 L IdHS R, <2 b
WIGHWRDENRT MV EEGATOWD LMEFRE S UBHEIEGET S LItk > TERELS £ vn

BRBIENDHS.

T DY) 725853 75 712 EAF1F % U T coherent REE T V2135720, T % & 5IZIRD X 5 IZ0UH
T5. dim(r) = dim(nz(z)) Zhi7z T & 5 RHEK T € O(nz(2)) ZERITES, G, ={ye V(H) | mo(y) =
T} LEFETSD. T Dill% coherence LIFHAZ MWD A SV K UELRZ MVIGIZAZ FILEBIL T
WL =L, ROIERANY MVEIRE, HEATEROESIX G, 2T 5. BBRZ ML (alnm2) 3(n=2))
i, ZHdicoherent M ORDWTNRDOZM %N T L &, HZIIRT MVEGIZIMASNS.

o z WHMFEAT y BRFHMDPO {y,2} €T, HULLIF
o 2 HIRHFBDDHIHADIES w 12DV T w € am~D ypr=2),

RELUIZCHEy & 2 B FNETNER 22 = yx 0072 = (=D y (=2 D—DfF LT 5. VT
NORMEDRED o2 &6, (n—1)-Hk a2 UBM=2 |25 FNBLTD (n — 2)- A EHRTHE ATEA
ELTY—273Nb. RTBMVFGADORT MVOENE, S DTRTOERNGIFAFALRDETHRIEIN
5. BB, ESINEZRT MVEPSERIZHES LR WAZ ML (Thbb S hoREARETRVWED) 2
O B2 6 ORISR L 70 5.

43 73V XLDEEE

LEOBEHRT VIV XL EHWTERERY MVGERELGED, 70 b a)VERTILITY XL O
HERIILUTO@ED TH 5.
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Abstract

In this paper, we consider a uniform k-partition
problem in a population protocol model. The uni-
form k-partition probrem divides a population into
k groups of the same size. For this problem, we
study symmetric protocols with designated initial
states under the global fairness. As a result, we pro-
pose a protocol that solves the uniform k-partition
problem with 3k — 2 states.

1 Introduction

A population protocol model [2] is an abstract
model that represents computation on a network
of low-performance devices. We refer to such de-
vices as agents and a set of agents as a popula-
tion. Agents can update their states by interacting
with other agents, and proceed with computation
by repeating the pairwise interactions. The popu-
lation protocol model can be applied to many sys-
tems such as sensor networks and molecular robot
networks. For example, one may construct sensor
networks to monitor wild birds by attaching sensors
to them. In this system, sensors collect and process
data based on pairwise interactions when two sen-
sors (or birds) come sufficiently close to each other.
Another example is a system of low-performance
molecular robots [11]. In this system, a large num-
ber of molecular robots compose a network inside
a human body and discriminate the physical con-
dition. To realize such systems, many protocols
have been proposed as bulding blocks in the pop-
ulation protocol model [5]. For example, they in-
clude leader election protocols [1, 8, 10, 12, 13, 14],
counting protocols [4, 6, 7], and majority protocols
3, 9].

In this paper, we focus on a uniform k-partition
problem, which divides a population into k groups
of the same size. The uniform k-partition problem
has many applications. For example, we can reduce
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energy consumption by switching on some groups
and switching off the others. In another example,
we can assign a different task to each group and
make agents execute multiple tasks at the same
time. This can be regarded as differentiation of
a population in the sense that initially identical
agents are eventually divided into k groups and ex-
ecute different tasks.

As a prior work, Yasumi et al. studied a uniform
k-partition problem for k = 2 [15]. They proposed
space-optimal protocols on various assumptions for
the uniform bipartition probrem.

In this paper, we consider the uniform k-partition
problem for k& > 2. In particular, for this problem,
we consider symmetric protocols with designated
initial states under the global fairness. In symmet-
ric protocols, when two agents in the same state
interact, they transit to the same state. Such pro-
tocols do not require a mechanism to break symme-
try among agents and hence can be applied to var-
ious systems. Designated initial states mean that
all agents have the same initial state in the initial
configuration. A global fairness is an assumption
on interaction patterns of agents. (the definition
is given in Section 2). As a result, we propose a
protocol that solves a uniform k-partition problem
under the global fairness. This protocol requires
3k — 2 states for each agent.

2 Definitions

2.1 Population Protcol Model

A population A is defined as a collection of pairwise
interacting agents. A protocol is defined as P =
(Q,9), where @ is a set of possible states of agents
and § is a set of transitions on (). Each transition
in § is described in the form (p, q) — (p', ¢’), which
means that, when an agent in state p and an agent
in state ¢ interact, they change their states to p’ and
q' respectively. In this paper, only deterministic



protocols are considered. For protocol P = (Q,d),
if every transition (p,q) — (p,¢') in § satisfies (p =
gNp =¢q')Vp#q, Pis symmetric.

A global state of a population is called a config-
uration. A configuration is defined as a vector of
(local) states of all agents. We define s(a, C) as the
state of agent a at configuration C. When C'is clear
from the context, we simply write s(a). If config-
uration C’ is obtained from configuration C' by a
single transition of a pair of agents, we say C — C".
For configurations C' and C', if there is a sequence
of configurations C' = Cy,Cy,--- ,C,, = C' that
satisfies C; — Cy41 for any ¢ (0 < i < m), we say
C" is reachable from C, denoted by C' = C".

If an infinite sequence of configurations E =
Cop,C1,Cy, . .. satisfies C; — C;y1 for any ¢ (i > 0),
E is an execution of a protocol. An execution E
is globally fair if, for every pair of configurations
C and C’ such that C — C’, C’ occurs infinitely
often when C occurs infinitely often.

We consider protocols with designated initial
states, that is, all agents have the same initial state
in the initial configuration. No agent knows the to-
tal number of agents in the initial configuration.

2.2 Uniform k-Partition Problem

Let f:Q — {1,2,...,k} be a function that maps
a state of an agent to an integer i(1 <i < k). We
define a group number of a € A as f(s(a)). We say
agent a € A belongs to the i-th group if f(s(a)) = 1.

Configuration C' is stable if there is a partition
{G1, Ga, ...,Gi} of A that satisfies the following
condition:

1. ||G;| — |G,]| £ 1 for any distinct ¢ and j, and

2. For all C* such that C = C*, each agent in
G; belongs to the i-th group at C*.

An execution E = Cy, C1,Csy, ... solves the uni-
form k-partition problem if there is a stable config-
uration Cy in E. If each execution F of protocol
P solves the uniform k-partition problem, we say
protocol P solves the uniform k-partition problem.
The main objective of this paper is to minimize
the number of states. When protocol P requires z
states, we say P is a protocol with x states.
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3 Uniform £k-partition proto-
col

In this section, we propose a symmetric uniform
k-partition protocol with designated initial states
under global fairness.

In this protocol, a set of agent states are divided
into four subsets, i.e., Q = I UG U M U D, where
I = {indtial,initial’}, G = {g1,92,--. 9}, M =
{mg,m:g, ST ,mk_1}, and D = {dl, dg, ST ,dk_g}.
The designated initial state of agents is initial.
State g; in G indicates that the agent belongs to
the i-th group, that is, f(g;) = ¢ holds for any
gi € G. For other state s, we define f(s) as follows:

e f(ini) = 1 holds for any ini € I.
e f(d;) =1 holds for any d; € D.
e f(m;) =1 holds for any m; € M.

We say an agent is free if its state is in I. We
define initial = initial’ and initial’ = initial. The
basic strategy of the protocol is as follows: First
two free agents transit to states g and mo. After
that, for each ¢ (2 < ¢ < k — 2), when an agent
in state m; and a free agent interact, they transit
to states m;11 and g;, respectively. Lastly, when a
agent in state my_1 and a free agent interact, they
transit to states gy and gr—1. By this behavior, k
free agents can change their states to g1, 92, .., gk.
That is, the size of each group is increased by one.
To realize this, the protocol includes the following
transitions.

1. (initial,initial) — (initial’,initial”)

2. (initial’,initial’) — (initial, initial)

w0

dl,ZTLZ) — (dz,%) (dl € D and ini € [)
ni

e

(
(gi»ini) — (gi,ini) (g; € G and ini € I)
(initial,initial”) — (g1, m2)

6. (ini,m;) — (gi,mip1) (ini € T and 2 < i <
k—2)

7. (ind,mp_1) — (gr—1,9x) (ini € I)

First we explain transitions 1 to 5, which make two
free agents transit to states g; and mgy. Recall that
all agents are in state initial in the initial configu-
ration. Since we consider symmetric protocols, two



agents in state initial cannot transit to states g
and mo at one interaction. This is the reason why
we introduce state initial’. Each agent in state
initial (resp., initial’) transits to initial’ (resp.,
initial) when it interacts with an agent in state
in TUD UG (except for interaction between one
in state initial and one in state initial’). Tran-
sition 5 implies, when agents in states initial and
initial’ interact, they become g; and ms, respec-
tively. From global fairness, if at least two free
agents and no agents in a state in M exist, two free
agents eventually enter states initial and initial’,
respectively, and then enter states g; and ms by in-
teraction. Transition 6 implies, when a free agent
and an agent in state m; interact, they become g;
and m;11, respectively. By these transitions, free
agents transit to states g1, ..., gx_o one by one. Af-
ter that, from transition 7, when a free agent and
an agent in state my_1 interact, they become g;_1
and gg, respectively. From this behavior, the size
of each group is increased by one.

However, it is possible that [n/k] or more agents
in state mi appear, where n is the number of
agents. In this case, the above transitions do not
achieve a uniform k-partition. For example, in the
case of n = 12 and k = 4, if four agents enter
state mq, agents can transit to states g1, go, ms,
g1, g2, ms3, g1 .92, M3, g1, g2, m3. To slove this
probrem, we introduce states in D and add the fol-
lowing transitions.

8. (mi,mj) — (difl,djfl)(Q S Z,j S k — 1)
9. (diagi) — (di_l,initial)@ <i<k-— 2)
10. (d1,¢91) — (initial, initial)

By transition 8, when two agents in states in m;
and m; interact, they transit to states in d;—; and
dj_1, respectively. Intuitively, an agent in state
d; makes agents in g¢i,¢g2,...,9; go back to state
initial. Recall that an agent in state m;; can en-
ter state d; and an agent in state m;;; has made
agents in states g1, g2, ..., g;. This means an agent
in state d; initializes agents that it makes enter
states ¢g1,92,...,9;- More concretely, an agent in
a state in D works as follows:

e For 2 < ¢ < k— 2, when agents in states d;
and g; interact, they become d; 1 and initial
by transition 9, respectively.
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e After that, from transition 10, when agents in
states dy and g; interact, they become initial.

Clearly, agents can repeatedly enter state g; and
go back to initial many times. However, after
an agent enters state gy, one set of agents in
states gi,...,gx never go back to initial. Thus,
if there are h agents in state g, the number of
agents in state g; is at least h for each i. In ad-
dition, when there are h agents in state g; and
n — kh > k holds, there is an execution that
makes some agent enter state gi. This implies,
from the global fairness, some agent eventually en-
ters state gr. When n — kh = r<k holds, there
is an execution that makes the remaining agents
transit to g1, 9o, ...,m,. From the global fairness,
the remaining agents eventually enter these states.
In this configuration, agents achieve a uniform k-
partition and after that all agents never change
their states.

Theorem 1 When the number of agents is at least
three, there exists a symmetric protocol with 3k — 2
states and designated initial states that solves the
uniform k-partition problem under global fairness.

4 Conclusion

In this paper, we proposed a uniform k-partition
protocol in a population protocol model. An in-
teresting future research is to clarify the relation
between the uniform k-partition problem and other
problems such as counting, leader election, and ma-
jority.
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Brief Announcement: Fast Aggregation in
Population Protocols

Ryota Eguchi Taisuke Izumi

Nagoya Institute of Technology

Abstract

The coalescence protocol plays an important role in the population
protocol model. The conceptual structure of the protocol is for two
agents holding two non-zero values a, b respectively to take a transition
(a,b) = (a+ b,0), where + is an arbitrary commutative binary operation.
Obviously, it eventually aggregates the sum of all initial values. In this
paper, we present a fast coalescence protocol that converges in O(y/n log? n)
parallel time with high probability in the model with an initial leader
(equivalently, the model with a base station), which achieves an substantial
speed-up compared with the naive implementation taking Q(n) time.

Introduction A passively-mobile system, which is an abstract notion of wire-
less ad-hoc networks, consists of a collection of moving objects (called agents) in
a certain region, with computing devices that do not control over how they move.
Despite the restrictions on communication range, memory, and computational
power caused by the mobility requirement, the devices must execute coopera-
tively some task through tiny local computation and short-range communication
with other devices located nearby. Typical examples of passively-mobile systems
are the network of smart devices attached to cars or animals. Population protocol
is one of the promising models for such a system, which is first introduced by
Angluin et al. [2]. A Population protocol consists of anonymous and identical
n agents, which are defined as deterministic state machines. The communica-
tion among agents is performed by pairwise interactions, where two interacting
agents change their states following a transition function (protocol) deployed
to all agents. An execution of a population protocol is a sequence of pairwise
interactions. In the basic model, the scheduling of interactions is worst-case but
guaranteed to be fair, which means that if in the infinitely-many interactions
every two agents interact infinitely often.

The recent trends of this model are to design fast protocols for popular
problems (e.g. leader election, majority) converging in O(polylog(n)) time, and
to reveal trade-offs between time and space for several problems. To measure
time in the runs of the population protocol models, the (uniform) probabilistic
scheduler is often assumed. In the model, two agents interacting at each step are
selected at random uniformly and independently. In the literature of this model,
time complexity is defined as the number of interactions divided by the number
of agents n, and space complexity is the number of states used by each agent.
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We consider some abstract problem, called the aggregation problem. Precisely,
the aggregation problem is defined by any monoid (X, +), where initially each
agent 7 has a value x; € X, and eventually one specific agent must output the
value of s = )", ;. This problem can be solved by the traditional coalescence
protocol, whose transition rule for two agents with values a and b respectively
is specified by (a,b) — (a + b,0). One can see that, the standard coalescence
protocol needs O(n) time for convergence, since the probability that the last two
agents having non-zero values interact is 1/n?.

In this paper, we present a new coalescence protocol. It achieves O(y/n log? n)-
convergence time in the special model with existence of one unique leader
(equivalently, the model with a base station). On the space complexity side,
agents (including the leader) uses O(| X|?) states.

Problem Statement Let (X,+) be an arbitrary commutative monoid whose
identity element is zero (where + is not necessarily the standard arithmetic sum),
and X = X \ {0}. In the aggregation problem for (X, +), each agent ¢ initially
has a value x; € X, and the goal of the task is that the leader computes the value
s =), x;. More precisely, we assume that the leader equips an output register
storing a value in X. The value of the output register must be converged and
stabilized into s. Note that the leader does not have to detect the termination of
an execution, and is allowed to update answers multiple times. The computation
time of the aggregation problem is defined as the time taken until the convergence
of the output register.

Outline of Our Algorithm Our algorithm utilizes several algorithmic tools
proposed in past literature as building blocks. Before the presentation of our
protocol, we illustrate three tools. The first algorithm called epidemics (or
propagation) is a straightforward subroutine used in many algorithms. The
abstract structure of the epidemics is as follows: At first there are at least one
agent with value v, which wishes to propagate v to all other agents, and the other
agents initially with value L. The transition rule is (v, L) or (L,v) to (v,v).
The analysis by Angluin et al. [3] shows that under the random scheduler the
epidemics algorithm finishes within O(logn) parallel time with high probability.

The second tool is a synchronization mechanism called phase clock which
counts approximately O(logn) time or O(log® n) time. The phase clock is first
presented in the paper by Angluin et al. [3]. The phase clock is mainly introduced
for a unique leader to detect the end of the epidemics (i.e. O(logn) time), and by
a simple extension, it is also possible to count O(log” n) time [4]. A non-trivial
advantage of the phase clock mechanism is that it uses only O(1) states per
agent.

The third tool is synthetic coin flips due to Alistarh et al. [1], which provides
the accessibility of private random bits to each agent. It gives a coin flipping
mechanism with reasonably small bias to the agents. The randomness of the
synthetic coin flips is extracted from the random interaction-pattern of the
scheduler, and thus it works only on the random scheduler.

The idea of our algorithm is very simple: The bottleneck of the standard
coalescence algorithm is the situation where the number of agents with non-zero
values becomes small. If only m agents have non-zero values, an interaction
selected by the scheduler gets no progress of the algorithm with probability
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1 — ©((m/n)?). In the naive coalescence algorithm, spending O(y/npolylog(n))
parallel time, ©(y/n) agents still have non-zero values. To accelerate the following
coalescence process, when only O(y/n) agents have non-zero values, we utilizes
another mechanism, called sequential absorption. The sequential absorption first
chooses an agent (which is not leader) with a non-zero value as an absorption
agent only spending O(logn) parallel time. This process is achieved by utilizing
the phase clock and the synthetic coin flips: At each phase, the agents with non-
zero values flip the synthetic coin, the agents which get value 1 start epidemics,
and the epidemics kill the agents with value 0. The number of phases to elect
one unique absorption agent is O(logn), thus the total time to elect the agent is
O(log2 n). The absorption agent runs the epidemics its value, and immediately
become an agent with value zero. The value reaches to the leader within O(logn)
time. Repeating this procedure O(y/n) times, we can complete the aggregation.
Since both the election and epidemics take O(log2 n) time, the total running time
of the sequential absorption is O(y/nlog? n). The remaining issue is to combine
those two algorithms. While the sequential composition is obviously correct, it
requires the timer for (exactly or approximately) counting ©(y/n) parallel time.
To avoid consuming extra memory space, instead we choose fair composition,
that is, simply running them concurrently. This composition does not affect the
correctness of our protocol, since the absorption agent behave following way so
that the value of the sum does not change: When the absorption agent with
value z; detect its uniqueness by the phase clock counting O(log2 n) time, it
immediately change its state to the value zero, and thus z; is never aggregated
in the standard coalescence side. Here we present our main theorem. Note that
our algorithm have a low probability of error, that is conversely the algorithm
convergences only with high probability.

Theorem 1. Our algorithm solves an aggregation problem for (X, +) in expected
O(y/nlog®n) time using O(|X3|) states per agent, with high probability.

Discussion and Research Direction In [2], authors show the simple coales-
cence protocol can compute semilinear predicates, which are exact characteriza-
tion of the basic population protocol model, and thus our protocol computes
the predicates in O(y/nlog?n) time. However for computation of semilinear
predicates with leader, there is much faster protocol presented by Angluin et
al. [3] which converges in O(log® n) time with high probability. We believe that
due to its simplicity and generality, there are some applications of our algorithm
in population protocol models.
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On Directed Covering and Domination Problems

Tesshu Hanaka* Naomi Nishimura Hirotaka Ono

Abstract

In this paper, we study covering and domination problems on directed graphs.
Although undirected VERTEX COVER and EDGE DOMINATING SET are well-studied
classical graph problems, the directed versions have not been studied much due to the
lack of clear definitions.

We give natural definitions for DIRECTED r-IN (OuT) VERTEX COVER and DI-
RECTED (p, ¢)-EDGE DOMINATING SET as directed VERTEX COVER and EDGE DOM-
INATING SET. For these problems, we show that

e DIRECTED 7-IN (OUT) VERTEX COVER and DIRECTED (p, ¢)-EDGE DOMINAT-
ING SET are NP-complete on planar directed acyclic graphs except when r =1

or (p,q) = (0,0),
e if r > 2, DIRECTED r-IN (OutT) VERTEX COVER is W{[2]-hard and clnk-
inapproximable on directed acyclic graphs,

e if either p or ¢ is greater than 1, DIRECTED (p,q)-EDGE DOMINATING SET is
W2]-hard and cln k-inapproximable on directed acyclic graphs,

e all problems can be solved in polynomial time on trees, and
e DIRECTED (0, 1), (1,0), (1,1)-EDGE DOMINATING SET are fixed-parameter tractable
in general graphs.

The first result implies that (directed) r-DOMINATING SET on directed line graphs is
NP-complete even if r = 1.

1 Introduction

Covering and domination problems are well-studied problems in theory and in applications
of graph algorithms, for example, VERTEX COVER [17], DOMINATING SET [17] and EDGE
DOMINATING SET [26]. However, almost all of these problems are studied on undirected
graphs. In particular, VERTEX COVER and EDGE DOMINATING SET on directed graphs
have not been studied although there are some results on directed DOMINATING SET [11,
7, 23, 16]. This seems surprising, but maybe one reason might be that it is difficult to
expand the definition naturally to directed graphs due to the unclear relationship between
“direction” and “domination”.

In this paper, we study directed versions of VERTEX COVER and EDGE DOMINATING
SET. First, we give formal definitions of directed VERTEX COVER and directed EDGE
DOMINATING SET. In the definitions, we consider several scenarios that reflect how the
selected set influences edges via directed edges. It should be noted that the definition
follows from r-DOMINATING SET [8, 13, 23]. These definitions are also motivated by
economic network analysis. We mention applications of these problems in Section 1.2.

In a directed graph, vertex v is said to in-cover every incoming edge (u,v) and out-
cover every outgoing edge (v, u) for some u. A vertex v is also said to r-in-cover all edges

*Kyushu University, Email: 3EC1500480s .kyushu-u.ac. jp
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in the directed path to v of length at most ». Similarly, v is said to r-out-cover all edges in
the directed path from v. Here, for a path vy, v, ..., v, the length of the path is defined
as the number of edges, that is, £ — 1. In particular, if »r = 0, a vertex is not considered to
cover any edge. Then DIRECTED r-IN (OuT) VERTEX COVER is the following problem.

Definition 1.1 DIRECTED 7-IN (OuT) VERTEX COVER (r-IN (OuT) VC) is the problem
that given a directed graph G = (V,E) and two positive integers k and r, determines
whether there exists a verter subset S CV of size at most k such that every edge in E is
r-in (out)-covered by S. Such S is called an r-in (out)-vertex cover.

Furthermore, we define DIRECTED (p, ¢)-EDGE DOMINATING SET. An edge e = (u,v)
is said to (p, q)-dominate itself and all edges that vertex u p-in-covers and vertex v g-out-
covers. In particular, edge (u,v) is said to (p,0)-dominate (resp., (0,q)-dominate) itself
and all edges p-in-covered by u (resp., g-out-covered by v).

Then DIRECTED (p, ¢)-EDGE DOMINATING SET is defined as follows.

Definition 1.2 DIRECTED (p, q)-EDGE DOMINATING SET ((p,q)-EDS) is the problem
that given a directed graph G = (V,E), one positive integer k, and two non-negative
integers p, q, determines whether there exists an edge subset K C E of size at most k such
that every edge is (p, q)-dominated by K. Such K is called a (p,q)-edge dominating set.

The undirected EDGE DOMINATING SET problem is DOMINATING SET on (undirected)
line graphs. We can see the same relationship between DIRECTED (0, 1)-EDGE DOMINAT-
ING SET and DOMINATING SET on directed line graphs. For a directed graph, a directed
line graph is deined as follows:

Definition 1.3 ([18]) A directed line graph of G = (V, E) is L(G) = (E, E2) such that

Ey ={((z,9), (z,w0))|(z,y), (z,w) € ENy = 2},

It is obvious that a directed (0, 1)-edge dominating set on a directed graph G corresponds
to a (directed) dominating set on the line graph of G. Furthermore, DIRECTED (1,1)-
EDGE DOMINATING SET corresponds to undirected DOMINATING SET on an underlying
undirected graph of a directed line graph. These relations imply that our definition of
DIRECTED (p, q)-EDGE DOMINATING SET is quite natural from the viewpoint of the line
graph operation.

One interesting aspect of directed versions, but not undirected versions, is the asymme-
try of the problem structures. For DIRECTED r-IN VERTEX COVER, a vertex v in-covers
only (u,v) when r = 1. Thus, a 1-in vertex cover is the set of all vertices whose in-degree
is at least one. Therefore, it is trivial that DIRECTED 1-IN (OUT) VERTEX COVER is solv-
able in linear time, while undirected VERTEX COVER is NP-complete. On the other hand,
DIRECTED (1,1)-EDGE DOMINATING SET, in a sense, corresponds to (undirected) EDGE
DOMINATING SET. For the optimization version, EDGE DOMINATING SET is equivalent
to MINIMUM MAXIMAL MATCHING [26]. However, DIRECTED (1,1)-EDGE DOMINATING
SET does not necessarily correspond to matching on the undirected graphs underlying
directed graphs due to the asymmetry of domination.

For DIRECTED (p, q)-EDGE DOMINATING SET, there exists another source of asymme-
try. That is, we can consider the case in which p and ¢ are different. In the case in which
(p,q) = (0,1), edge (u,v) dominates itself and edges out-covered by v. Although DI-
RECTED (0, 1)-EDGE DOMINATING SET is similar to DIRECTED 1-OUT VERTEX COVER,
surprisingly, it is NP-complete on directed acyclic graphs.
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Graph class Tree  Planar DAG of bounded-degree DAG  General
1-In (OuT) VC - - - O(n)

r-IN (Out) VC (r >2) O(n') NP-c W[2]-h  W][2]-h
(0,1),(1,0)-EDS O(n?) NP-c NP-c 200y
(1,1)-EDS O(n?) NP-c NP-c 200
(p,q)-EDS (por ¢ >2) O(n%) NP-c WI[2]-h  W[2]-h

Table 1: Our results for graph classes. NP-c and W[2]-h stand for NP-complete and
W2]-hard, respectively.

1.1 Our Contributions

Table 1 shows our results. In this paper, we first give hardness results for DIRECTED
r-IN (OuT) VERTEX COVER and DIRECTED (p, ¢)-EDGE DOMINATING SET on restricted
graphs, even on directed acyclic planar graphs of bounded-degree. The hardness on di-
rected acyclic graphs implies that we cannot design parameterized algorithms with re-
spect to directed treewidth [19] and DAG-width [1] unless P=NP. The fact that DIRECTED
(0,q)-EDGE DOMINATING SET is NP-complete even if ¢ = 1 implies that (directed) r-
DOMINATING SET on directed line graphs is NP-complete even if r = 1. Moreover, we
prove that DIRECTED r-IN (OuT) VERTEX COVER is W[2]-hard and ¢ In k-inapproximable
on directed acyclic graphs when r > 2, and DIRECTED (p, ¢)-EDGE DOMINATING SET is
W2]-hard and cIn k-inapproximable on directed acyclic graphs when either p or ¢ is greater
than 1. These results hold even if there are no multiple edges or loops.

On the other hand, we obtain algorithms for certain cases, including algorithms for
all problems when restricted to trees, for any values of p, ¢, and r. The interplay among
distance, direction, and domination results in a complex dynamic programming solution,
running in O(n?) time. Because an edge can either dominate or be dominated by edges
outside of a subtree depending on how it is directed, at each step of the algorithm we
need to maintain extensive information not only about the subtree itself but also potential
outside influence.

We show that DIRECTED (0, 1), (1,0), (1,1)-EDGE DOMINATING SET is fixed-parameter
tractable with respect to k. In particular, we give 20(®)n-time algorithms. We empha-
size that the running time of these algorithms is single exponential in k£ and linear in n.
Moreover, our fixed-parameter algorithms are based on dynamic programming on a tree
decomposition. Thus, we also show that DIRECTED (0,1),(1,0),(1,1)-EDGE DOMINAT-
ING SET can be solved in linear time on graphs whose underlying undirected graphs have
bounded treewidth. Note that given a directed graph G and its underlying undirected
graph G*, the directed treewidth of G is no greater than its DAG-width which, in turn, is
no greater than the treewidth of G*[1].

1.2 Motivation and Application

As practical motivation, a number of network models employ directed graphs. For exam-
ple, directed graphs are used to represent economic networks in which vertices correspond
to industries and edges correspond to transactions of money or materials between indus-
tries [5, 24].

Recently, economists have used graph algorithms to analyze these economic networks
in terms of graph structures in order to find critical industries and transactions [21, 22, 20].
Based on the analyses, they discuss which kinds of economic policies should be adopted,
and so on. However, there are some problems. Such analyses in economics are based on
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undirected graph algorithms instead of directed graph algorithms; they first transform
directed graphs to undirected graphs, and then apply undirected graph algorithms to the
graphs thus obtained. This is because there are many more results on graph optimization
on undirected graphs than on directed graphs. Of course, such substitute algorithms might
extract some information from the processed graph, but some important information is
definitely lost. For example, when we would like to find a critical transaction in an
economic network, the edge direction is clearly essential.

The theoretical motivation is a relationship between directed DOMINATING SET and
DIRECTED (p,q)-EDGE DOMINATING SET. As we mentioned above, DIRECTED (0, 1)-
EDGE DOMINATING SET is directed DOMINATING SET on directed line graphs and Di-
RECTED (1,1)-EDGE DOMINATING SET is undirected DOMINATING SET on an underlying
undirected graph of a directed line graph. Directed line graphs are well-studied for DNA
sequencing and have some useful properties and characterizations [18, 2]. As for combi-
natorial problems on graphs, (directed) HAMILTONIAN PATH on directed line graphs can
be solved in time O(n? + m?) [3] while HAMILTONIAN PATH on undirected line graphs
is NP-complete [4]. Therefore, some directed problems could be easier than the undi-
rected versions on line graphs. Unfortunately, however, our results show that directed
DOMINATING SET and the distance version, that is, directed -DOMINATING SET, remain
NP-complete even on directed line graphs.

1.3 Related problems

One of the most famous covering problems is VERTEX COVER. This is a classical NP-
complete problem on undirected graphs, known to be fixed-parameter tractable [11]. In
terms of graph parameters, the size of the minimum vertex cover of G is called the vertex
cover number of G. For any graph, it is easily seen that vertex cover number is greater
than or equal to the treewidth [15].

EDGE DOMINATING SET is the problem that given an undirected graph G = (V, E)
and an integer k, determines whether there exists a set of edges X of size at most k£ such
that any edge in '\ X has at least one incident edge in X. This problem is NP-complete
even on bipartite, planar, and bounded-degree graphs [26], but fixed-parameter tractable
in general [14]. As we have seen, the EDGE DOMINATING SET problem is equivalent to
DOMINATING SET on line graphs. Moreover, the (optimization) EDGE DOMINATING SET
problem is equivalent to MINIMUM MAXIMAL MATCHING [26].

DOMINATING SET is a classical domination problem. This problem is known to be
Q(log n)-inapproximable, but O(logn)-approximable by a simple greedy algorithm on
general graphs [9]. With respect to parameterized complexity, DOMINATING SET is W[2]-
complete, unlike VERTEX COVER and EDGE DOMINATING SET [10]. Therefore, this prob-
lem is well-studied on restricted graphs. Recently, Dawar et al. [8] and Drange et al. [13]
considered fixed-parameter tractability and the existence of problem kernels for some
sparse graph classes. Their results include the distance version, that is, »~-DOMINATING
SET. This approach was generalized to directed graphs because the directed DOMINATING
SET problem is also W|[2]-complete [23].

The remainder of this paper is organized as follows. In Section 2, we first give basic
terminology, notions, and definitions. In Section 3, we show the hardness results of the
problems. In Section 4, we give polynomial-time algorithms on trees and fixed-parameter
algorithms on general graphs.
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2 Preliminaries

In this section, we give notation and definitions. Let G = (V, E) be a directed graph
where |V| = n and |E| = m. A vertex u is called an in-neighbor of v if there exists an
edge (u,v) and a vertex w is called an out-neighbor of v if there exists an edge (v,w).
Moreover, the sets of in (out)-neighbors of v are denoted by N*(v) (resp., N°“(v)). The
number of in (out)-neighbor vertices of v is called the in (out)-degree and denoted by
indeg(v) := [N (v)| (resp., outdeg(v) := |[N°%(v)]).

For two vertices u, v, the distance from u to v is defined as the number of edges in the
shortest path from u to v, denoted by dist(u,v). A vertex u such that dist(u,v) is at most
r is called an r-in-neighbor of v and a vertex w such that dist(v,w) is at most r is called
an r-out-neighbor of v. The sets of r-in (out)-neighbors of v are denoted by N (v) (resp.,
N2 (v)). Note that N*(v) = N (v) and N2%(v) = N°“(v) when r = 1.

In an undirected graph G*, a set of edges such that no edges share an endpoint is called
a matching. Furthermore, a matching is maximal if no proper superset is a matching. An
edge dominating set is the edge set E’ such that every edge in F \ F’ is adjacent to at
least one edge in E’. Therefore, a maximal matching is an edge dominating set. As for
graph parameters, we denote the treewidth of G* by tw(G*). The definitions of treewidth
and tree decompositions can be found in Section J of the appendix.

A directed graph G is called a directed acyclic graph (DAG) if G has no directed cycle
and a planar graph if it can be embedded in the plane without any edges crossing. We
mention results on such restricted graphs.

3 Hardness results

In this section, we discuss the hardness of DIRECTED r-IN (OuT) VERTEX COVER and
DIRECTED (p,q)-EDGE DOMINATING SET.

3.1 Directed (0,1),(1,0)-Edge Dominating Set

We first show that DIRECTED (0, 1), (1,0)-EDGE DOMINATING SET is NP-complete. Al-
though DIRECTED (0,1)-EDGE DOMINATING SET is very similar to 1-OUT VERTEX
COVER, there is a large gap in terms of time complexity.

To show this, we introduce a variant of the SAT problem. Let (X,C) be an instance
I of SAT, where X = {x1,x9,...,n} is the set of variables and C = {C1,Cy,...,Cp,} is
the set of clauses. We consider a bipartite graph Gy = (X UC, E), where E = {{z,C} |
x € X,C € Csuch that z € C or Z € C}. An instance I of SAT is called planar if Gy
is planar. Much is known concerning the planar version of SAT. For example, 3SAT is
known to be NP-complete even if the instance is restricted to being planar. The restricted
version of 3SAT is called PLANAR 3SAT.

Here, we consider the another restriction of PLANAR 3SAT. In the restricted instances,
each literal appears at most twice, that is, Vy € X UX : [{C € C | y € C}| < 2. Instead,
the size of each clause is relaxed to be not exactly three but at most three. We call this
version PLANAR AT-MOST3SAT(L2). We can show the following. Here, (A) next to a
theorem means the proof can be found in Section A of the appendix.

Lemma 3.1 (A) PLANAR AT-MOST3SAT(L2) is NP-complete.
By using Lemma 3.1, we can obtain Theorem 3.2.

Theorem 3.2 DIRECTED (0,1),(1,0)-EDGE DOMINATING SET is NP-complete on di-
rected planar graphs such that indeg(v) + outdeg(v) < 3 holds for any vertex.
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Figure 1: Constructed graph of the reduction Figure 2: Replacing a cycle by a directed
from 3SAT to (0,1)-EDS (Thick edges are path for a variable’s gadget (Thick edges are
included in the solution.) included in the solution.)

Proof: We only consider DIRECTED (0, 1)-EDGE DOMINATING SET as the other proof
is similar. This problem is clearly in NP. Thus, we show the hardness. The reduction is
from PLANAR AT-MOST3SAT(L2).

Let n be the number of variables, m be the number of clauses, and [ be the number
of literals in an input ® for PLANAR AT-MOST3SAT(L2). Then, we construct a graph
as in Figure 1. First, we create n cycles of length four corresponding to the variables in
® and m paths of length five corresponding to the clauses in ®. For a variable’s gadget,
if we include the two horizontal edges in the (0, 1)-edge dominating set, it corresponds
to setting the variable to true in ®. Otherwise, we include the two vertical edges, which
corresponds to setting the variable to false. Note that the size of a minimum (0, 1)-edge
dominating set for a cycle of length four is two.

We connect each clause gadget to the variable gadgets corresponding to the literals in
the clause, as follows. For v1,vs,...,vs the vertices in the clause gadget, each of vy, vs,
and vs is connected by a path of length two, called a linking path, to one of the vertices in
a variable gadget. We can observe that there are [ linking paths in the constructed graph.
For each variable, there are at most two occurrences of true literals and at most two of
false literals. Because the variable gadget has four vertices corresponding to literals, by
connecting each vertex in the variable gadget to a clause gadget, for any vertex v in the
constructed graph, indeg(v) + outdeg(v) < 3.

Finally, we conclude this proof by obtaining the following lemma.

Lemma 3.3 (B) An input ® for PLANAR AT-MOST3SAT(L2) has a satisfying truth
assignment if and only if there exists a (0,1)-edge dominating set of size 2n+1+2m in a
constructed graph.

By replacing each variable gadget by a path v, ve, v3, v4 of length three and connecting
vertex vs and true literals in a clause, and vertex vy and false literals (See Figure 2), we
can also show that DIRECTED (0, 1)-EDGE DOMINATING SET is NP-complete on directed
acyclic planar graphs of bounded degree. Note that edge (v1,v2) is contained in any
(0,1)-edge dominating set. Moreover, including edge (v2, v3) in the (0, 1)-edge dominating
set corresponds to setting the variable to true and including edge (vs,v4) corresponds to
setting the variable to false.

Corollary 3.4 DIRECTED (0,1),(1,0)-EDGE DOMINATING SET is NP-complete on di-
rected acyclic planar graphs such that indeg(v) + outdeg(v) < 4 holds for any vertex.
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3.2 Directed (1,1)-Edge Dominating Set

As for DIRECTED (1, 1)-EDGE DOMINATING SET, we obtain a stronger result in terms of
a degree constraint. To show this, we first introduce a variant of planar graphs. A graph
is planar almost cubic if it is planar, there are exactly two vertices of degree two, and the
degree of all other vertices is three. We show that VERTEX COVER remains NP-complete
on planar almost cubic graphs.

Lemma 3.5 (C) VERTEX COVER on planar almost cubic graphs is NP-complete.

By using Lemma 3.5, we show the following theorem.

Theorem 3.6 DIRECTED (1,1)-EDGE DOMINATING SET is NP-complete on directed acyclic

planar graphs such that indeg(v) + outdeg(v) < 3 holds for any vertez.

Proof: Since DIRECTED (1,1)-EDGE DOMINATING SET clearly belongs to NP, we prove
the hardness. We show a reduction from VERTEX COVER on planar almost cubic graphs.
Suppose that we are given an instance (G, k) of VERTEX COVER. For an undirected planar
almost cubic graph G, we choose two vertices with degree two in G as source and sink
vertices. We then arrange each vertex in a horizontal line such that the two vertices of
degree two become ends of the line and orient every edge from left to right. Note that
there exist exactly one source vertex such that the in-degree is zero and out-degree is
two and exactly one sink vertex such that the in-degree is two and out-degree is zero.
For other vertices v, it holds that indeg(v) = 1 and outdeg(v) = 2 or indeg(v) = 2 and
outdeg(v) = 1. Each oriented edge corresponding to an edge in G is called an original
edge.

Next, we attach paths of length three to the source vertex and the sink vertex as a
vertex gadget as in Figure 3. Moreover, we replace any other vertex by a path of length
three consisting of e,,e1,e2 as in Figure 4. An edge e, in G’ corresponds to vertex v in
G. Let G’ be the constructed graph. Since we only replace vertices in G' by paths, G’
remains planar and acyclic and for any vertex v in G, indeg(v) + outdeg(v) < 3. Then
the following lemma completes the proof.

Lemma 3.7 (D) An instance (G, k) of VERTEX COVER is a yes-instance if and only if
an instance (G',n + k) of DIRECTED (1,1)-EDGE DOMINATING SET is a yes-instance.

We also obtain the following result on the distance-generalized version.

Corollary 3.8 (E) DIRECTED (p,q)-EDGE DOMINATING SET is NP-complete on di-
rected acyclic planar graphs such that indeg(v) + outdeg(v) < 3 holds for any vertex when

p,q > 1.
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3.3 Distance generalization

In this subsection, we consider the distance-generalized versions as with Corollary 3.8. We
first show that DIRECTED r-IN (OuT) VERTEX COVER and DIRECTED (0, q), (p, 0)-EDGE
DOMINATING SET are NP-complete on directed acyclic planar graphs of bounded degree.

Theorem 3.9 (F) When r, p and q are greater than 1, DIRECTED r-IN (OUT) VERTEX
COVER and DIRECTED (0, q), (p,0)-EDGE DOMINATING SET are NP-complete on directed
acyclic planar graphs such that indeg(v) + outdeg(v) < 4 holds for any vertex v.

From Theorems 3.2 and 3.9, we can conclude directed ~-DOMINATING SET on directed
line graphs is NP-complete.

Corollary 3.10 The (directed) r-DOMINATING SET problem is NP-complete on directed
line graphs even if r = 1.

Finally, we show that DIRECTED r-IN (OuT) VERTEX COVER and DIRECTED (p, q)-
EDGE DOMINATING SET are W[2]-hard on directed acyclic graphs by a reduction from
SET COVER, which is W[2]-complete and §2(logn)-inapproximable [12, 9].

Theorem 3.11 (G) DIRECTED 7-IN (OuT) VERTEX COVER is W|[2|-hard on directed
acyclic graphs when r > 2. DIRECTED (p,q)-EDGE DOMINATING SET is W[2]|-hard on
directed acyclic graphs when p > 2 or ¢ > 2. For these problems, there is no polynomial-
time cln k-approzimation algorithm for any constant ¢ < 1 unless P=NP, where k is the
size of an optimal solution, though they can be approximated within ratio O(logn) by a
greedy algorithm.

4 Algorithms

In this section, we give polynomial-time algorithms for DIRECTED r-IN (OuUT) VERTEX
COVER and DIRECTED (p, ¢)-EDGE DOMINATING SET on trees and fixed-parameter algo-
rithms for DIRECTED (0, 1), (1,0), (1,1)-EDGE DOMINATING SET on general graphs.

4.1 Algorithms on Trees

We solve DIRECTED (p, ¢)-EDGE DOMINATING SET by dynamic programming on a graph
G for which the underlying undirected graph is a tree, which we can root at an arbitrary
vertex; henceforth we use G to denote such a rooted tree. When we use the terms parent,
child, ancestor, and descendant, we are referring to the relationships between vertices in
G.

We first extend the definition of distance to specify distances between vertices and
edges. For an edge e = (u,v) and vertices w and z, we define dist(w,e) to be dist(w,u)
and dist(e, x) to be dist(v,x). Moreover, for two edges e = (u,v) and f = (x,y), we define
dist(e, f) to be dist(v, x). An edge e i-in-dominates (or just in-dominates) all edges f such
that dist(f,e) < i and an edge e j-out-dominates (or just out-dominates) all edges f such
that dist(e, f) < j. In a directed path containing edges e and f, the edges (not including
e and f) traversed along the path are between e and f. If there are k edges between e and
f, then e (k + 1)-out-dominates f and f (k + 1)-in-dominates e.

In G, we use T, to denote the subtree rooted at the vertex v, and G[T},] to denote
the subgraph of (the directed graph) G induced on the vertices in T,,. We call G[T},] the
subtree of G rooted at v and use conn(v) to denote the edge connecting v to its parent,
if it has one. We refer to a vertex v as an out-verter if conn(v) is directed from v to its
parent and a in-vertex if conn(v) is directed from v’s parent to v. If v is the root of G,
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it is neither an out-vertex nor an in-vertex. We use same(v) and dif f(v) to denote the
sets of children of v that are out-vertices and in-vertices, respectively, if v is an out-vertex
and that are in-vertices and out-vertices, respectively, if v is an in-vertex. Furthermore,
we use ST'(v) to denote the set of subtrees rooted at vertices in same(v) and DT (v) to
denote the set of subtrees rooted at vertices in dif f(v); these are considered to be two
different types of subtrees. In addition, we use Cs to denote the set of edges between v and
vertices in same(v), and Cy to denote the set of edges between v and vertices in dif f(v);
just as there are two types of subtrees, we consider these set to constitute two types of
connecting edges.

Our dynamic-programming algorithm processes vertices in an order such that a vertex
v is processed after all its descendants, where we use information about the subtrees rooted
at the children of v to determine how to dominate edges in G[I},]. We store not only the
sizes of edge dominating sets, but also the sizes of edge dominating sets defined in terms
of their reach and deficit, which are measures of the impact of edges inside a subtree in
the domination of edges outside the subtree and the impact of edges outside a subtree in
the domination of edges inside the subtree.

To see how edges in subtrees rooted at children of v can have an impact on each other,
suppose v has two children w and z such that w is an out-vertex and x is a in-vertex.
Furthermore, consider an edge e, in G[T,] such that dist(e,,w) = i and an edge e,
in G[T;] such that dist(x,e;) = j. We can form a directed path that starts at e, and
traverses the edges (w,v) and (v,x) to end at e,. Since the number of edges between
ew and ey is i + j + 2, this means that e, (i + j + 3)-out-dominates e, and that e,
(i + j + 3)-in-dominates e.

To determine the reach of a set of edges K in G[T,], we first determine the shortest
distance ¢ from an edge in K to v, if v is an out-vertex, or the shortest distance i from
v to an edge in K, if v is an in-vertex. When v is an endpoint of an edge in K (that
is, i = 0), that edge will be able to g-out-dominate an edge outside of G[T}], if v is an
out-vertex, or p-in-dominate an edge outside of G[T,], if v is an in-vertex. We thus define
mazreach(v) = q for each out-vertex v and mazreach(v) = p for each in-vertex v. More
generally, we define the reach of K beyond G[T,] to be mazreach(v) — i.

To measure which edges depend on outside edges for domination, we define the deficit
of K within G[T,] to be maximum over dist(e,v) (respectively, dist(v,e)) over all edges
e in G[T,] not (p,q)-dominated by any edge in K, for v an out-vertex (respectively, in-
vertex). Since the edge between v and its parent is the outside edge that can cover the
largest deficit, we set maxdeficit(v) = p for v an out-vertex and mazdeficit(v) = g for v
a in-vertex. We refer to all edges e with dist(e,v) < d (respectively, dist(v,e) < d) to be
edges of deficit of most d in G[T,], for v an out-vertex (respectively, an in-vertex). Should
an edge outside a subtree have sufficient reach to dominate all edges of deficit at most d,
we will say that the edge covers the deficit.

Using these concepts, we say that a set of edges K is a reach-r-deficit-d edge dominating
set for G[T,] if the reach of K beyond G[T] is r, and K (p, ¢)-dominates G[T,\J]| where
J is the set of edges of deficit at most d in G[T,]. In our algorithm, we use D[v,r,d] to
store the minimum number of edges in a reach-r-deficit-d edge dominating set for G[T5].

When processing a vertex v, we determine D|v, 7, d] for values of r and d in the ranges
0 < r < mazxreach(v) and 0 < d < maxdeficit(v). For the base cases, for each leaf v
in G, we set Dlv,r,d] = 0 for all values of r and d. To determine the value of Dlv,r,d|,
we will consider all possible options for adding edges between v and its children to K, a
reach-r-deficit-d edge dominating set for G[T}], as the choice of edges of K in the subtrees
rooted at the children of v will be represented by already-computed table entries.

The computation of the table entries depends on the following lemmas.
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Lemma 4.1 The reach of K beyond G[T,)] is mazxreach(v) if and only if K N Cs # .

Lemma 4.2 If KN Cy = 0, the reach of K beyond G[T,] is one less than the maximum
over all vertices u € same(v) of the reach of K restricted to G[T,].

Lemma 4.3 For any child u of v, conn(u) covers a deficit of maxde ficit(u) in G[T,].

Lemma 4.4 For any child u of v, if conn(u) is not included in K, then the mazimum
possible deficit within G[T,] that can be covered by K is maxde ficit(u) — 1.

Lemma 4.5 For any child u of v, if conn(u) is not included in K, the deficit in G[T,]
will be covered by any single connecting edge of the opposite type. Thus, if K N Cq # 0,
d=0.

The appendix contains the complete proofs of Theorems 4.6 and 4.7.

Theorem 4.6 (H) There is an algorithm that solves DIRECTED (p,q)-EDGE DOMINAT-
ING SET on trees in O(n*)-time.

Theorem 4.7 (I) There is an algorithm that solves DIRECTED r-IN (OUT) VERTEX
COVER on trees in O(n*)-time.

4.2 Fixed-parameter Algorithm for Directed (1, 1)-Edge Dominating Set

In this subsection, we give a 20*)n-time algorithm for DIRECTED (1,1)-EDGE DOMINAT-
ING SET. First, we obtain the following lemmas and theorem.

Lemma 4.8 Given a directed graph G, let G* be the underlying undirected graph of G
and s be the minimum size of DIRECTED (1,1)-EDGE DOMINATING SET on G. Then the
following inequality holds: tw(G*) < 2s.

Proof: Let G* be an undirected graph, tw(G*) be the treewidth of G*, and vc(G*) be
the size of minimum vertex cover. Then we have tw(G*) < vc(G*) [15].

Let M* be a minimum maximal matching in G*. A minimum (1, 1)-edge dominating
set in G is an (not necessarily minimum) edge dominating set in G*. If not, there is
an edge not dominated by the (1,1)-edge dominating set in G. Moreover, for any edge
dominating set D in undirected graphs, |D| > |M*| holds because a minimum maximal
matching is a minimum edge dominating set [26]. Therefore, s > |M*| holds.

On the other hand, we have a well-known result that for any maximal matching M,
ve(G*) < 2|M| [17]. Moreover, we already know that tw(G*) < vc(G*) holds. Finally,
we can obtain tw(G*) < 2s.

Lemma 4.9 (J) Given a directed graph G, let G* be the underlying undirected graph of
G. Then given a tree decomposition of G* of width at most £, there exists an algorithm
that solves DIRECTED (1,1)-EDGE DOMINATING SET in 2500 Mn-time.

Theorem 4.10 ([6]) There exists an algorithm that, given an n-vertex graph G and an
integer £, in time 2°©n either outputs that the treewidth of G is larger than ¢, or constructs
a tree decomposition of G of width at most 5¢ + 4.

Finally, we show a fixed-parameter algorithm for DIRECTED (1, 1)-EDGE DOMINATING
SET.
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Theorem 4.11 Given an instance (G, k) of DIRECTED (1,1)-EDGE DOMINATING SET,
it can be solved in 20" n-time.

Proof: Given an instance (G, k), we first determine whether the treewidth of G* is at
most 2k in 2°®)n-time by using Theorem 4.10. If tw(G*) > 2k, we conclude that it is
a no-instance by Lemma 4.8. Otherwise, we use the 25¢9(Mn-time algorithm based on a
tree decomposition of width at most 10k 4 4 obtained by Theorem 4.10. Therefore, the
total running time is 20*)n + 25106+4(10k + 4)0(1)71 = 20(k)p,

Thus, DIRECTED (1,1)-EDGE DOMINATING SET is fixed-parameter tractable with re-
spect to k. We emphasize that the running time of this algorithm is single exponential in k
and linear in n. In the same way, we can prove DIRECTED (0, 1), (1,0)-EDGE DOMINATING
SET is fixed-parameter tractable with respect to k.

Theorem 4.12 (K) Given an instance (G,k) of DIRECTED (0,1),(1,0)-EpDGE Dowmi-
NATING SET, it can be solved in 2°®) n-time.
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A  Proof of Lemma 3.1

This problem clearly belongs to NP. We show the hardness. The hardness is shown by
a reduction from PLANAR 3SAT. Let I = (X,C) be an instance of PLANAR 3SAT. If
all the literals appear at most twice, we do not need to do anything. Otherwise, there
is a literal that appears at least three times. We assume that the literal = is positive,
without loss of generality. Let £ be the total number of appearances of z and . We then
number the x’s and Z’s according to the order of appearance. Next, we create ¢ new vari-
ables (), 22 2 and new clauses CF = {x(l),a_c(2)},C§” = {2®,z0)},..., =
{21 201 07 = {29,210}, These new clauses are introduced in order to guarantee
that all (s takes same value (1 or 0). Furthermore, for C' in which i-th = or Z appears,
we define C’ to be the same as C' except that z or Z is replaced with z(® or (9. Note
that z(® (or a’r(i)) appears only in C’ and C} (resp., Cf,,), that is, at most twice. It is
obvious that the original instance is satisfiable if and only if the new instance is, where
z’s and Z’s are replaced with () or 29, i = 1,2,...,¢. By doing this replacement for all
the variables, we obtain a new equivalent SAT instance I’, whose clauses contain at most
three literals and literals appear at most twice.

We then show that the new instance preserves planarity. We give a planar drawing
of Gy based on the planar drawing of Gy. That is, we replace vertex x with the cycle

(M), cr,x@ . Lz, Cy, (1), Obviously, a cycle has a planar drawing. Edges between
z’s and C’s are rewired according to the order of appearance of z’s. This does not yield
any crossing. See figures 5 and 6. This completes the proof. O

Cr=(zV--) = (zM v
Cy=(xV---) Ch=@@v--)
CgZ(i\/) C’:(x<2)\/-~~)
Cy=(zV--) (;:(TH)\/...)
G=@Ev-) Ol = (7.
Cy = (M v z?)
Cy = (:1>(2> Vv .7,‘(3))
CF = (2 v )
i = (z¥W v z0))
Ct = (z® v z(V)

Figure 5: Original clauses where x’s ap-

pear Figure 6: Replaced clauses

B Proof of Lemma 3.3

Given a truth assignment for ®, we take the corresponding vertical or horizontal pair of
edges in each variable gadget since we need exactly two edges in order to dominate the
cycle. For each linking path, we add to the (0,1)-edge dominating set either the edge
incident on a variable gadget if that edge is not dominated, and otherwise the other edge
on the linking path. For a clause gadget, if a literal in the clause is true, an edge adjacent
to the vertex corresponding to the literal is dominated. Note that if at least one literal
is true, the clause gadget can be dominated by only two edges; otherwise we need three
edges to dominate it. Because every clause is true and there are n variable gadgets, [
linking paths, and m clauses, we can dominate all edges by 2n 4 [ + 2m edges.
Conversely, suppose that we are given a (0, 1)-edge dominating set of size 2n + 1+ 2m.
We need at least two edges to dominate each variable gadget and at least one edge to
dominate each linking path. Because there are n variable gadgets and [ linking paths,
all clause gadgets must be dominated by at most 2m edges. Note that we need at least
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two edges to dominate a clause gadget. Two edges will suffice only when the (0, 1)-edge
dominating set contains at least one adjacent edge in a linking path. This means that each
clause has at least one true literal. Moreover we can observe that a (0, 1)-edge dominating
set contains exactly two, one, and two edges in each variable gadget, linking path and
clause gadget, respectively. In a variable gadget, either the vertical or horizontal pair of
edges is in the (0, 1)-edge dominating set. Thus, we give an assignment for each variable
such that if the horizontal pair is included, we assign true, and otherwise false. Because
each clause has at least one true literal, this is a satisfying truth assignment. U

C Proof of Lemma 3.5

We show a reduction from VERTEX COVER on planar cubic graphs, which is NP-complete [25].

Given a planar cubic graph G = (V, E), choose an edge (u,v) and insert two vertices w and
x to (u,v), that is, change (u, v) to a path consisting of u, w,z,v. Let G' = (V', E’) be the
constructed graph where V' =V U{w,z} and E' = (E\ {(u,v)}) U{(u, w), (w,z), (z,v)}.
Note that the degree of w and z is two, and the degree of any other vertices is three. Since
we only replace an edge by a path of length three in a planar graph, G’ remains planar.
Thus, G’ is a planar almost cubic graph.

Then, we show that an instance (G, k) of VERTEX COVER on planar cubic graphs is
a yes-instance if and only if an instance (G’,k 4+ 1) of VERTEX COVER on planar almost
cubic graphs is a yes-instance.

Let C be a vertex cover of size at most k in G. Then, C' covers every edge in E\ {(u,v)}
and at least one of (u,w) and (z,v) in G’ since at least one of v and v is in C. If both of
(u,w) and (z,v) are covered by C, we add either w or z. Because (w,x) is the only edge
not covered, we can obtain a vertex cover of size at most k 4+ 1. Otherwise, without loss
of generality, we suppose that (u,w) is not covered. Now, the only edges not covered by
C are (u,w) and (w,x). Therefore, by setting C' = C'U {w}, we obtain a vertex cover in
G’ of size at most k + 1.

Conversely, let C” be a vertex cover of size at most k + 1 in G'. To cover edge (w, x),
C’ contains at least one of w and z. First, we suppose C’ contains exactly one of w and
x. Without loss of generality, we suppose that w € C' and x ¢ C’. Then we can observe
that v € C' in order to cover (z,v). Thus C’\ {w} is vertex cover of size at most k in G
because v covers (u,v) in G. If C’ contains both x and w, we can replace x by v because
(w, z) is covered by w. Then, (C"\ {w,x}) U {v} is a vertex cover of size at most k in G
because v covers (u,v) in G. U

D Proof of Lemma 3.7

Let G = (V, E) and C be a vertex cover of size at most &k in G. In G’, we add each e; to
the solution set in order to dominate es and e, for each vertex gadget. We also add e,’s
such that v € C in G. Because edge e, corresponds to v in (G, each edge e, dominates all
original edges. Therefore, such a solution set is a (1, 1)-edge dominating set and its size is
n+k.

Conversely, let K be a (1,1)-edge dominating set of size at most n + k in G'. To
dominate e, K contains either e; or es for each vertex gadget. If K contains es for some
gadgets, es can be replaced by e; and maintain a (1,1)-edge dominating set. Thus, we
can assume that K contains all e;’s and does not contain any es’s. Note that every e, is
dominated by e;. From this fact, if K includes some original edges, we can exclude them
because they can only dominate e,’s. Therefore, we can suppose K only contains e;’s and
ey’s. Because the set of e,’s in K dominates all original edges, the set of vertices in G
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Figure 7: Replacing an edge and attaching path gadgets for the reduction to (p,q)-EDS

corresponding to e,’s in K covers all edges in G. Thus, this is vertex cover for G. Since
the size of K is at most n + k£ and the number of e;’s included in K is n, the number of
ey’s in K is at most k. Therefore, the size of the vertex cover is at most k. ]

E Proof of Corollary 3.8

For graph G’ in Theorem 3.6, let G’ = (V' E’), and E,,, E; and E; be the sets of e,’s,
e1’s and ey’s, respectively. First, we remove every edge in E1UFE> from G’. Then, we replace
each original edge (s,t) by a path of length p + ¢ — 1, consisting of s, u, ua, ..., uprq—2,t.
We consider the edge (uq—1,uq) to correspond to an edge in E.

Next, we attach a path of length p + ¢, called a path gadget, to each u; as in Figure 7.
As with DIRECTED (1,1)-EDGE DOMINATING SET, for each edge (w,x) € E, except for
the source and the sink, if indeg(w) = 1, we attach a path gadget to w. Otherwise, that
is, if outdeg(x) = 1, we attach it to x. Finally, we attach a path gadget to each of the
source and the sink.

Let G” be the created graph. Because we only attach the paths to vertices satisfying
indeg(v) + outdeg(v) < 2, it holds that indeg(v) + outdeg(v) < 3 for any v. Furthermore,
G" remains planar and acyclic.

Then, we show that an instance (G, k) of VERTEX COVER is a yes-instance if and only
if an instance (G”,(p + ¢ — 1)n + k) of DIRECTED (p, q)-EDGE DOMINATING SET is a
yes-instance. The rest of the argument is the same as that in the proof for DIRECTED
(1,1)-EDGE DOMINATING SET. O

F Proof of Theorem 3.9

We show a reduction from VERTEX COVER on planar cubic graphs, which is NP-complete [25],

to DIRECTED r-OUT VERTEX COVER.
Given an instance (G = (V, E), k) of VERTEX COVER, we create a graph G’. First, we
replace each edge e = (u,w) in E by an edge gadget as in Figure 8. We insert a center

vertex v} in each edge e, that is, we replace one edge e = (u,w) by two directed edges
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Figure 8: Replacing e = (u,v) by a gadget Figure 9: Replacing e = (u,v) by a gadget
for r-VC for (p,q)-EDS

(u,v}) and (w,v}). We denote the set of vl’s by V.I. Moreover, for each e in E we add a
vertex v2 and an edge ¢’ = (v}, v2). Let V.2 be the set of v2’s and E’ be the set of €’’s.

Next, we replace (u,v}) by a directed path from u to v! of length r — 1 and (w, v}) by
a directed path from w to v} of length r — 1. Let Vp be the set of vertices in the directed
paths except for u, v}, and w and Ep be the set of edges in the directed paths.

As a vertex gadget, we attach an edge e, = (v/,v) to every v. We denote the set of
v"”’s by V' and the set of e,’s by E,.

Let G/ = (VUV'UV}UV2UVp, E'UE,U Ep) be the created graph. Note that G’
remains planar and acyclic. Moreover, for any vertex v in G', indeg(v) + outdeg(v) < 4
holds because we only replace each edge by a path and attach edges.

Now, we show that an instance (G, k) of VERTEX COVER is a yes-instance if and only
if an instance (G',n+ k) of DIRECTED r-OUT VERTEX COVER is a yes-instance. Suppose
that we are given a vertex cover C = {v1,...,vx} C V of size k. Let C' = V' UC. Then
the set V' covers all edges in E, U Ep. Furthermore, since C' is a vertex cover in G, it
covers every edge in E’ due to the construction. Thus, C’ is an r-out-vertex cover of size
at most n + k.

Conversely, suppose that we are given an r-out-vertex cover C’ of size n+ k. Note that
C’ always includes V' in order to cover each edge e, = (v/,v).

Because V' covers every edge in E, U Ep, and all edges covered by V.! UV2U Vp are
covered by V, if C' includes a vertex in V! U V2 U Vp, we can replace it by a vertex in
V' while maintaining the coverage of each edge by C’. Let C = C’"\ V! C V. Then C
is a vertex cover in G of size k because C covers all edges in E’ corresponding to E and
V| =n.

By attaching a new edge (v”,v') for each v' and a corresponding additional vertex
v"” and setting r = ¢ (See Figure 9), we can similarly obtain the proof for DIRECTED
(0,9), (p,0)-EDGE DOMINATING SET. O

G Proof of Theorem 3.11

To prove Theorem 3.11, we introduce the SET COVER problem as follows.

Definition G.1 (Set Cover) SET COVER is the problem that given a collection of sets
S = {51,592,...,5n} defined over a domain of elements U = {ey,ea,...,en} and an

integer k, determines whether there exists a subcollection 8" C S of size at most k such
that USGSI S — U

SET COVER is known to be W[2]-complete and €(logn)-inapproximable [12, 9].
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I

Figure 10: Constructed graph of the reduction from SET COVER to DIRECTED r-OUT
VERTEX COVER

G.1 Directed r-Out Vertex Cover

We show that there is a parameterized reduction from SET COVER to DIRECTED r-IN
(Out) VERTEX COVER. In this proof, we focus on DIRECTED r-OUT VERTEX COVER
since we can also prove the other case by a slight modification. If k& = m, it is trivial.
Hence, we suppose that kK < m. Without loss of generality, suppose that every S € S is
not empty.

Given an instance of SET COVER, that is, (S,U, k), we create a graph G = (V, E)
where V = {2z} UVs UV, UVy and E = Eg U Ey U Ey by the following method (See
Figure 10). Let z be a super vertex and Vg = {s1, 2, ..., Sm} be a vertex set corresponding
to S in SET COVER. Then we connect « and each s; € Vs by adding edge (x,s;) where
1 < j < m. We denote the set of (z,s;)’s by Eg.

Let Vi = {y1,...,yn} and Vz = {z1,..., 2, }. Then, for each element e; of SET COVER,
we create the corresponding edge (y;, z;) for 1 < i < n. Finally, we connect each s; and
y; by a path of length r — 1 from s; to y; if S; € S covers element e; € U. We denote the
set of (y;, z;)’s by Ez and the set of edges in the paths of length » — 1 by Ey. Obviously,
G is directed acyclic due to the construction. Constructing the graph can be done in time
polynomial in the size of the input to SET COVER. By reversing the orientation of every
edge, we can also prove that DIRECTED r-IN VERTEX COVER is W[2]-hard.

Then we show that an instance of SET COVER (S, U, k) is a yes-instance if and only
if the instance of DIRECTED r-OuUT VERTEX COVER (G, k + 1) is a yes-instance, where
G is the graph created by the above procedure.

If (S,U,k) is a yes-instance of SET COVER, let S* = {S},,S},,...,5j,} be a solution
where {j1,j2,...,Jk} € {1,2,...,m}. In G, we select C = {s;,,5j,,...,5j.,2}. Then we
can immediately confirm that C' covers every edge in F since x covers all edges in F'\ Ez.

Conversely, if (G, 7, k) is a yes-instance of DIRECTED r-OuT VERTEX COVER, let C'
be a solution of size k + 1. Note that C contains x because every edge in Eg is covered
by only vertex x. If C includes a vertex u; on the path from s; to z;, then because every
edge covered by u; is covered by s;, we can replace u; by vertex s; if s; € Vg\ C, and any
vertex s € Vg \ C otherwise, keeping every edge covered by C.

Therefore, we assume that C'\ {z} C Vg and let C = {s;,,;,,...,5j,,2}. Then we
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Figure 11: Constructed graph of the reduction from SET COVER to DIRECTED (p, ¢)-EDGE
DOMINATING SET

choose §* = {5;,,S5},,...,5j,} € S. Note that element e; is covered by S; if and only
if edge e; = (yi,2) is covered by s; in G since vertex = does not cover any edge in U.
From the construction of G, we conclude that Jgcg S = U, and hence (S,U,k) is a
yes-instance.

For SET COVER, there is no polynomial-time algorithm whose approximation ratio is
better than c¢ln |[U| with any ¢ < 1 unless P=NP. Since the parameter k& of SET COVER
corresponds to (k + 1) of an r-out vertex cover, it is hard to find an r-out vertex cover
with size at most (k + 1)cIn|U|. This |U| is below bounded by k, and this implies that
r-OUT VERTEX COVER is hard to approximate within cln k with any ¢ < 1.

G.2 Directed (p,q)-Edge Dominating Set

By almost the same method, we obtain the proof for DIRECTED (p, q)-EDGE Dowmi-
NATING SET. That is, we replace a super vertex by a path of length p + 1.

We show that there is a parameterized reduction from SET COVER to DIRECTED (p, q)-
EDGE DOMINATING SET. In this proof, we show only the case in which ¢ > 2 since we
can also prove the other case by a slight modification.

Given an instance of SET COVER, that is, (S, U, k), we create graph G by the following
method (See Figure 11). This graph is similar to a constructed graph for DIRECTED 7-IN
(Out) VERTEX COVER. We replace only r by ¢ — 1 and = by a path z1,x2,..., 2,42 of
length p+1. Let Ex be an edge set of the path. Note that each edge (22, s;) corresponds
to S; € §. The rest of the proof is almost the same as DIRECTED r-IN (OUT) VERTEX
COVER.

We show that an instance of SET COVER (S, U, k) is a yes-instance if and only if the
instance of DIRECTED (p, ¢)-EDGE DOMINATING SET (G, k + 1) is a yes-instance, where
G is the graph created by the above procedure.

Given a yes-instance of SET COVER (S,U, k), let S* = {S;,,...,Sj,} be a solution
where {ji,...,5¢} € {1,...,m}. In graph G, we select the edge set K = {(2p+2,5j,),---,
(Xp+2, 55, ), (Tpt1, Tpt2) }. Then we can immediately confirm that edge (2py1, xp42) domi-
nates every edge in £\ Ez and K \ {(zp+1, ¥p+2)} dominates every edge in Ez.
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Conversely, if (G, k + 1) is yes-instance of DIRECTED (p, q)-EDGE DOMINATING SET,
let K be a solution of size k + 1. Note that K contains at least one edge in Ex and we
can assume that K only contains one edge (xp41,%p+2) because it dominates every edge
dominated by e € Ex \ {(2p+1,zpt2)}-

If there is edge e € (E'\ Ex \ Es) N K on the path from s; to z;, we can replace e by
(xpt2,5;) € Eg if it is not in K, otherwise by any edge e; € Eg, keeping every edge of
G dominated by K. That reason is why every edge in E \ E; is already dominated by
(p41,Tpt2). Therefore, we assume that K C Fg.

Let K = {(zp+2,5j,), (Xp+2, Sja)s - - - (Tpt2, Sji)s (Tp+1, Tpy2) } be asolution of size k+1.
We then choose §* = {5;,,S5},,...,5j,} € S. Note that element e; is covered by S; if
and only if edge (yi, 2;) is dominated by (2,42, s;) in G. From the construction of G, we
conclude that | Jg.g+ S = U, and hence (S, U, k) is yes-instance.

By reversing the orientation of every edge, we can also prove the case in which p > 2.

For SET COVER, there is no polynomial-time algorithm whose approximation ratio is
better than c¢In|U| with any ¢ < 1 unless P=NP. Since the parameter k of SET COVER
corresponds to (k + 1) of a (p, ¢)-edge dominating set, it is hard to find an (p, ¢)-edge
dominating set with size at most (k+ 1)cIn|U|. This |U| is below bounded by k, and this
implies that (p,q)-EDGE DOMINATING SET is hard to approximate within ¢ln k with any
c<1.

Since we can describe DIRECTED r-IN (OuT) VERTEX COVER and DIRECTED (p, q)-
EDGE DOMINATING SET as SET COVER, they can be approximated within ratio O(logn)
by a greedy algorithm. O

H Proof of Theorem 4.6

The lemma below results from the fact that the size of the minimum edge dominating set
of a smaller subgraph is never bigger than the size of a minimum edge dominating set for
a larger subgraph.

Lemma H.1 The following properties hold:
1. Dlu,r,d] < Dv,r,d] for u a descendant of v,
2. Dlv,r,d] < Dlv,r",d] forr <7, and
3. Dlv,r,d] < Dlv,r,d| ford>d'.

Corollary H.2 For a given value of v, the minimum values will be D[v, 0, mazxde ficit(v)];
the solution to DIRECTED (p,q)-EDGE DOMINATING SET will be Dlv,0,0], for v the root
of G.

Before detailing the calculation of D[v,r,d], we first consider the roles of Cs, ST (v),
Cy, and DT (v). For both types of subtrees and connecting edges, a single edge may cover
the deficit for all the subtrees and connecting edges of the opposite type. However, the
roles of the two types of subtrees and connecting edges are not symmetric. Specifically,
since edges in Cy cannot form directed paths with conn(v), only edges in Cs and ST (v)
will have an impact on the reach r and deficit d for v. In contrast, in the choice of edges
for K in G[T,], all edges in Cy and all deficits in trees in DT'(v) must be covered.

We first observe in the following two lemmas that a single edge in Cs will suffice to
ensure that » = maxreach(v), and that if there is no edge in K N Cj, then it suffices for
a single subtree in ST'(v) to have reach r + 1. In our calculations, this implies that the
reach for every other tree in ST'(v) can be assumed to be 0 (or for all to have reach 0, if

KNCs #0).
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Lemma H.3 The reach of K beyond G[T,] is maxreach(v) if and only if K N Cy # (.

Proof: Clearly, an edge in K N Cs can mazreach(v)-dominate edges outside of G[T,].

If instead KNC; = (), then the reach of K beyond G[T,] is strictly less than maxreach(v),
since it will be one less than the maximum over all u € same(v) of the reach of K beyond
G[T,], and since u € same(v), and mazreach(u) = maxreach(v).

Lemma H.4 If K NCs =0, the reach of K beyond G[T},] is one less than the mazimum
over all vertices u € same(v) of the reach of K restricted to G[T,].

To determine deficit, we first make a few observations that apply to subtrees of both
types. For any child u of v, if conn(u) is in K, then we can assume that the deficit
within G[T,,] is maxdeficit(u). Furthermore, if conn(u) is not in K, then the maximum
deficit possible within G[T,] is maxdeficit(u) — 1. This is summarized in the following
two lemmas.

Lemma H.5 For any child u of v, conn(u) covers a deficit of mazde ficit(u) in G[T,].

Lemma H.6 For any child u of v, if conn(u) is not included in K, then the mazimum
possible deficit within G[T,] that can be covered by K is mazde ficit(u) — 1.

We make use of the following terminology to capture the idea of determining whether
or not to include conn(u) in K, where the deficit can be an arbitrary value j. We define
min(u, j) = min{1 + Dlu, 0, maxde ficit(u)], D]u,0, j]}; the first case represents choosing
to include conn(u) and the second case not to include conn(u). If the latter is the smaller
for all u € same(v) (u € dif f(v), respectively), we may choose to add an arbitrary edge
in C (cgq, respectively) to cover the deficit for subtrees of the opposite type. Accordingly,
we define as(j) = 1 if there exists u € same(v) such that 1 + D[u, 0, mazxdeficit(u)] <
DJu, 0, j], and 0 otherwise. We define ay(j) similarly, for v € dif f(v).

As a consequence of Lemma H.6, we observe that the reach of a connecting edge of the
opposite type is sufficient to cover any deficit.

Lemma H.7 For any child w of v, if conn(u) is not included in K, the deficit in G[T,]
will be covered by any single connecting edge of the opposite type. Thus, if K N Cq # 0,
d=0.

We consider using a subtree T, in DT'(v) to cover the deficit in a subtree rooted at
a vertex w in same(v). In this case, the reach beyond G[T;] must be two greater than
the deficit in G[T),], due to the need for the path to pass through conn(z) and conn(w)
en route to G[T,]. This reach for a single subtree in DT'(v) will cover the deficit for all
subtrees in ST'(v).

The analogous result holds for the reach of a single subtree in ST'(v) covering the deficit
for all subtrees rooted at vertices in DT(v). The key difference is that for the subtrees
in ST'(v), there remains the option of not covering the deficit. No such option exists for
subtrees in DT'(v), for which all deficits must be covered.

To determine the value of D[v,r,d]|, we will consider all possible options for adding
edges between v and its children to K, a reach-r-deficit-d edge dominating set for G[T,],
as the choice of edges of K in the subtrees rooted at the children of v will be represented
by already-computed table entries. We demonstrate how to compute D[v,r,d] as four
different cases, depending on the values of d and r.

Case 1: r = mazreach(v) and d > 0
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Since r = mazreach(v), by Lemma H.3 K N Cs # (), and since d > 0, by Lemma H.7
KNnCy=0.

Since K contains at least one edge in C, by Lemma H.7, all edges in Cy are covered,
as well as deficits of maxdeficit(u) — 1 for each u € dif f(v), which by Lemma H.6 is the
maximum possible.

Any u € same(v) for which conn(u) € K will contribute D[u, 0, maxde ficit(u)], by
Lemma H.5.

If for u € same(v), conn(u) ¢ K, then G[T,] can have a deficit of d — 1, which
in conjunction with conn(u) will result in deficit d. Thus, for each u € same(v), the
contribution is min(u,d — 1). We may need to add an arbtirary edge in Cy to ensure
r = mazxreach(v), as indicated by as(d — 1).

Dlv,r,d] =3 cqif (o) Plu, 0,mazde ficit(u) = 1]+ 3, c same () min(u, d—1)+ag(d—1).
Case 2: r < mazreach(v) and d > 0

Since r < mazreach(v), by Lemma H.3 K N Cy = (), and since d > 0, by Lemma H.7
KnC,;= 0.

To ensure that the edges in Cy are covered and that the deficit of all trees in DT'(v)
are covered, we make use of an edge in the subtree in ST'(v) that gives rise to reach r. We
consider all choices of w € same(v), for a contribution of D[w,r+ 1, d — 1] for that choice,
and D[u,0,d — 1] for all u € same(v)\{w}. For each u € dif f(v), the contribution will be
Diu,0,r —1].

Thus,

Dlv,r,d] = minyesamew){Plw, r + 1,d = 1] + 3 c same(w)\ fw} Plu, 0,d — 1]}

+ 2 uedif () Plus 0, = 1].

Case 3: r = mazreach(v) and d =0

Since r = mazxreach(v), by Lemma H.3 K N Cs # 0. Any u € same(v) for which
conn(u) € K will contribute 1 + Dlu, 0, mazde ficit(u)], by Lemma H.5.

The edges in C; cover all deficits of trees T, in DT'(v) up to a deficit of maxde ficit(u)—
1; the only other option for a tree in DT'(v) is to include conn(u) in K to cover a deficit
of up to mazxde ficit(u).

To cover the deficits of trees in ST'(v), we consider the minimum over all choices of
j in the range from 0 to mazdeficit(v) — 1 as the deficit for any T,, € ST'(v) such that
conn(u) ¢ K. When j = maxdeficit(v) — 1, an edge in Cy must be in K. For all other
values of j, one tree in DT (v) must have reach j + 2, and all others will have reach 0.

We set Dv,r,d] = minjeo, . mawdeficit(v)—1} Cost(j) for Cost(j) as defined below.

Cost(mazdeficit(v) — 1) = 3, coame(v)udif (o) Min(u, mazde ficit(u) — 1)

+ag(maxdeficit(u) — 1) + ag(mazxdeficit(u) — 1)

For any value of j in the range from 0 to maxde ficit(v) — 2,

Cost(j) = miny,egif ()1 Dlw, j + 2, mazxde ficit(w) — 1]

+ 2 uedif o)\ fw} Plu, 0, mazde ficit(u) — 1 437, ome(w) min(u, ) + as(4)}-

Case 4: r < mazreach(v) and d =0

Since r < maxreach(v), by Lemma H.3 K N C, = (.

If K does not contain any edge in Cy, we need to cover the deficits in trees in ST'(v)
and DT'(v) as well as the edges in Cs and Cy, all without being able to select any of the
connecting edges. Since an edge in a subtree in DT'(v) can cover the deficit for all trees in
ST(v) (as well as all edges in Cy), we consider all trees in ST'(v) to have the same deficit,
j. We then require a single subtree in DT'(v) to have reach j + 2, with the rest having
reach 0. We consider all possible values of j, 0 < j < maxdeficit(v) — 2, and all choices
of a subtree in DT'(v) to have sufficient reach.

Similarly, we need to ensure that the edges in Cy are covered and that the deficits of all
trees in DT '(v) are covered. This will be accomplished by an edge in a subtree in ST'(v),
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which is also the one that results in reach r (the rest will have reach 0). Thus all subtrees
in DT'(v) will have the same deficit, » — 2. This immediately implies that » > 2 in this
case. We consider all possible choices of subtrees in ST'(v).

If instead K contains any edge in Cy, then by Lemma H.7, K covers the deficits in all
subtrees in ST (v), as well as all edges in Cs. To cover the edges of Cy and the deficits
in all trees in DT (v), we consider D[w,r + 1, maxzde ficit(w) — 1], for all possibilities of
w € same(v), and D[u, 0, mazxde ficit(u) — 1] for all u € same(v)\{w} (only one tree needs
to contribute to the reach of r for v). Since this reach will cover a deficit of »—1 in any tree
in DT (v), the contribution for each u € dif f(v) will be min(u,r — 1), with the possible
addition of an arbitrary edge in Cy (represented by ag(r — 1).

We set D[v,r,d] = minjc ... mazde ficit(v)—1} Cost(j) for Cost(j) as defined below; the
value j = maxdeficit(v) — 1 handles the case in which K contains an edge in Cy. Thus,

Cost(maxdeficit(v) — 1) = minyegame(w) 1 P[w, r + 1, maxde ficit(w) — 1]+

> uesame(w)\fw} Plu, 0, mazdeficit(u) — 1] + 32 cqifp(o) man(u,r — 1) + aq(r — 1}.

For any value of j in the range from 0 to maxde ficit(v) — 2,

COSt(j) = minwésame(v),xediff(v){D[wa T+ 17j] + Zuésame(v)\{w} D[uv O’j] + D[$a] +
2,7 =21+ e dif p (o) fay Plus 0,7 = 2}

It is not difficult to see that the algorithm can be executed in polynomial time, since
there are O(n?) table entries to fill, each of which can be filled in time O(n?).

I Proof of Theorem 4.7

As we will be r to denote reach, here we will consider the (renamed) DIRECTED ¢-OuT
VERTEX COVER. The proof for DIRECTED ¢-IN VERTEX COVER, which is similar, has
been omitted. We assume that ¢ > 2 because the case in which ¢ = 1 is trivial in general
graphs.

As with DIRECTED (p, ¢)-EDGE DOMINATING SET, we use D[v,r,d] to store the min-
imum number of vertices in a reach-r-deficit-d vertex cover for G[T,].

When processing a vertex v, we determine D[v, r,d] for values of r and d in the ranges
0 <r<gqgand0 <d<gq. For the base cases, for each leaf v and its parent u in G, if there
is an edge (v, ) from v to its parent u, we must include v in the solution in order to cover
(v,u). Thus, we define D[v,r,d] as follows:

1 (1<r<qAd=0)

+oo  (otherwise).

Div,r,d] = {

If there is an edge (u,v) from parent u for a leaf v, there is no reachable path from v
to any vertex. Moreover, v is not included in any minimum r-out vertex cover because v
does not cover any edge. Thus, we define D[v, r,d] as follows:

0 (r=0N0<d<qg-1)

+oo  (otherwise).

Dlv,r,d] = {

As with DIRECTED (p, ¢)-EDGE DOMINATING SET, the lemma below results from the
fact that the size of the minimum r-out vertex cover of a smaller subgraph is never bigger
than the size of a minimum r-out vertex cover for a larger subgraph.

Lemma 1.1 The following properties hold:
1. Dlu,r,d] < Dlv,r,d] for u a descendant of v,

2. D[v,r,d] < D[v,r',d] forr <, and
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3. Dl|v,r,d] < Dlv,r,d]| ford>d'.

Corollary 1.2 For a given value of v, the minimum values will be D]v,0 r] the solution
to DIRECTED r-OUT VERTEX COVER will be D[v,0,0], for v the root of G.

For each v, we define the recursive formulas. We consider two types of vertices.

Case 1: v such that there is an edge (v, u) to parent u.
In this case, if d > 0 or r = 0, we set D[v,r,d] = 400 because uncovered edges in G[T}]
and (v,u) are never covered henceforth. Otherwise, we consider two cases:

1. When r = ¢, v must be included in the solution. Therefore, we set
D[Uv T, d} = Zuediff(v) D[uv 07 q— 1] =+ Zwesame(v) D[w7 17 O] +1.
Because v and any vertex above v in a tree never cover any edge (w,v) for w €
same(v), we need the reach of 1 in Dw, 1, 0].

2. When 1 <r < ¢ — 1, v must not be included in the solution. Therefore, we set
Dlv,r,d] = min,esame(w) { D[z, 741,01+ 3 caifpo) Pl 0,7 =1+ same(on (o3 Plws 1, 0]}

In the recursive formula, every edge in DT'(v) is covered by z. As with Case 1-1, we
need the reach of 1 in D[w, 1,0] since v and any vertex above v in a tree never cover
any edge (w,v).

Case 2: v such that there is an edge (u,v) from parent u.
In this case, if r > 0, we set D[v,r,d] = 400 because v does not reach any vertex above
itself in G[T;]. Otherwise, we consider two cases:

1. When d > 0, v must not be included in the solution. Therefore, we set
Dlv,r,d] =3 cair ) Plus 1,0] + 3 esame() Plw, 0,d — 1.
Because v and any vertex above v in a tree never cover any edge (u,v) for u €
dif f(v), we need the reach of 1 in D[u,1,0].

2. When d = 0, we set

D[vrd—mm{ Z Dlu,1,0] + Z Diw,0,qg—1]+1

uedif f(v) wesame(v)
min [ min {D[x Jj+2,0]+ Z Dlu, 1,0] + Z D[w,O,j]}]}.
0<j<q—2"zedif f(v uedif f(v)\{z} wesame(v)

The first part is the case in which v is included in the solution. Since v g-covers
edges in ST'(v), we sum up D[w,0, ¢] for w € same(v). The second part is the other
case, that is, v is not included in the solution. In this case, we consider every possible
combination of the reach of DT'(v) and the deficit of ST'(v) such that every edge in
G[T},] is covered. Then we set a minimum possible solution in G[T] as Dlv,r,d|.

It is not difficult to see that the algorithm can be executed in polynomial time, since there
are O(n?) table entries to fill, each of which can be filled in time O(n*).

J Proof of Lemma 4.9

We first give the definition of a tree decomposition.
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Definition J.1 A tree decomposition of an undirected graph G = (V, E) is defined as a
pair (X,T), where X = {X1,Xo,...,Xn C V}, and T is a tree whose nodes are labeled
by I € {1,2,...,N}, such that

1. U Xi = V.
2. For all {u,v} € E, there exists an X; such that {u,v} C X;.

3. Foralli,j,k € I, if j lies on the path from i to k in T, then X; N X} C X;.

In the following, we call T a decomposition tree, and we use the term “nodes” (not
“vertices”) for the elements of T' to avoid confusion. Moreover, we call a subset of V
corresponding to a node ¢ € I a bag and denote it by X;. The width of a tree decomposition
(X,T) is defined by max;ecs |X;| — 1, and the treewidth of G, denoted by tw(G), is the
minimum width over all tree decompositions of G.

We also use a very useful type of tree decomposition for use in algorithms, called a
nice tree decomposition introduced by Kloks [29]. More precisely, it is a special binary tree
decomposition which has four types of nodes, named leaf, introduce vertez, forget and join.
A variant of the notion, using a new type of node named introduce edge, was introduced
by Cygan et al. [27].

Definition J.2 A tree decomposition (X, T) is called a nice tree decomposition if it sat-
isfies the following:

1. T is rooted at a designated node r € I satisfying | X,| = 0, called the root node.

2. Fach node of the tree T has at most two children.

3. FEach node in T has one of the following five types:

o A leaf node i which has no children and its bag X; satisfies | X;| = 0.

e An introduce vertex node i has one child j with X; = X; U{v} for a vertex
velV.

An introduce edge node i has one child j and labeled with an edge (u,v) € E
where u,v € X; = X;.

A forget node i has one child j and satisfies X; = X;\ {v} for a vertexv eV .

A join node i has two children nodes j1, j2 and satisfies X; = X;, = Xj,.

We can transform any tree decomposition to a nice tree decomposition with O(n) nodes
in linear time [28]. Without loss of generality, we can assume that the parent node of an
introduce edge (u,v) node is an introduce edge (u,w), introduce edge (v, z), forget u, or
forget v node for some w or = [28].

By using dynamic programming based on a tree decomposition of width ¢, we prove
Lemma 4.9. In this proof, for vertex v, (u,v) is called an incoming edge of v and (v, u) is
called an outgoing edge of v. Let D be the solution set. We fill table entries for each node.
For a representation of the state of v in a bag, we define the coloring function:

c:V— {07 0in, Oout; Oinout, 0%Zout7 Offféut, Lin, Lous, 1inout}‘
Each element of {0, 0;y,, Oout, Oinout, 0
the following meanings:

024 . Lin, Louts Linout } is called a state and has

in
wnout’ “inout’

e 0: v is an endpoint of an edge not included in D.
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e 0;,: v is an endpoint of an edge not included in D, but will become an endpoint of
an incoming edge of v included in D.

e 0,,:: v is an endpoint of an edge not included in D, but will become an endpoint of
an outgoing edge of v included in D.

® 0,04t v is an endpoint of an edge not included in D, but will become an endpoint
of both an incoming edge and an outgoing edge of v included in D.

° ngout: v is an endpoint of an incoming edge of v included in D and will also become

an endpoint of an outgoing edge of v included in D.

e 0%“ .: visan endpoint of an outgoing edge of v included in D and will also become

an endpoint of an incoming edge of v included in D.
e 1,,: vis an endpoint of an incoming edge of v included in D.
e 1,,:: vis an endpoint of an outgoing edge of v included in D.

® 1;,04: vis an endpoint of both an incoming edge and an outgoing edge of v included
in D.

Let X = {0,0:, Oout, Oinout, 0, 1, 0% . Lin, Lout, Linout}. Given two vertex sets V
and W, we denote their colorings by ¢y € VI and ey € ZIWI, respectively. Suppose
that cy = (c(v1),...,c(vy))) and e = (c(wi), ..., c(wyy))), where v; € V and w; € W.
Then we define the concatenation cy X cw € SIVIHWIE of cy and cy as the coloring
(c(v1), .. e(vp)), c(wr), - . c(wy)))-

Suppose that W C V. Then we define the separation cy \cw € SIVI=IWI as the coloring
(c(viy), - s (ipy ), Where vy, vy €V AW

Given a tree decomposition (X, T), we define a subgraph G; = (V;, E;) for each node
¢ where V; is the union of all bags X; with j =7 or j a descendant of 4 in T', and E; C E
is the set of edges introduced in the subtree rooted at node ¢. Then we define a partial
solution in node i as a subset of E; that possibly dominates every edge in an induced
subgraph of V;.

For each node 7, we define the function:

fi: Bl 5 N U {400}

This function’s value represents the minimum size of a possible partial solution in node
i. Let ¢; € X%l be a coloring of node 4. If fi(ei) = 400, it means that the coloring ¢;
is invalid. We obtain the minimum size of the solution by computing f;(¢;) by dynamic
programming on a tree decomposition. For simplicity, we sometimes denote ¢; by c.

Leaf node: In leaf nodes, we define f;(0) := 0.

Introduce vertex v node: If c(v) € {07, .09 . 1,0 Lout, Linout}, We set fi(c) ==
400. That is because there is no edge incident to v in node ¢. Note that an introduce
vertex node only adds v, and does not add any edge. Thus, this contradicts the state of
v because each state in {0, . 0% . 1, Lout, Linout } Tepresents that v is incident on at
least one edge.

Otherwise, we set fi(c) := fj(c\ {c(v)}), that is, we set f;(c) as the value of f; for the
same coloring as ¢ in its child j.
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’ (u7v) H 0 Oin Oout  Oinout ‘ O:i;bout Ofﬁéut Lin lowt  Linowt ‘
0 S €5 B € ) 2 B O ) B € B O D I €Y
Oin o o o @O o @O @ 1 @
Oout - - oo @ - @ @
Oinowe || (1) (1) (1) @) | @) @O @O @@ 1)
Ofowe | () (D 1 O | H @O @O @O @
0o | (1) (1) (1) @O | 2 @O 6 1 @
L, () O © @O OH @OH @O 1 @O
Lout - - Mm@ 6@ 6 @O (O
Linow || (1) (1) (1) @) | ® @) (9 @) (10

Table 2: Entries indicate case numbers that apply for the possible states of u and v for
the introduce node for the edge (u,v). The labels for the rows correspond to c¢(u) and the
labels for the columns correspond to ¢(v).

Introduce edge (u,v) node: Table 2 shows all cases of the possible states of u and v
for the introduce node for the edge (u,v).

Case 1. In case 1 (See Table 2), we cannot add edge (u,v) to D because if we add it, this
contradicts the states of u and v. For example, if ¢(u) = 0 and ¢(v) = Oy, u is not
an endpoint of edge in D and v is an endpoint of an incoming edge of v. That is
why if we add (u,v) to the solution, it contradicts the states of u and v. The other
cases are similar. Therefore, we set f;(c) := f;(c) since the size of a partial solution
does not change.

Case 2. If c(u) = 09 , and c(v) = 0, ., we define as follows:

file x{e(u)} x{c(v)}) =min{ f;(c X {Oinout} X {Oinout})

fi(e x{0inout} % {0500t })
file x {O%Eut} X {Oinout })
Fie x {0538} X {00 0ue 1)}

In a child node j, if ¢j(u), ¢;(v) = Ojnout, u and v do not have any edge in the solution
yet. If we add (u,v) to the solution in the introduce edge (u,v) node, the states of
u and v are changed to 0%% . and 0™ . since u becomes incident to an outgoing
edge in the solution and v becomes incident to an incoming edge. The second and
third equations are similar cases in which the states of u and v are changed to 09“¢ .
and O%Wt For the last equation, v and v already have an outgoing and incoming
edge in the solution, respectively. Moreover, edge (u,v) is dominated even if it is not
included in the solution. Thus, we set f;(c x {c(u)} x {c(v)}) as described above.

Similar arguments apply to the remaining cases below.

+1,
+1,
+1

9

Case 3. If c(u) = 09, and c¢(v) = 1,5, we define as follows:

file x{c(u)} x {c(v)}) =min{ [f;j(c x {Oimout} X {Oin})
fi(e x{0imou} X {Lin})
file x {056} * {0in})
fi(e x {055u} x {Lin})}-

+1,
+1,
+1

)
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Case 4. If c(u) = 02“ . and ¢(v) = Lipout, we define as follows:

file x {e(u)} x {c(v)}) =min{ fi(cx {Oiout} x {0F0u

fj (C X {O'Lnout} X {lznout}
fj (C X {Oout {Oout
(

+1,
+1,
inout inout + 17

f] c X {Of;%ut} {1m0ut}

we define as follows:

~— — ~— —

}-

Case 5. If c(u) = 1oy and c(v) = 0 .
file x{e(w)} x{c(v)}) ==min{ fj(c X {Oou} X {Oinout}) +1
file x {0out} x {05, }) + 1,
file x {Lout} X {Oinout}) + 1
file x {Lou} x {050 1)}
Case 6. In the case in which c¢(u) = 1oy and c(v) = 1;y, if we do not add (u,v) to the

solution, it is never dominated. Thus, we must add edge (u,v) to the solution in any
case. Thus we define as follows:

file x{e(u)} x{c(v)}) =min{ fj(cx {O0ou} x {Oin}) +
file x{0ou} x {1in}) +

(

(

)

)

f] c X {]-out} {Om}
fj cX {]-out} X {1m}
Case 7. If c(u) = 14y and ¢(v) = 1ipout, we define as follows:
file x {e(uw)} x {e(v)}) =min{ fj(c X {Oout} x {0550}
fj(c X {Oout} X {1inout})
file x {Lou} x {0%50u:})
fj(c X {1out} X {1inout})}

we define as follows:

~— — — —

+ 1}.

+1,
+1,
+1

)

Case 8. If c(u) = 1ipou and c(v) = 0

file x {e(uw)} x {e(v)}) =min{ fj(e x {077} X {Oinous})

fiex {0000t} X {0000 })

fie X {Linout} X {Oinout })

File x {Linout} X {0300 })}-

Case 9. If c(u) = Ljpowt and c(v) = 14y, we define as follows:

file x {e(u)} x {e(v)}) =min{ fj(cx {055,:} X {Oout}

fiex {0500} X {Lout }

fi(e X {Linout } X {O0out}

fi(e X {Linout} X {Lout}

+1,
+1,
+1

)

+1,
+1,
+1

)

~— — ~— ~—

I
Case 10. If c(u) = Lipowr and c¢(v) = Linout, we define as follows:

(
file x {e(w)} x {e(v)}) =min{ f;(cx {0} x {055,

)+1,
fiex {0500t} X {Linour}) + 1,
file x {Linowt} % X {000 }) + 1,
file X {Linout} X {Linout})}-
For each entry denoted by “-” in Table 2, we set f;(c) := 400 since edge (u,v) is never
dominated.
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’ H 0 Oin Oout Oinout O§Zout Og—%ut 1in 1out 1inout
0 0
Oout Oout 1 out
OZZnout Oz:nout OEZout O?ﬁéut 1inout
inout inout tnout inout tnout
1 out 1 out 1 out
]-inout ]-inout 1inout ]-inout 1inout

Table 3: Entries indicate ¢;(v) for possible combinations of ¢;, (v) and ¢j,(v) for v in a join
node ¢ which has two children node j; and ja.

Forget v node: Suppose that X; = X; \ {v} for a forget node ¢ and its child j. Let
¢j = c¢ x {c;j(v)} and D be a set of ¢;’s such that one of these sets of conditions holds:

1. ¢j(v) = 0 and Yu € N™(v) N Xj,c(u) € {Oin, Oinout, 0, ,;, 094

tnout’ ~inout’

Vw € NOUt(U) N Xj’ C(w) € {Oouta Oinout7 Oézoutv Ogﬁgut, ]-outa 1inout}7

1in7 1in0ut} and

2. Cj (U) = 1;, and Vu € Nm(v) N Xj; C(u) € {Oin7 Osinout s O:ﬁzoutu O%L};uta Lin, Lout, 1inout}7

3. Cj (U) = 1out and Vw € NOUt(v)ija C(’LU) € {Oout7 Oinout7 Oin Oout 1in7 1out; 1in0ut}7

inout’ Yinout’

4. cj(v) = ]-z'nout'

The conditions of set D mean that every edge incident to v is dominated. In condition
2, note that any (u,v) € E such that cj(u) = 14y is included in K in the introduce edge
(u,v) node. Similarly, in condition 3, any (u,v) € E such that ¢;(u) = 1;, is included in
K. Then, we set f;(c) := min¢ep fj(cj).

Join node: We assume that a join node i has two children nodes ji, jo. According to
Table 3, we have 25 combinations of states for each v in a join node. Let D’ be a tuple of
two colorings c;, , ¢j, such that for each vertex v, ¢;, (v) and c¢;,(v) satisfy the condition of
Table 3. Then we set the recursive formula as follows:

fl(c) = miHle,chGD/ fjl (le) + fj2 (Cj2)‘

Note that there is no edge (u,v) for u,v € X; in G;, due to the assumption of a tree
decomposition, that is, edge (u,v) is introduced an introduce edge node above i.

Time analysis In each introduce vertex, introduce edge, and forget node, we can com-
pute every recursive formula in 9¢/°(M_time. For each join node, we have 25 combinations
of states for each v, and hence it takes 25%9()_time to compute every recursive formula.
Therefore, the total running time is 2509(n,

K Proof of Theorem 4.12

In this section, we show that DIRECTED (0, 1)-EDGE DOMINATING SET is fixed-parameter
tractable with respect to k. The proof is almost the same as DIRECTED (1,1)-EDGE
DOMINATING SET. First, we can immediately obtain the following lemma because the size
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’ (u7v) H 0 Oin Oout  Oinout ‘ OﬁZout Ofﬁéut Lin lowt  Linowt ‘
0 - _ - - - - - - -
Oin o o o @O O @O @ 1 @
Oout - - - - - - - - -
Oinowe || (1) (1) (1) @) | @) @O @O @@ 1)
Ofpoe | (1) (1 1 @H | @) @ @ @ (1)
0o | (1) (1) (1) @O | 2 @O 6 1 @
L, () O @O @O OH @OH @O @ @O
]-out - - - - (5) - (6) - (7)
Linow || (1) (1) (1) @) | ® @) (9 @) (10

Table 4: Entries indicate case numbers that apply for possible states of w and v for the
introduce node for the edge (u,v). The labels for the rows correspond to ¢(u) and the
labels for the columns correspond to ¢(v).

of minimum DIRECTED (0,1)-EDGE DOMINATING SET is larger than that of DIRECTED
(1,1)-EDGE DOMINATING SET.

Lemma K.1 Given a directed graph G, let G* be an undirected graph underlying in G
and s be the minimum size of DIRECTED (0, 1)-EDGE DOMINATING SET on G. Then the
following inequality holds: tw(G*) < 2s'.

If there is an algorithm that solves DIRECTED (0,1)-EDGE DOMINATING SET in
2549 n-time, we conclude DIRECTED (0,1)-EDGE DOMINATING SET can be solved in
20(k)p-time by the same way as Theorem 4.11.

Lemma K.2 Given a directed graph G, let G* be an undirected graph underlying in G.
Then given a tree decomposition of G* of width at most £, there exists an algorithm that
solves DIRECTED (0,1)-EDGE DOMINATING SET in 25709 n-time.

Proof: We only change the recursive formulas of introduce edge and forget nodes in
Lemma 4.9.

Introduce edge (u,v) node: Table 4 shows all cases of state of v and v in an introduce
edge (u,v) node.

Case 1. In case 1 (See Table 2), we cannot add edge (u,v) to D because if we add it, this
contradicts the states of u and v. For example, if ¢(u) = 0 and ¢(v) = Oy, w is not
an endpoint of edge in D and v is an endpoint of an incoming edge of v. That is
why if we add (u,v) to the solution, it contradicts the states of u and v. The other
cases are similar. Therefore, we set fi(c) := f;(c) since the size of a partial solution
does not change.

Case 2. If c(u) = 09 , and c(v) = 07, ., we define as follows:

file x{e(u)} x{c(v)}) =min{ fj(c X {Oinout} X {Oinout})
file x{0inout} % {0000 })
filex {0500} % {Oinout })
Fie x {050} X {05 0ue 1)}
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Case 3. If c(u) = 09 , and c¢(v) = 1,5, we define as follows:

mo

file x{e(u)} x {c(v)})

=min{ fj(c X {Oinout} X {Oin})
fi(e X {Oinout } X {Lin})
fi(e x {0fue} X {0in})
fi(e x {035u} x {1 })}-

+1,
+1,
+1

)

Case 4. If c(u) = 094 . and ¢(v) = Linout, we define as follows:

mo

file x{e(u)} x {e(v)})

Case 5. In the case in which c(u) = 1,4 and c¢(v) = 0

=min{  fi(ex {Oinou} x {032, }) + 1,
f] (C X {Oznout} {17,nout}) + 17
file x {056u} > {0%0u}) +1,

( )

f] cX {O?r,%ut} X {1inout} }

if we do not add (u,v) to

inout’

the solution, it is never dominated. Thus, we must add edge (u,v) to the solution
in any case. Thus we define as follows:

file x{e(u)} x {c(v)})

=min{ fj(c x {Oout} X {Oinout}) +
file x{0out} x {0500t }) +
file x {1out} X {Oinout}) +
file x {Low} % {00nu}) + 1}

Case 6. In the case in which c¢(u) = 1oy and ¢(v) = 14y, if we do not add (u,v) to the
solution, it is never dominated. Thus, we must add edge (u,v) to the solution in any

case. Thus we define as follows:

file x{e(u)} x {c(v)})

=min{ fj(c X {0u} x {0in}) +
file x{0out} x {1in}) +
file x {Lout} x {0in}) +
file x{Lour} X {1in}) + 1}

Case 7. In the case in which c(u) = 1, and ¢(v) = Lipous, if we do not add (u,v) to
the solution, it is never dominated. Thus, we must add edge (u,v) to the solution
in any case. Thus we define as follows:

file x{e(u)} x {c(v)})

Case 8. If c(u) = 1iout and c(v) = 0

file x{e(u)} x {c(v)})

inout?

=min{ fj(c x {Oput} x X {000 }) +
fi(e x {00ut} X {Linout}) +
File X {Lout} x {000, }) +
file x {1out} X {Linout}) + 1}

we define as follows:

:=min{ fj(cx {0 2Zout} X {Oz:nout}) +1,
fj(c X { mout} { %out}) + 17
f] (C X {lznout} {Omout}) + 17

i( )

¢ X {Linout} x {0 met} }
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Case 9. If c(u) = Ljpowt and ¢(v) = 14y, we define as follows:

file x {e(u)} x {c(v)}) =min{ fj(cx {0715,:} * {Oout})
File x {03360} % {Lout})

( )

( )

+1,

+1,
file X {Linout} X {Oout}) +1
file X {Linout} X {Lout})}-

)

Case 10. If c(u) = Lipowr and c¢(v) = Lipout, we define as follows:

file x {e(u)} x {c(v)}) =min{ fi(c x {0f5u} ¥ {050u}) + 1,
filex {0 inout} X {Linout}) + 1,
fi(e x {Linout} X {03ngu}) + 1,
file x {Linout} X {Linout})}-
For the case we denote by “-” in Table 2, we set f;(c) := +o0 since edge (u,v) is never
dominated.

Forget v node: Suppose that X; = X; \ {v} for a forget node ¢ and its child j. Let
cj =c x {c;j(v)} and D be a set of ¢;’s such that one of these sets of conditions holds:

1. Cj (U) S {]—ina linout} and Yu € Nm(v) mXiv C(u) S {Ozn7 Oznout’ rlmouta 0gut 1in7 ]-outa

inout’
]-inout }7

2. Cj(v) = 1out and Vu € Nln( )le,C< ) € {Oin7 Oznout7 znouﬂ ff{éut, 1out7 1inout} and
Vw € NOUt(U) N Xi7c( ) S {Ozgout’ in ]-inout}-

The conditions of set D mean that every edge incident to v is dominated. Then, we
set fi(c) := min,ep ficj).

The running time of this algorithm is dominated by join nodes. Therefore, this algo-
rithm runs in 25/ n-time.

The following literature is cited in the appendix.
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1. marker; ., = Sign; ()

2: while DFSO0O0O0O do

3: dO00000d0doooobooooooooa

4:  vwblID;]|.T = {marker; ,}

5 a;.All = a; AlLU Y, v.wblid).T

6: DFSOD000D0O0O0ODOO

7: end while

g DFSODO000000000DOODOO000d

9: while True do

10:  a;.All = a;. Al U, v.wblid).T

11: if Fzq,x0(xy # x2) o mp,x2 € 0 Al A
writer(x1) == writer(za) N writer(zy) ¢
a;.Blacklist then

12: a;. X = {1, 22}

13: while 000000 do

14: vawb[ID;].T = v.wb[ID;]. T Ua;. X

15: ogooooooo

16: end while

17: a;.Blacklist = a;.BlacklistU{writer(x1)}

18: else

19: min_tmp = min{writer(t) : t € a;.All A

writer(t) ¢ a;.Blacklist}
20: if a;min > min_tmp || a;min €
a;.Blacklist then
21: ai-tmin =t s.t. t € a;. All ANwriter(t) ==
min_tmp

22: a;.min = writer(a; tmin)

23: while 000000 do

2u: vawb[ID]T =  wawb[ID]T U

{a; tmin}

25: goooobooo

26: end while

27: ity 0000000000

28: end if

29:  end if

30: end while
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Abstract Mobile agents (agents) are activities which can move autonomously in a networked system and execute
actions at visited nodes. One of the most fundamental problems of agents is exploration, which requires that each
node should be visited by at least one agent. For a long time, researchers focus on exploration of static networks.
However, exploration of dynamic networks come to be studied recently. In this paper, we consider exploration of a
dynamic torus under some constraint on the dynamics (or topology changes). An n x n torus is considered as a col-
lection of n row rings and n column rings. The constraint on the dynamics is that each the ring should be 1-interval
connected, which allows at most one link is missing at any time in each the ring. On this n X n dynamic torus, we
propose exploration algorithms with and without the link presence detection: with the link presence detection, an
agent can detect which incident links are missing (if exist) before determining its next move. Specifically, we prove
for exploration of the n x n dynamic torus that, without the link presence detection, n 4+ 1 agents are necessary and
sufficient, and, with the link presence detection, [n/2] 4+ 1 agents are necessary and sufficient.

Key words exploration, dynamic network, dynamic torus, 1-interval connected graph, link presence detection

1. Introduction

Mobile agents (agents) have attracted a lot of attention [3]
recently. An agent is a mobile entity (e.g., a software pro-
gram or a vehicle) which can move autonomously in a net-
worked system and execute actions at visited nodes. In ad-
dition, agents can collect information at visited nodes or ex-
change the information with other agents existing at the vis-
ited nodes and they use the information for their execution.
An agent can be considered as encapsulation of data and ac-
tions; it executes an action at a node and move to another
node with the result of the action. From an application per-
spective, an agent is used for network maintenance, electronic
commerce and security.

Ezploration is one of the most fundamental problems of
agents for accomplishing such applications. Exploration has
been studied on many kinds of settings [6], for example, a
network with a distinct node labeling or without node label-
ing (anonymous network), exploration with termination or
perpetual exploration where agents continue to explore per-
petually, and from the point of the number of agents, ex-
ploration by one agent or by multiple agents. In most of the

previous works is static, that is, network assumed that a net-

work topology does not change or no fault occurs (at nodes
and links). Some works considers fault-tolerant exploration.
Exploration of a network with a black hole (a kind of fault
models) is considered in [2].

A network whose topology changes as time proceeds is
called a dynamic network[4],[11]. This network is used to
model a mobile ad-hoc network and a transportation net-
work where topology change happens frequently and is not
anomaly but an important feature of these networks. A
commonly used model of dynamic networks is an evolving
graph[7]. It regards a dynamic network as a sequence of
(disconnected) static networks. An evolving graph is called
1-time interval connected when every static network compos-
ing it is connected. Moreover, if there is always a consistent
connected subgraph on static networks in any 7" interval, it
is called T-interval connected.

1.1 Related works

Several works consider exploration of a dynamic network.
As a randomized approach, [1] used random walk to explore
such a fast changing network. Others consider deterministic
exploration of a dynamic network. Flocchini et al.[8] con-
sider a carrier network as a dynamic network model where

links appear and disappear depending on the periodic move-
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ments of mobile carriers among the nodes. Ilcinkas et al. [10]
consider exploration of T-interval connected rings by one
agent in two cases. One is that a schedule of link change
is known a priori to agents and the other is that there is a
bound on intervals of link change called d-appearance. Il-
cinkas et al. [9] consider exploration of T-interval connected
cactuses (consist of rings and trees) by one agent with a pri-
ori knowledge of a schedule of link change. The knowledge of
topology change can be used when a link of a network repre-
sents for instance a public transportation network. However,
there exists a case where agents cannot use a schedule of
topology change, for example, a mobile ad hoc network or a
transportation network where movement of carriers are not
scheduled a priori.

Di Luna et al.[5] consider exploration of 1l-interval con-
nected rings by a group of agents without a priori knowledge
of a schedule of link disappearance. They called this live ex-
ploration. Moreover, as a main effort, it takes difference of
synchrony into account. Specifically, they considered explo-
ration in three cases, fully synchronous, semi synchronous
and asynchronous networks.

1.2 Contribution

In this paper, we consider live exploration of I-interval
connected torus by a group of agents under the settings of
full synchrony, distinct node labeling and the requirement
of termination detection. A torus can be considered as a
collection of row rings and column rings. Informally speak-
ing, a dynamic torus considered in this paper requires that
each ring should be 1-interval connected, which guarantees
1-interval connectedness of the whole torus. One may think
such a restriction on dynamics looks far-fetched or imprac-
tical. However, let us imagine a case where there are mobile
obstacles (is not always harmful to a network) in a network
whose movements are restricted. For example, mobile vehi-
cles for maintenance of transportation networks or another
group of agents which execute other tasks on the same net-
work. In such a case, a schedule of link disappearance may
be restricted and not be known to agents. Another impor-
tant contribution of our work is that we clarify an impact
of link presence detection: an agent can detect whether in-
cident links of the current node are present or not before
determining its next move.

Without the link presence detection, we prove that n + 1
agents are necessary and sufficient for n 2 3 and n+2 agents
are necessary and sufficient for n = 2 to explore n x n dy-
namic tori. Moreover, we show that the optimal time com-
plexity to explore the dynamic tori is O(n?) when the number
of agents is n + ¢ for any constant ¢ 2 2. With the link pres-
ence detection, we prove that [n/2] 4+ 1 agents are necessary

and sufficient for n = 3,n 2 5 and [n/2] + 2 agents are nec-
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essary and sufficient for n = 4 to explore the n X n dynamic
tori. Moreover, we show that the optimal time complexity to
explore the dynamic tori is ©(n?) when the number of agents

is [n/2] + ¢ for any constant ¢ = 3.
2. Preliminaries

2.1 Network model

A network is modeled by a n x n torus T = (V, E),
where n = 2 is the size of a torus, V is a set of nodes
{vij 1|1 0 £ 4,5 £ n—1} and E is a set of links
{(vij,vit1 mod nj), (Vij, Vij+1moan) | 0 = 4§ = n —
1}. Each link is bidirectional; we use (vs;,Vit1 mod n,j)
(resp, (Vij,Vij+1modn)) and (Vit1modn,j,Vis) (resp,
(Vi,j+1 mod n, Vi,;)) as the same link. Intuitively, a torus T
consists of n row rings and n column rings. A row ring
R; (resp, a column ring C;) is an induced subgraph of
T, where its node set is {v;,; | 0 £ j < n — 1} (resp,
{vi; |0Si<n—1}). Wedenote R={R; |0Si<n—-1}
and C = {C; | 0 £ j < n—1}. Each ring of R and C is a
discrete time-varying graph where, at each time step t € N,
called a round, one of its links may be missing. Thus, torus T’
is a discrete time-varying graph where, at each round t € N
from each ring of R and C, one of its links may be missing.
Since each of the row and column rings are l-interval con-
nected (or connected at any round), the dynamic torus 7' is
also 1-interval connected [4].

Each node v; ; is labeled by a pair (4, j) of its row number
¢ and column number j and each incident link of v; ; is lo-
cally labeled as follows (vi j, Vs, j+1 mod n), (Vi,j, Vi j—1 mod n),
(Vi jsVit1 mod n,j); (Vij,Vi—1mod n,j) are labeled by right,
left, down, up respectively. The local link labels of a torus
are globally consistent.

Each node has two kinds of rooms (memory space for
agents), a waiting room and a transporting room. A node
v has one waiting room room, and four transporting rooms
right,, lefty,, up,, down,, which are attached to the right,
left, up, and down links respectively. The transporting room
is for an agent that is about to leave v using the correspond-
ing link and the waiting room is for other agents staying at
.

2.2 Mobile agent model

The mobile agent model is based on[5]. In the network,
there exists a set A = {ao,...,ax—1} of k computational
entities, called agents, which have local memory and compu-
tational capabilities. An agent is mobile; it can move from a
node to its neighboring node through a link. An agent has
the knowledge of torus size n. An agent can use the node
label and the link label of the current node for its execution;

its execution can depend on its location (the label (4, j) of the

current node). An arbitrary number of agents can reside on

) N



waiting room room, of a node v and at most one agent can
reside at the same time on each transporting room of v. An
agent can detect whether another agent resides on each room
of the current node. However, it cannot detect the number
of agents in room,. An agent has no tool to communicate
with other agents.

The execution of agents is fully synchronized, that is,
all the agents execute their actions simultaneously at each
round. The execution of agents in each round is divided into
three phases, Look, Compute and Move. We consider two
kinds of models in this paper, the model with the link pres-
ence detection and without the link presence detection. In
each of the two models, the action of agent a; of each phase
is as follows.

Look : Agent a; gets the node label and its current room
(room, or transporting rooms) and checks, for each room,
whether another agent exists on the room or not. In the
model with the link presence detection, the agent also checks
whether, for each of the four links incident to the current
node, the link is present or not. We call the information
collected in this phase a snapshot.

Compute : Based on the snapshot and the content of its
local memory, a; decides whether it moves from the current
node or not, and, if a; decides to move, it also decides the
direction it moves to. Then, if a; decides move, it tries to
move to the transporting room corresponding to the chosen
direction. Move to a transporting room is implemented by
mutual exclusion, that is, if multiple agents try to move to
the same transporting room at the same round, only one of
them succeeds to move to the room, and the others fail and
it stays at room, of the current node.

Move : If a; is at a transporting room, it executes this
phase. Otherwise, a; does nothing until the end of this phase
at the waiting room. If the link corresponding to its current
transporting room is present, a;, moves through the link and
reaches the waiting room of the neighboring node at the be-
ginning of the next round. Otherwise, it stays at the current
room of the current node. As mentioned before, the access to
the transporting room is implemented by mutual exclusion,
that is, at most one agent can move in each direction of each
link at each round.

Each action is executed synchronously, that is, after all the
agents finish actions of the ¢t-th round, they start actions of
the (¢ + 1)-th round.

We define configuration V; as a multiset (or bag) of k nodes
where agents exist at the beginning of round ¢. The number
of the same node contained in V; corresponds to the number
of agents staying at the node. Note that V; denotes the cur-
rent nodes of agents and does not denote the current rooms

of agents. We call configuration V; an initial configuration.
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Without loss of generarity, in Vp, we can assume that each
agent is in a waiting room of some node. This is because
each agent at a transporting room moves to room, during

Computation at first round.

3. Execution on 1l-interval connected

rings

In this section, we present two methods on 1l-interval con-
nected rings that are used for exploration of a dynamic torus.
In the method, an agent uses the procedure MOVE(dir | p; :
S1;D2 : S2;...;De ¢ S¢) where dir € {right, left, down, up, nil},
p; is a predicate and s; is a state. If an agent changes its
state into Return, it returns from a procedure. Procedure
MOVE makes an agent move in the direction dir and change
its state depending on the predicate satisfied first when eval-
uating them from p; to pe. If dir is nil, an agent stays at
room,. Notice that the methods work in the models with
and without the link presence detection. Hereafter, we use
the following variables.

® ['time: the number of rounds since Algorithm 1, 2 or
5 is called last.

® current: the current node of an agent.

We say that an agent a catches another agent a’ at round
t and a' is caught by a when there is @’ at round ¢ on the
transporting room corresponding to the direction where a
moves forward at round ¢ — 1 after a successes to move.

Exploration: Algorithm 1 is a pseudo code of exploration
of 1-interval connected rings borrowed from [5], where we as-
sume that the port labeling of the ring is globally consistent
(or it can be considered as a column ring of the torus). Al-
gorithm 1 is executed by two or more agents from arbitrary
initial configurations. At first, agent a; moves in the direc-
tion up. If a; catches another agent aj, a; bounces (moves
in the direction down) and they do not change their direc-
tion after that. Agent a; stops its execution at the 3n-th
round from the start of EXPLORATIONUP and, by the 3n-th
round, agents complete exploration. In[5], authors proved
that, only in the case where there are two agents, Algorithm
1 explores 1-interval connected rings. So, we show that, in
the case where there are three or more agents, Algorithm 1

explores l-interval connected rings.

Algorithm 1 EXPLORATIONUP
1: In state Init:

Ftime 2 3n

Bounce; caught : Forward);

2:  MOVE(up | Return; catches
: In state Bounce:
MovE(down | Ftime 2 3n : Return);

: In state Forward:

@ g Bk @w

MovVE(up | Ftime 2 3n : Return);




Lemma 3.1 By EXPLORATIONUP, two or more agents on
a column ring explore the column ring by the 3n-th round

from the start of EXPLORATIOINUP.

Proof 3.1 We first show that two agents explore the col-
umn ring by Algorithm 1. If a; succeeds to move forward n
times, it completes exploration. If a; catches another agent
a; by the 2n-th round from the start of EXPLORATIONUP, a;
bounces. This guarantees that they complete exploration af-
ter at most n additional rounds. If a; meither successes to
move n times nor catches another agent by the 2n-th round,
a; is definitely caught by another agent by the 2n-th round
from the start of EXPLORATIONUP. If it happens, they com-
plete exploration after at most n additional rounds. Thus, by
the 3n-th round from the start of EXPLORATIONUP, agents
complete exploration of 1-interval connected rings.

Next, we show that three or more agents explore the column
ring by Algorithm 1. Similarly, by the 2n-th round, an agent
(say a;) catches another agent (say aj;) and agents complete
exploration otherwise. After aj catches aj, ai moves in the
direction down and a; moves in the direction up and they
do not change their direction. Since at most one agent can
move in each direction of each link at each round, a; and a;
may not complete exploration by the n-th round when a; or
a; fails to move by the mutual exclusion rule. However, at
this time, another agent succeeds to move if there is a link.
Then, we rename the agent o) (resp, a}) when a; (resp, a})
fails to move by the mutual exclusion rule and, by n-th round,

agents complete exploration of the column ring.

Arrangement on a specific node: Algorithm 2 is the
pseudo code which aims to locate one of two agents or two of
three or more agents on a specific node in a 1l-interval con-
nected ring from arbitrary initial configurations (Algorithm
2 is our work). In the algorithm, we assume that the ring
is a column ring of the torus and so each node is labeled
with its row and column numbers. The specific node where
the algorithm aims to locate an agent is the node in the
row i (or in R;). Let v be the specific node. By the 3n-th
round from the start of ARRANGEMENTUP(:), agent behav-
ior is same as that in Algorithm 1 except that an agents
changes its state to Wait when it reaches v. Once an agent
changes its state Wait, it keeps its state and location un-
til the end of Algorithm 2. At the 3n-th round from the
start of ARRANGEMENTUP(%), unless a; reaches v, it starts
the second exploration that is the exactly same as the first
one. Agents stop their execution at the 6n-th round from the
start of ARRANGEMENTUP(7). ARRANGEMENTLEFT(j) for a
row ring is similarly defined by replacing up, down and i to

left, right and j. A correctness proof is as follows.
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Algorithm 2 ARRANGEMENTUP(%)

1: In state Init:
2:  MoveE(up | Ftime 2 3n

Wait; catches : Bounce; caught : Forward);

Init’; current € R;
: In state Bounce:

MovVE(down | Ftime 2 3n : Init’; current € R; : Wait);
: In state Forward:

MovE(up | Ftime 2 3n : Init’; current € R; : Wait);

: In state Init’:

® 3> g w

MovE(up | Ftime 2 6n : Return;current € R;
Wait; catches : Bounce’; caught : Forward’);

9: In state Bounce”:
10:  MovE(down | Ftime 2 6n : Return; current € R; : Wait);
11: In state Forward’:
12: MovE(up | Ftime 2 6n : Return; current € R; : Wait);
13: In state Wait:
14:  MovE(nil | Ftime 2 6n : Return);

Lemma 3.2 By ARRANGEMENTUP(?) (Tesp, ARRANGEMENTLEFT(j)),
one of two agents or two of three or more agents on a col-
umn (resp, row) ring reach and stay at specific node of the
column (resp, row) ring by the 6n-th round from the start of

ARRANGEMENTUP(¢) (resp, ARRANGEMENTLEFT(j)).

Proof 3.2 By the 3n-th round from the start of ARRANGEMENTUP (1)
round, agents complete exploration. Hence, one of the agents
reaches and stays at v. Similarly, by the 6n-th round from
the start of ARRANGEMENTUP(z), another agent must visit v
if there are three or more agents. Thus, one of two agents or
two of three or more agents on a column ring reach and stay
at specific node of the column ring by the 6n-th round from
the start of ARRANGEMENTUP(2). Similarly, the same thing

holds for ARRANGEMENTLEFT(5)

In the following sections, we use Algorithms 1 and
Note that, (resp,

ARRANGEMENT(dir,)) finishes in exactly 3n-th (resp, 6n-

2 as tools. as EXPLORATIONUP
th) rounds, agents can detect their termination at the same

time.

4. Exploration without the link presence
detection in tori

In this section, we consider the case without the link pres-
ence detection. In this case, we show that n + 1 agents are
necessary and sufficient to explore the n xn dynamic torus 7T'.
Specifically, we first prove that a group of n (or less) agents
cannot explore the dynamic torus, and we give the algorithm
by which a group of n + 1 (or more) agents can explore the
torus where n > 3 in O(n®) rounds. Furthermore, we give
a faster algorithm with a group of n 4+ 2 (or more) agents,
which explores the torus within O(n?) rounds. This is op-

timal time complexity; a group of n + O(1) agents cannot
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explore the torus T within o(n?) rounds as we will show in
the last of Section 4.1. In the following, we first show the
impossibility results when k¥ < n and when k = 3 and n = 2
(Recall that k is the number of agents). In Section 4.1, we
give an algorithm for ¥ 2 n + 2, and prove the optimality
of it in terms of time complexity. In Section 4.2, we give an

algorithm for k 2 n + 1.

Lemma 4.1 Without the link presence detection, a group

of n (or less) agents cannot explore the n X n dynamic torus.

Proof 4.1 Suppose that there is an agent on each node of
a diagonal line of T (vo,0, V1,1, « -, Un—1,n—1) in V. In this
case, an adversary can delete the links which agents choose in
Compute phase since there is only one agent on each ring
of R and C. Then, all the agents cannot leave the current

node forever.

Lemma 4.2 Without the link presence detection, for n =

2, a group of three agents cannot explore a dynamic torus.

Proof 4.2 Suppose that there are three agents, on vo,0, vo,1
and vi,0. We show that this configuration does not change by
any algorithm. Let ag be the agent on vo,o, a1 be the agent
on vo,1 and az be the agent on vi,0. The execution of agents
is classified into three cases, one is that ap moves in the row
direction, another is that ag mowves in the column direction,
the other is that ap does mot move. In the first case, an ad-
versary stops az and, if a1 mowves in the row direction, the
adversary let ap and a1 move (consequently the locations of
ao and a1 are swapped), otherwise (or a1 does not move or
moves in the column ring), the adversary makes ao and a1
stay at their current nodes. Thus, the configuration does not
change. Similarly, in the second case, the configuration does
not change. In the third case, the adversary makes both ai
and az stay at their current nodes. Then, the configuration
does not change. Thus, the configuration does not change by
any algorithm and a group of three agents cannot explore a

dynamic torus for n = 2.

4.1 By n + 2 or more agents
Algorithm 3 is an exploration algorithm of a dynamic torus

by n + 2 or more agents.

Algorithm 3 Exploration by n+2 agents

1: for j=0ton—1

2:  ARRANGEMENTLEFT(j);
3:  EXPLORATIONUP;
4

: end for

At line 2, an agent executes ARRANGEMENTLEFT(j) where

j is a column number; an agent moves to C; in the direction
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left. Since there are n + 2 agents, there exist at least two
rings of R with two agents or at least one ring of R with
three agents. Hence, after line 2 finished, there exist at least
two agents on Cj. Since there is two agents on Cj, ring Cj
is explored by EXPLORATIONUP at line 3. By repeating this
from Cp to C,—1, agents complete exploration. This algo-
rithm obviously explores a dynamic torus with n+ 2 or more

agents.

Lemma 4.3 Without the link presence detection, for n 2
2, a group of n+ 2 agents explore a n X n dynamic torus in

O(n?) rounds by Algorithm 3.

Proof 4.3 Correctness: [t is obvious that n + 2 agents
can explore a dynamic torus by Algorithm 3.

Time evaluation: It takes 6n and 3n rounds to exe-
cute ARRANGEMENTLEFT(j) and EXPLORATIONUP respec-
tively and the number of repetition at line 2 is n times. From
these, n + 2 agents explore the n X n dynamic torus in In>

rounds by Algorithm 3.

Corollary 1 Without the link presence detection, for n =
2, n+ 2 (four) agents are necessary and sufficient for explo-

ration of the n X n dynamic torus.

From Lemma 4.3, the following theorem holds.

Theorem 4.1 Without the link presence detection, for n 2>
2 and for any constant c = 2, 6(n2) rounds are necessary and
sufficient for exploration of the nxn dynamic torus with n+c

agents.

Proof 4.4 Sufficiency: It is from Lemma 4.3.

Necessity: Suppose that there are n+c agents in a dynamic
torus where ¢ 2 2. Since the adversary can make n agents
stay at their current nodes by the argument in the proof of
Lemma 4.1 and the number of nodes in a dynamic torus is
n?, it takes n?/c rounds to wisit all the nodes with n + ¢

agents.

4.2 By n + 1 agents

Algorithm 4 is an exploration algorithm of an n x n dy-
namic torus by n 4+ 1 or more agents.

Like Algorithm 3, Algorithm 4 makes two agents move on
C; and explore it for each j (0 £ j < n — 1) one by one. At
line 2, an agent executes ARRANGEMENTLEFT(j) where j is
the column number of a destination node. Since there are
n + 1 agents, there exists at least one ring of R with two or
more agents. Hence, when ARRANGEMENTLEFT(j) at line 2
finishes, there exists at least one agent on Cj.

Then, an agent executes ARRANGEMENTUP(¢ mod n) and

ARRANGEMENTLEFT(j) n + 2 times in the for-loop at lines
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Algorithm 4 Exploration by n + 1 agents

1: for j=0ton—1
ARRANGEMENTLEFT(j);
fori=0ton+1

ARRANGEMENTUP (¢ mod n);

end for

2
3
4
5: ARRANGEMENTLEFT(j);
6
7 EXPLORATIONUP;

8:

end for

3-6; in the first n times, each agent tries to move to a des-
tination in R; for each ¢ (0 £ 4 < n — 1) one by one, then,
it moves again to Ry in the n + 1-th loop and to R; in the
n 4+ 2-th loop. Note that, an agent which reaches C; stays at
C} during the for-loop in lines 3-6.

When the for-loop at lines 3-6 finishes, there are at least
two agents on C; and these agents explore Cj. By repeat-
ing this from Cy to C,,_1, agents complete exploration of the

n X n dynamic torus.

Lemma 4.4 Without the link presence detection, for n 2>
3, a group of n + 1 agents explore the n X n dynamic torus

in O(n®) rounds by Algorithm 4.

Proof 4.5 Correctness: Without loss of generality, it
suffices to show that the agents explores ring Co during the
first execution of the for-loop at lines 1-13, that is, j = 0.
To prove that, it suffices to show that two or more agents
exist on ring Co at the start of the first execution of line
7 because two agents can explore a single ring by EXPLO-
RATIONUP. Furthermore, since at least one agent reaches
Co by ARRANGEMENTLEFT(j) at line 2, it suffices to show
that one or more agents reach Coy during the execution of the
for-loop at lines 3-6 when only one agent is on Cp.

Let C be an induced subgraph of T where its node set is
{vi; |0L£i<n-11=<j<n-1} ie C) = T\Co
and let R, be an induced subgraph of C{, where its node set
is {vij | 1 £ j < n—1}. We show that by contradiction.
We assume that no agent reaches Co from C} at any round
t during the execution of the for-loop at lines 3-6 when only
one agent is on Cp.

Obuviously, since only one agent reaches Co during
ARRANGEMENTLEFT(j) at line 2 and no agent reaches
Co during ARRANGEMENTLEFT(j) at line 5, there is
one agent on each R, at the start and end of each
ARRANGEMENTLEFT(j) at line 2 and 5. Note that ev-
ery agent on C{ does not moves in the direction right by
ARRANGEMENTLEFT(j) at line 5 since an agent moves in
the direction left by ARRANGEMENTLEFT(j) at line 5 unless
it catches another agent (if it happens, one agent reaches

Co). Then, at the start of each ARRANGEMENTUP(Z mod n),
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there is one agent on each Rj. At this time, we show
that no agent moves by ARRANGEMENTUP (i mod n) at line
4. At first, by the construction of ARRANGEMENTUP(7),
an agent on R does not move by ARRANGEMENTUP (i mod
n). Then, an agent on Rj,, also does not move by
ARRANGEMENTUP(i mod n) since one agent stays at R;
(if the agent on Rj,, moves, there are two agents on
R;). Similarly, every agent on each R; does mot move
by ARRANGEMENTUP(¢ mod n). Thus, no agent moves by
ARRANGEMENTUP(¢ mod n) at line 4. Moreover, since no
agent moves by ARRANGEMENTUP(i mod n) at line 4 and
there is one agent on each Rj, there is one agent on v;; and
there is one agent on each column ring in C{ other than C;

(there are two agents on Cj).

1 impossible case for n = 4

Let g be a row number where 0 < g < n — 1 and
an agent is on vg1 in Ci. At the start of g-th for-
loop at lines 3-6, two agents are on Ci since mo agent
moves by ARRANGEMENTUP(gmodn) at line 4. In the case
where the other agent on Ci is on the node other than
Vg+1 mod n,1, 0ne of two agents on C1 moves to R;+1 mod n DY
ARRANGEMENTUP(g + 1 mod n) at line 4 during the g + 1-
th for-loop at lines 3-6. It is contradiction since no agent
moves by ARRANGEMENTUP (i mod n). In other case where
the other agent on C1 s 0N Vg41 mod n,1, One of two agents on
C1 moves to Ry |5 mod n by ARRANGEMENTUP(g + 2 mod n)
at line 4 during the g + 2-th for-loop at lines 3-6. It is con-
tradiction. Hence, one or more agents reach Cy during the
execution of the for-loop at lines 3-6. Thus, agents explores
ring Co during the first execution of the for-loop at lines 1-13
and ezplore each C; during the j-th execution of the for-loop
at lines 1-13.

Time evaluation: As each execution of lines 4 and 5
takes 12n rounds and the number of repetition of the for-loop
in lines 3-6 is n + 2, each execution of the for-loop at lines
1-8 takes 12n(n+2) +9n = 12n> +33n rounds. As the num-
ber of repetition of the for-loop in lines in 1-8 is n, the total

number of rounds is 12n3 + 33n2.

From Lemmas 4.1 and 4.4, we get the following theorem.



Theorem 4.2 Without the link presence detection, for n =
3, n+ 1 agents are necessary and sufficient for exploration

of the n X n dynamic torus.

5. Exploration with the link presence de-
tection in tori

In this section, we consider the case with the link presence
detection and show that the link detection has an consider-
able influence on the number of agents required to explore
the dynamic torus: we show that [n/2] 4+ 1 agents are nec-
essary and sufficient to explore the n X n dynamic torus 7.
Specifically, we prove that a group of [n/2] (or less) agents
cannot explore the torus, and a group [n/2] + 1 (or more)
agents can explore the torus for n = 5. Furthermore, we
give an faster algorithm with a group of [n/2] + 2 (or more)
agents, which explore the torus within O(n?) rounds. This
is optimal time complexity; a group of [n/2] + O(1) agents
cannot explore the torus 7' within o(n?) rounds. In the fol-
lowing, we first show the impossibility results for the case
of k £ [n/2] and n = 3 and the case of k = 3 and n = 4.
Second, we give an algorithm for k¥ 2 [n/2] + 2 and n = 3,
and prove the optimality of its time complexity. Third, we
give an algorithm for & 2 [n/2] + 1 and n = 5. Finally, we
give an algorithm for £ = 3 and n = 3.

If n = 2, one agent is sufficient and (obviously) necessary
to explore a dynamic torus. When n = 2, each node is con-
nected with each neighboring node by two links and one of
the links is always present. With the link presence detection,
the agent can always choose the present link to move to the
neighboring node. Thus, one agent is sufficient to explore
the 2 X 2 dynamic torus.

5.1 Impossibility results

First, we show a building block of the proof of the impos-
sibility result: an adversary can forever contain an agent in
a 2 x 2 subgrid consisting of four nodes, v; j, vit1,j, Vi j+1
and v;41,j41. Suppose that an agent is in the subgrid and
is located at node v. By removing two links connecting v
to the nodes outside the subgrid, the adversary can prevent
the agent from going out from the subgrid. So the agent can
move only in the subgrid. By repeating the argument, we can
show that the agent can be contained in the subgrid forever.
Notice that when another agent comes into the subgrid, we
allow the newly coming agent to go out from the subgrid.

Now, we prove the following lemma.

Lemma 5.1 With the link presence detection, for n 2 3,
a group of [n/2] agents cannot explore the n X n dynamic

torus.

Proof 5.1 We consider two cases, one is that n is even and
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the other is that n is odd. First, we consider the case where
n is even. Let a; (0 £ i < n/2—1) be n/2 agents in the
torus and suppose a; is located at va;2; in Vo. In this case,
by the above building block, a; can be forever contained in the
subgrid consisting of v2i 2i, V2i41,2i, U2i,2i41 ANd V2i41,2i+1-
Thus, when n is even, a group of [n/2] agents cannot explore
the dynamic torus.

Next, we consider the case where n is odd. Let a; (0 <
i < (n—1)/2) be (n+ 1)/2 agents in the torus and sup-
pose a; (0 < j < (n—3)/2) is located at vaj2; and apm_1)/2
is located at any node other than vp—1n—1. By the building
block, a; can be forever contained in the subgrid consisting of
V2j,25, V241,25, V25,2j+1 ond vzji12i41. Agent agm—_1y/2 can
go through the subgrids but can be prevented from visiting
Un—1,n—1 by removing the link to vn—1,n—1 by removing the
link to vp—1,n—1 every time it comes to a neighboring node of
Un—1,n—1- C’onsequently, any agent can never visit Un_1,n—1

and thus a group of [n/2] agents fails to explore the torus.

Next, we prove the following lemma for n = 4.

Lemma 5.2 With the link presence detection, forn =4, a
group of three ([n/2]+1) agents cannot explore the 4 x 4 (or

n X n) dynamic torus.

Proof 5.2 Let Voo = {vo,o,U0,1,U1,071)1,1}7 Voo =
{v0,2,v0,3,v1,2,v1,3},

Vio = {v2,0,v2,1,v3,0,v3,1} and Vi1 = {v2,2,v2,3,V3,2,033},
and suppose that in each Voo, Vo1 and Vi contains one
agent. We show that any algorithm may not change the situ-
ation where each Vo0, Vo,1 and Vi contains one agent. Let
ao be the agent in Vo0, a1 be the agent in Vo1 and a2 be the
agent in Vio.

If ag and a1 are on different row rings (e.g., ao is on vo,0
and a1 on v1,2) or they are on neighboring nodes (e.g., ao is
on vo,1 and a1 s on voz2), an adversary can easily prevent
both ap and a1 from moving to Vo1 and Vyo respectively. The
same argument holds for ay and asz.

So it suffices to consider the case where ag and a1 (resp,
az) are on the same R; (resp, Cj) but not on neighboring
nodes. Without loss of generality, we assume that ao is on
vo,0 and ai (resp, az) is on vo2 (Tesp, v2,).

At first, an adversary simulates the agents execution when
no link is deleted. Then, depending on that simulation, the
adversary determines whether it deletes a link and, if so,
which link it deletes.

casel: If a1 (resp, az) moves in the direction right or
down (resp, down or right), the adversary deletes (vo,0,v0,3)
(resp, (vo,0,v3,0)) to prevent ag from moving to Vo1 (resp,
Vio). Notice that a1 (resp, a1) is moving in Vo1 (resp, Vio).

case2: If a1 (resp, az) moves in the direction left (resp,
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up), the adversary considers execution of ao. If ap moves
in the direction left (resp, up), the adversary does nothing,
which allows ao to move to Vo1 (resp, Vio) and a1 (resp, az)
to move to Vo,o. Otherwise, the adversary deletes (vo,1,v0,2).
(resp, (vi,0,v2,0) to prevent ay (resp, az2) from moving to
Vo,0-

case3: If a1 (resp, a2) moves in the direction up (resp,
left), the adversary deletes (vo,2,vs,2) (resp, (v2,0,v2,0)) to
prevent a1 (resp, az) from moving to Vi,1. At the same time,
the adversary removes (vo,0,v0,3) (Tesp, (vo,0,v3,0) to prevent
ao from moving to Vo1 (resp, Vi)

From the above argument, we can show each Vo0, Vo,1 and
Vi,0 contains one agent in any configuration. Thus, forn =4
and k = 3, a group of three ([n/2]+1) agents cannot explore

the dynamic torus.

5.2 By [n/2] 4 2 agents

With the link presence detection, at each round ¢, an agent
can move in the direction right or left (if it wants to do) since
each row ring has at most one missing link. This also holds
for the direction down or up.

A main idea of exploration is that each agent moves to
a neighboring node (if necessary) so that it is in a column
ring with an odd column number, and executes an algorithm
similar to Algorithm 3 or Algorithm 4.

ARRANGEMENTV (j) in Algorithm 6 makes agents move
one step vertically (if necessary) to row rings with even (resp,
odd) row numbers when j is even (resp, odd). The only ex-
ception is the case that both n and j are odd: the algorithm
allows agents to move Ry in addition to row rings with odd
row numbers. Note that at most one agent can move in each
direction of each link at each round. So, an agent executes
Algorithm 5 in four rounds to guarantee that there are two
column rings with two agents or is one column ring with

three or more agents after the execution of Algorithm 5.

Algorithm 5 ARRANGEMENTV (%)

1: Let vp,q be current;

2: if (5 and g are even) or (j and g are odd) or ((n and j are odd)
and (¢ = 0)) then MoVE(nil | Ftime 2 4 : Return);

3: else if ((vp,q,Vp,q—1) exists) then MOVE(up | Ftime = 4 :
Return);

4: else MovE(down | Ftime 2 4 : Return);

This is used as ARRANGEMENTV (j) where row denotes
that an agent moves in the row direction. We also use
ARRANGEMENTH(?) by replacing right to down, left to up
and 7 to j for arranging agents on column rings with even or
odd column numbers.

Algorithm 6 is an exploration algorithm of the n x n dy-

namic torus by [n/2] + 2 (or more) agents.
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Algorithm 6 Exploration by [n/2] + 2 agents
1: for j=0ton—1

2:  ARRANGEMENTV(0);
3:  ARRANGEMENTLEFT(j);
4: EXPLORATIONUP;

5: end for

Like the algorithms in Section 4, Algorithm 6 makes two
agents move on and explore each C; one by one. At line 2,
an agent executes ARRANGEMENTV (0); an agent moves to a
row ring with an even row number. Then, at line 3, an agent
executes ARRANGEMENTLEFT(j) where j is a column num-
ber; an agent moves to C; in the direction left. Since there
are [n/2] 4+ 2 agents, there exists at least two row rings of
R with two agents or at least one row ring of R with three
agents. Hence, when line 3 finished, there exist at least two
agents on Cj. Since there is two agents on Cj, ring Cj; is ex-
plored by EXPLORATIONUP at line 4. By repeating this from
Co to C,_1, agents complete exploration. This algorithm
obviously explores the n x n dynamic torus with [n/2] 4+ 2
or more agents.

The following lemma holds.

Lemma 5.3 With the link presence detection, forn 2 2, a
group of [n/2]+2 agents explore the n X n dynamic torus in
O(n?) rounds by Algorithm 6.

Proof 5.3 Correctness: It is obvious that [n/2] + 2
agents can explore a dynamic torus by Algorithm 6.

Time evaluation: [t takes 4, 6n and 3n rounds to exe-
cute ARRANGEMENTC(0), ARRANGEMENTLEFT(j) and EX-
PLORATIONUP respectively and the number of repetition of
the for-loop at lines 1-5 is m times. From these, It takes

(9n + 4)n = 9n? 4 4n rounds that is O(n?) rounds.

Corollary 2 With the link presence detection, for n = 4,
[n/2] + 2 (four) agents are necessary and sufficient for ex-

ploration of the n X n dynamic torus.

From Lemma 5.3, the following theorem holds.

Theorem 5.1 With the link presence detection, for n = 3
and for any constant ¢ 2 3, O(n?) rounds are necessary and
sufficient for exploration of the n X n dynamic torus with

[n/2] + ¢ agents.

Proof 5.4 Sufficiency: It is from Lemma 5.3.

Necessity: Suppose that there are [n/2] + ¢ agents in the
dynamic torus where ¢ 2 3. Since an adversary can make at
most [n/2] agents stay at their current node by Lemma 5.1

and the number of nodes of the dynamic torus is n?, it takes



n?/c rounds to wvisit all the nodes with [n/2] + c agents.

5.3 By [n/2] 4+ 1 agents
Algorithm 6 is an exploration algorithm of a dynamic torus

by n/2 4+ 1 or more agents.

Algorithm 7 Exploration by [n/2] + 1 agents

1: for j=0ton—1

2:  ARRANGEMENTC(0);

ARRANGEMENTLEFT(j);

fori=0to [(n—1)/2|,0and 1
ARRANGEMENTR(j);
ARRANGEMENTUP(2¢ mod n);
ARRANGEMENTC(0);
ARRANGEMENTLEFT(j);

© ® 3> w

end for
10:  EXPLORATIONUP;
11: end for

Like above algorithms, Algorithm 7 makes two agents move
on and explore each Cj.

At line 2, an agent executes ARRANGEMENTR,(0) to move
to an row ring with an even row number. At line 3, an agent
executes ARRANGEMENTLEFT(j) where j is the column num-
ber of a destination node. Since there are [n/2] + 1 agents,
there exists at least one ring of R with two or more agents.
Hence, after line 3 finished, there exists at least one agent on
Cj.

Then,
8. A set of execution ARRANGEMENTR(j) at line

an agent executes a for-loop at lines 4-
5 and ARRANGEMENTUP(i mod n) at line 6 works like
line 4 of Algorithm 4
and a set of execution of ARRANGEMENTC(0) at line
7 works like

ARRANGEMENTLEFT(j) at line 5 of Algorithm 4. The agent

ARRANGEMENTUP(i mod n) at
6 and ARRANGEMENTLEFT(j) at line

executes the for-loop at lines 4-8 for [n/2] + 2 times; in
the first [n/2] times, an agent moves to a destination R2i
from ¢ = 0 to [(n — 1)/2], then, it moves to Ro at the
[(n — 1)/2| + 1-th for-loop at lines 4-8 and to Ry at the
[(n —1)/2] + 2-th for-loop at lines 4-8. Note that, an agent
which reaches C; stays at C; until the for-loop at lines 4-8
finishes.

After the end of the for-loop at lines 4-8 finishes, there are
at least two agents on C; and these agents explore C;. By
repeating this from Cy to C),—1, agents complete exploration

of a dynamic torus.

Lemma 5.4 With the link presence detection, for n 2 5,
a group of n + 1 agents explore a dynamic torus in O(n®)

rounds by Algorithm 7.

Proof 5.5 Correctness: The correctness proof of Algo-

rithm 7 is similar to one of Algorithm 4.
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Time evaluation:

since they halts within constant time. As each execu-
tion of line 6 and 7 takes 12n rounds and the number of
repetition of line 4 is n + 2, each ezxecution of line 1 ex-
cept for ARRANGEMENTC(0) and ARRANGEMENTR(j) takes
12n(n+2)+8n = 12n>4-32n rounds. As the number of repeti-
tion of line 1 is n, the total number of rounds is 12n> +32n2,

that is, O(n>).

5.4 By three agents for n = 3
When n = 3 and k = 3, agents cannot explore a dynamic
torus by Algorithm 7. In this case, we use Algorithm 8 for

exploration of a dynamic torus.

Algorithm 8 Exploration by three agents for n =3
1: for j =0to 2
2:  ARRANGEMENTC(0);

ARRANGEMENTLEFT(j);
ARRANGEMENTR(j);
current is vp q;

r=Dp;

move to v1,4;

ARRANGEMENTLEFT(j);

© ® X > gk W

ARRANGEMENTR(j);
10:  Let vp g be current;
11:  if (p =1) then

12: if (r =0) then

13: wait one round if (v1,q,v2,q) is present, otherwise, move
to vo,q;

14: else

15: wait one round if (v1,q,v0,q) is present, otherwise, move
to va,q;

16:  else if (p =r) then

17: if (r =0) then

18: move to vy,q if (v1,q,v0,9) is present, otherwise, move
to va,q;

19: else

20: move to v1,q if (v1,q,v2,4) is present, otherwise, move
to vo,q;

21:  ARRANGEMENTLEFT(j);
22: end for

Like above algorithms, Algorithm 8 makes two agents move
on and explore each Cj.

The main idea of Algorithm 8 is that two agents on the
same ring are on the same node at least once during the fol-
lowing executions. Suppose that two agents on Cy. At first,
agents first move to voo or v2,0 by ARRANGEMENT (row, 0).
Then, they move to vi. The agent which reaches vi,
from wo,o (resp, v2,0) stays at wvio if (vi,0,v2,0) (resp,
(v1,0,v0,0)) is present and returns to vo,0 (resp, v2,0) oth-
erwise. The agent which does not reach wvio from wvgo

(resp, ’U270) moves to V1,0 if (1)1,0,112,0) (resp, (’Ulyo,Uop))



is present and moves to va,0 otherwise. After each execu-
tion, agents execute ARRANGEMENTLEFT(j) so that one of
them reaches Cj if they stay at the same node and execute
ARRANGEMENT(row, j) so that agents which do not reach C;

move to the same column ring.

Lemma 5.5 With the link presence detection, for n =3, a
group of three agents explore a dynamic torus by Algorithm
8.

Proof 5.6 Correctness: [t suffices that two agents on
Cj are truly on the same node at least once during above
execution. If two agents on C; are not on the same node
by ARRANGEMENT(row,0), they are on vo; and vz ;. Let
ao be the agent on vo,; and a1 be the agent on v ;. Then,
they execute second action, that is, they move to vy,;. If both
(v1,5,v0,5) and (v1,5,v2,5) are present, both ao and a1 reach
v1,j. Without loss of generality, suppose that (v1,,v2,;) s
not present. At this time, ao reaches vi; and a1 stays at
va2,0. Finally, they execute last action. At this time, ap and
a1 move to vo; if (vi,j,v2,;) is not present and ag stays at
v1,; and ax moves to vi,; otherwise. In both cases, ao and ay
reach the same node. Thus, two agents on C; are truly on

the same node at least once during above execution.

By Lemmas 5.1, 5.4 and 5.5, we get the following theorem.

Theorem 5.2 With the link presence detection, for n 2 5
and n =3, [n/2] + 1 agents are necessary and sufficient for

exploration of a dynamic torus.

6. Conclusion

We proposed exploration algorithms of a dynamic torus
for the case without and with the link presence detection.
This dynamic model looks little far-fetched and unpractical
because of rules of link change but as mentioned before, such
a link change can happen in a network with mobile obstacles.
In this paper, we consider a dynamic torus labeled by their
column and row number. So, we will consider exploration a
dynamic torus with labeled agent or without labeling as a
future work.
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1 FANE
WA, HESBY AT MMIET AENBRAICE 24

bLbNTHH, HESEROERY FEOHELZDV0E DT

H5. HESHRORY b X, BREMICEETZ20RY

MThHb, ZhsouRy bOESEBERESETRY b

BrE5. ZhooaRy MHPMEHFAMICEET S Z 2T

EERTOOHEEZERT L. AT, HESED

Ay MEREIRRABBSD S &5 2, TOWHAMEZ

%>, vRy Moo Ry - OfLE % Bl (Look) L,

BUAKS R 2 AT 7V TY) XL U TIT E 2 i

% (Compute) U, D7 E%IZHE) (Move) 5 &5

VUTNIRY A N ERYEUREERHRLS. e 21—

MEGRHEC I, TREOMEBIZEEINZORY M1DH
—FUZESTAMETHS. v Ry b OBEHRHE D

%b%ﬁD%é%ﬁtﬁ%®ﬂ%ﬁtow1mnémf
W3 [1-5]. BESO Ry MEOHIMENZ T 2 HRIN

MRIZBWTI, BRY bETIVERED AR (A6
Tld— I aPllE) ORBREZIH S 2T 5 Z L D% H

OHEED—DTHh 5.
oRy hERETSHEL LT, K- mEE2 R

Wiia Ry b, K- mHREEETAE 7 vy hadRy b

(fat robots) @ 2 A FHONT NS, TR [6] 1%, 77V

hMaRy N OELSHEZ BRI > 2R DIETH

4. oy hMioBa Ry N OBHIOREEY &b kS

BABEAR TRy bOFERE aR Yy NaE L O#zEEIRD

EDIZEHEL, TRy FHER > TOARWEREDHIHIR

W SIERMICEET 2 38 ERIF4600 Ry hO%E

AMEZBLSTLVITY RLZBELTWS,

o ABEBALORY bORRr,r; HBCRBEIND
ORY b&T 5. RO ODEMEETE p,qg B
ﬁﬁj—ét%, Dﬂ_;“y b i =4 T %%5: X.?b‘f%
ERARER

L. Kp,ql3ZnZna Ry b r, 8L r; O
DN
2. ¥ pg ML ARy M EEZ LW
o OFRY NALTOER:HZ TRy bHMHEO TR Y MZ
Bl EnRy MIWNAL B BEIZKT I 5.
77y buaRy bOEGMEEME TV TY XLH
Bk [8-15] TIREINT WD, Uk [6-9,12) T, i
SEEIZB TS 7 7y baR Yy b OESREIZ O W THIZE
INTWD. XHR (7] T, dkerm & MEBermic s

j” N

X 1: vRy b O¥R% radius & HFH 1 ZOBFRERHI

577y haRy hOEBIZOVWTHIEINT WS, X
MR [10,11] HEEBCFREIICH TS 7 7y brARY hOES
Mz K-> TW5. Sk [10] TG FEROK -5 1 X
ZleUZeED, Ry POXERIZEI>TIRD3I DD
ETILVEEREL.

o small : radius < i\/ﬁ
e large : i\/ﬁ < radius < %

e huge : radius > %
TV small TER 1 IZHIZRT LT, BFRY hOK
EIVRTHITNSSRDICBE L7z & EHliom Ry b
e 5 Z Lid\v. —ATET Viarge TE, 2HBD
aRy MDD AT RICFET 52 LIETE S,
ROBET LB EMOREEAHLETILTHY, T
DETIVTIE, BRY M OEflZETS X527 LT
AL EHEFTEBEND D, 51T, ET I huge T,
BED &5 TRICERY FMFIET 5 Z L HATRETH
5. )'Cﬁﬁ [7,11] iZeBiza Ry DY A XD small T
HoT=DIZX L, kK [10] Tl small,large DWi 5D E
FMZHUTT T ZLRREINT NS, SR [13]
T, ORY hOKEI D arge, TRy bDEEZH -
TWTC, EEATHEfFL, LEEEREZRZRwa Ry
RETFMIZHLTTIVIT) ZABPREINTVWS. X
MR [14] TIXBERZERIZ D W TEERK T, ASNAKT,
JilkTrEZEZ, BRy OV X, aRy Ok
B, A7 Y a— 7 O AW F IZ R OMAS
| bf%"F'ﬁ%%@% TOITY XLPREINT
W5, XHR [15] T, =ous )y NZERIZBIT 284
MEzEHL, Dﬂ‘\/ FoEREERS T, FERIAICEHE
U, lEERz RS, HHlE/2 INIZH 2 sU BB A
BT ARY PETMIHLT, £HETARE[EFLEL
7IE/\HEER ESLHROZNZENERERT 57V T XL
PREINTWVS.
EoMEOMIz, BASIE Ry MEEHWSHEE
U TR EETED B 5. TARIE R E & I3 R DAL
BIZHEINZ0Ry 2RO ONZICEIETS 5[



BTH D [16-20]. Sk [16] TlX, HS5HLOIRD SN
FEDEE F L, R = |F| ThsE5AMa Ry b
DEA RMBEZ 5N, |FICBT22TOMITRY K
N1EFAETEESICE Ry M2BHSELMETH
% EmbeddedPatternFormationProblem(EPF [#)
IZOWT, ¥FIUTAIZARERZLWGA OIETF
EAIHRIE L EPF B Z R TN TV ZLDPRES N
TW5. R (17) T, FEABIZEIES 5 4 B0 u Ry
MRy S OWIIALE D ST B IR KD, IE
Fileklks 5. WREEMED —2IcrRy b &R
(R B R R REAMEAE S 5 [18-20]. FIEME & 1%
Oy b ERE—ME LICHRBEET, FlcaRy ME
T DA IE IS AMEMEH I N T WS, Sk [18]
TEeETouRy bE2ME LICBHIELX—-MEH
A EovRy MEALOMMRZEEIZT S/ FD DD
= MZHDNFZT IV TV LI & > THERRE% fi
WTW5A. SCHk [19] TIRFZV F 1 l&BE2FRF>R R Y
MZDWT, 73V ZLDFETHRIZERY hOE,
HIER, FRGEDTREZRFIBE T L T ZABRESINT
W5, R [20] T 7 7y baRy MZXBHEEKT IV
TV ALPREINTVS, BARY MIERRIZDOWT
DEEEFT, FRICEMET 5. £7z, mKRy M
BT, R THS. BBCEFHIZEWTHIZO LB E
75, OURLEIceTorRy b EREZRRET 55
&, BRy NOBKITERK 20, EECERIZBI)S
MR E RN T W e h o7z, ARTHRS — sl
MIRE, BEECEENIZ B\ C R % FE 2 L 7z [
ThH Y, FRICEES 2EHTHEED small D7 7
baARy ML —mafffEzZ R 7T XLz
£T 5.

2 EFINEEBES
21 ARy hETIL
TWROGEATEERER F X, BARE, HER O, x &
y Tl N E T EFTT 5 2 DO R & Z D A
(direction), IE&ETHnlE N2 EEMOM E (orien-
tations) TEEIND. KT G & F O T OREELE
E5 5. u = (up,uy) BEF v = (v,v) 2 G ED
MUl &, ul v Ol dist(u,v) % dist(u,v) =
[ug — vg| + |uy —vy| £ B (L1 —norm, XNy X
PHEE).
clock —+—f—+—+—+—+—++—+-+
rLlcm[Lcm[L]clm]L]c
o LlcIMlLlclm[L]clmlL]c

n[L[cImM[L]c[m]
C

r [LTclm

| | | | | |
T T T T T T
Llc[m[L]c]m]
Llc[m[L]c]m]

FSync

L
1
[M]
[M]

[LTcImMILTcImILTcIm]

SSyn

PO [ i e a1 R A
Mn [ileh)  [le] (W [tlclm)

X 2: mARvy hDFEFTET I FSYNC,SSYNC,ASYNC D=
4. ®to L,CM 1ZZ N1 L:Look,C:Compute,M:Move
ERLTWS, EFVZEOS A 2NV EFBTEEAIVY
CHIBTE2ERY b, BIXOKREBICH» DR ELS.

nBDURY hOESER % R = {ro,r1,72,..

'7rn—1}
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35, Ry MG EORIZEREL, ¢ LM%
MBS 25 ERE N 2R > To T NI ATH B, 1
Ry MEEFIARHEBETHU T VIV AL%2FTL, iE
SRR, 2, Ry MIHEDOBER E R
B, HEDF L, AlRD AHEMSTEY, HEO
FOBERIZBWTHSOEE2REHTEZ e TE
5. u=(ug,uy),v=(vg,0y) &G ED2ELIEE,
(Ugy — uyvy) < 0 Zfii72 9 & SR Z RN v ldud
HEIDIZMET DLWV, ulidoOEEDIZNET S &
Wi 7, (ugvy —uyvy) =0 &2 EE, wo b
L OB O XA —ERR LIZALET 2205, BRy b3
—RITHEITE 2%, BHEDHFET SR EZTDREMS
MThb. 772U, vhy MEALOEEITHF I N,
DFD 2H0TRY AE—ERR L2 T E S BE) & E
Boo Ry SOFERIZE—DORABEHLTLES 22k
FrE N,

HZEO Ry b OFEFXRIZHHET S 4 DOIRE,
Wait,Look,Compute,Move D 5 H#E D 3 DDIRFEZ
LY A ZVTETT B, Wait [JTEOIRIER-NIFH AT RE
IRETH 5.

1. Wait: 0Ry MIFFRIRE. vRy MIMmHIR I %
THILRITERV., FARKRTIEIRTORRY
DY Wait IREETH 5.

2. Look:1 Ry MIfhom Ry b DA ERERE %215 5.
Look OFfER, vRy MIfiow Ry b ORLEDE
&C x5,

3. Compute: TRy M7V TV XLIZHE > TITFE R
ZEMHE TS, mAhy MIERETH LS D, T T
) ALDANNZERID Look THR7ZCDATH 5.

4. Move:Compute JREEIZE W THRE L 7247 E 12 H
o THEITS.

KRy bV A IV EETT LEORMOREIZ X -
TIRD I DODETANERINDS (K 2).

o Z£[FHA (fully-synchronous, FSYNC): 9 XTD
Ry PAERIZEML ZRE 2 AW T T LT Y X
LEFTTELLRETS. Tbb, §XXTOO
Ay MIFRIUEANIZ 7 LT AL &L, 2045,
Al UREZNZ, Look, Compute, Move % % % NFELT
T5.

o ¥[FH (semi-synchronous, SSYNC):FSYNC iZ
BOT, A 2 VEFITLARVERY F OFER T
TEFLTHS. 270, TRATOIRY MIMERE
Y1 2N % RITT 5 ERET 5.

o JE@EHA (asynchronous, ASYNC): Ry hDESF
T AIEE —YEPRVWET IV TH L. FORyY
;DY A1 7 IVOBHIEIRZIR Look, Compute, Move IZ
P BE D ERE 52 503\, 20720, BRy
FABEIICMOBERY MBI NS Z b HB.

oD 3 DOEMIETVIZEIL T, SSYNCIZFSYNC

DFELFEEH, ASYNCIESSYNC, FSYNC 0FEf7% 4

. DD, ASYNC T, HHMEEZMS 7N TY XL



3: BRI 4 TR A Z WS 2 T IR O F

WIFET B85S, #0770 TY XLIESSYNC, FSYNC
OaRy MZHLTH, ZOMERZELLEL TILTY
ALTH5. SSYNC & FSYNC D€ FIIVEGES AT
H5. AFTIFOXRY MMISSYNC THET 2H D&
5. B8Ry oY A RXIzoWT, AFETIEORY hoY
A XL small £ 5. 2Ry MIBDIZHEIARE
TH5. aRy b OHBFEHBFIZDOWT, vhy MMEHE
P HIBR 2 5% 1 WaHR L, 1Ry b OFEIZ IR %
Fir- 2 2 HIEHREREZ 5hd. AFTIERRY bEv
VN RVBHEET 2 INIZ & B 2 BT = 5 I FRARES
BRio7-0Ry b THB. ARTHE S oRy MIBEHT
H5. 2FvuRy bOBHIBMMOBRY MZXkoTH
FonsgZ gk,

2.2 —RoOBEMEOER

ARTIE, HohULOED SN 1M (FE0) 2
Ma<aRy b2EET S & a2 —apiE
WS, aRy SRR FHAEHZ DA Lo,
U, FEEDS DI L0e ANT, FHEPS5E0RY
METOY YNy X UHEEE (LU, BIZH#E WS 5E
vy X VMR RT) ORI RKIZRD &S
T35, Z0LE, M3DHIZRT DL, aRy b1
FHZER L EDOIZOLEL, ZORMAIIZAERY b
PEEM D DOVWTWEED LR 5. a; ZIF DS DHHEE
Wi THHEOEETBHE, 0 FLTFOE ST 5.

a0:1
a; = 4i(i > 0)

72, nBOORY NBEHEERLZEE, a;+4=
Ai4+1 J: D Lmao: iLJ\‘F@Jﬁ’Cjzi 5.

Liaz = L%J(n24)
ARTENR> 12 LIET D, 5T Loy >3 £725.

AR THS —RUHMEZE Lye, EHWTUTOL S (2
EET .

EE 2.1. (—SAHMEE )0 BOB Ry M ARO M
7L TWA E &, Fazduh e 35 BEZ fin
—EWno,

o Vr; € R, Linaz —
e {Vp e G|dist(O,p) = Limaz} CR
o ZTOHKRY MIEFEIELTWVWS

1< dist(O, 7’1:) < Liax
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BL(V) L(v) TL(v)

V' N\ TL(V) [T(v) [TR(v)
\4

u Lv) |v R(v) B(v) Vv T(Z]

BL(v) |B(v) |BR(v)
x X
0 If(a) Y (b)

X 4: (a):58% v,u DALEBGR (b):s v & ZDOHFAD 8 DB,
2.3 HEH

u = (Ug,Uy),v = (Vg,0y) &2 G ED2/ELIZEE,
(Uugy — uyvy) < 0 &7z 9 & S 2RI v ldud
AEDIZAETZ 200, wiko QLR h%@"ét
WO Tz, (ugvy —uyvy) :0%2?%&’3‘8 g, b &
O A O IZR—ER ECMET 220D, (K 4(a)) A
FTHES> uRY SOFE M(v) ZATO XS IZEHT 5.

BR(v) R(v) TR(v)

T 2.2. (RMEAMMW)).G EOEEDH vIZDOWVWT, K
DEMERT-T R uDEGEZ M(v) &9 5.

o M(v) = {u|dist(v,u) < 2}

AMTHE S B Ry b OBHE AR HDOES N(v) 224
TOXSITEETS.

EFE 2.3. (REANW)).G LOEEDR v = (vg,0vy) 1T
DNWTC, AFDREMZS M u = (ug, uy) DEAEZ N(v)
L35,
o N(v) = {(ua, uy)|(Jus —va| 1) A (Juy — vy < 1)}
HBveGITRLT, Nw)ITEFENd v 2RZN
wIZDOWTBATI DY #8722 5 (KM 4(b) Z2). 7=
7ZU, mu D EDRPE D TRV TE KD EHRD
m5.

v Dl LD RDGE

o T(v): (dist(O,u) = dist(O,v) + 1) A (vauy — Vyuz = 0)
o B(v) : (dist(O,u) = dist(O,v) — 1) A (vauy — vyuz = 0)
o L(v): (dist(O,u) = dist(O,v) + 1) A (vauy — vyuz > 0)
e R(v): (dist(O,u) = dist(O,v) + 1) A (vauy — vyuz < 0)
o TL(v): (dist(O,u) = dist(O,v)+2) A (vaty —vyuz > 0)
e TR(v) : (dist(O,u) = dist(O,v)+2) A (vatuy —vyuz < 0)
o BL(v) : (dist(O,u) = dist(O,v)) A (Vaty — vyus > 0)

e BR(v) : (dist(O,u) = dist(O,v)) A (vguy — vyus < 0)

v D3l _E D R Tfa\b\i%m

o T(v): (dist(O,u) = dist(O,v) + 1) A (vVauy — Vyuz > 0)
o B(v) : (dist(O, ) = dist(0,v) — 1) A (Vauy — vyuz < 0)
e L(v): (dist(O,u) = dist(O,v) — 1) A (vpty — vyuz > 0)
o R(v): (dist(O,u) = dist(O,v) + 1) A (vauy — vyuz < 0)
o TL(v): (dist(O,u) = dist(O,v)) A (Vay — vyuz > 0)

o TR(v) : (dist(O,u) = dist(O,v) + 2)

. B (0 2)

)
L(v) : (dist
):

u) = dist(O,v)
,u) = dist(O,v) —
R(v ) (0,v)

&

(dist(O,u) = dist



2.4 7IHLITY XLDEE
ARTlE, TVITV ALDFEFEUTORR (F—F
MNEryrvay) TR

< label >::< guard >—< action >

BT o avig_MIFEINTED, E77¥av
D — N < guard > 1% Look OFER D S 7 25 X
TRING. BRY MIAT— RDPEDGED A X
< action > ZEITT 5.

3 R’RET7ILIYUXLA
BETILT) ZLIZDOWTOIALIFHZITS.

3.1 #E7IITYILDMA
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RS TV TY AL EBET S, IR LT, T
DURY FHREREn ZH>TWB EIRETS. BETIL
T ALT, BRY MIFEED SOz & D RS
TNUT) ZLIIHED. FE» S DEEEEDS Lge DALE L
RTF IRV EIZFAET S0 Ry b WFE D S Ok
M Lipaw DIIZEEARETDH 5 5%, B H S DR
Liaz +1THY, ETZDHEDSFEEHD S OIFREE 2 X
FIZHE D IZ BB 5E, TOBEIL LD SN
M EDRTHEL WO RMEZT 4HDODAEL, £
FD 4 FPOBEITE BE S5 DD Le, DD,
EREOH EDSIZRET 5. D S OEHEED Lyngs O
MEMARTHERIGEWAUIZFEET 288y MME, AHED
WCREIT S Z & THEEICRD, SOV A S O R
D Linae +1 DEIZHBEIL, FND S DEEMEAY Lyes + 1
DI ED S5 A D ICRENT 5 Z & TERAH S O
B Linae Ol LD SIZBENATRER SAABET 5. F 720
EiZid o THE D TR ES 2@ d TR D & ORFEED
Loae +1 DRIZBE L 255 IXR S0 6 OFEEZ 2 2
FIZHERE D IZBEIT S Z & THED S OREEED Lies O
il EDORIZBERER S ADBET 5. —F, FEEDS
DD Liypar — 1 DR E AR THEAIGEWIZEET

20Ky MIEEDF RS OFFHED Lyye, — 1 DRI
BEILES 5. FHADS DD Ly, ORITHFAE

THaRY MIFE DS ORFEEE 2 2 324 D I
U, JFEE»S DD Lyes — 1 Ol LA D FIZIFLE
T5aRy MIFE DS O 2 Z 3124 D IZBE)
T3, FRIZFEETZaRY M, BEOROMEERT
x WHED A NZIFET D mA~BET 5. LrL, Z0OH)
EDOADIGELLT ORES R H 5.
1. FIHANCE CTRUSD S OFEHED Lypae D LERTH
FUZEWFIZZ L Oa Ry MBFEET S5EH Ah
5 DEFEEDS Lypgy DT RTHORY FTHE D, |
DS DEEHED Ly D E AR THE SIZIE W I
TFHET ARy DDIFE DS DOFEEED Lyer DR
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2. VIR IE TR D S DR Linge — 1 DR E R
THAIDEWEIZZ < DaRy N BWEET 258K
DO DFEEED Lipaw — 1 DHTARTHOARY b T
WED, FEPLS O Lge —1 DR EHARTH
BITEWEIZEET 50 Ry DAHAD & DFEEEA
Linaz DRt B 5 OBEEED Lyae — 1 O SIZFEE)
TETTFy Ray I RFEET 5.

NS ORIFEE & fRYT 5 72 DI IR S H S DFEEED Lyyaw
D DS FE TS DFEMED Lyge — 1 DIIADBE) 2 A
HEIZ L, FEEHPS DHEED Lypgr — 1 DD 5 JFH
2O DIEMED Lyge DRANOBE 2 TREIZT 5. EH
2.1 D@D, DS DD Lyae DT RTIZORY
MNFEET H2HELRH D, ZDT-0, JREh o DFHEED
Lypaz D EDOBRY N DFE DS DFFHEDS Lyygr —1 D
MABEIT20ERH 2551, 1 BOMENTHDH
FD S DIFEED Loge DR E AR TR SUIZE O SRR
FH5URY MDFEEDS DHEED L,ge DRIZBEITE
BWBETH D, TITHEEADS DM Lyes DR E
DOuRYy SDFEFD S DIEHED Lyar — 1 DRANBET
B, RS DIEEEDY Lyyar DRI E)ATREZR R
FA S DEEEED Lypagyr PRIZERY SBFEIEL, /-
ZDEDERDF S S DYEEED Lo OBl ED fIZ T
Ry NPFEHETBEEE TS, 208 SFEAD S DR
D Lipae DUl EDFIZIFAET 20 Ry N HEL D D
S DEFHEDY Lyyar — 1 Ol EOSABE 2175, 2 FD
RS AR PRI T D72 012, Fh S OEEED Lynge — 1 D
FIZFAET 208Ky N OFSH» S OEREDY Lgr D RN
OBFZTRIZT S, 72720, TDX S BBEMNTEER
TR DS DFEMEDS Lpgr — 1 Ol ED 4 FUIZIRE L,
BENEDJFE fh S DFFEEDS Lypae D 5 BT DR FD
DAL T B, £z, JFE»5 DM Lypge — 1 DL
EARTFESITE W SIZFAET 208y N OEENEILD
SRS DOFRHED Lyar — 1 DRUZTA > THRE) U R R
o DEREED Lpas — 1 DRIZBENIT 5 & WS EIED A
THDH5E, EEDFEEPS DD Les — 1 DRI
ORYy NBFHET DL E, FEh S DM Lye, — 1
DRIIZBHTEZENTERN. ZDD, RENPSD
FEEEDS Lipaw — 3 AT OB R Y MIAE D IZHEEDF K
S DD Lo — 1 DRIZHED > TEET S8, K
WD DIEHED Lpae — 2 DRIZELREL 723561, B
DEEPS DFEEED Lopar — 1 DIZO R Y MOIFELEL
TWTBETERD - 258N S D2 £ 23
AR IZBEIT S Z 2T, Z2NTWBEED S D
D Liaw — 1 DREEL, ZWTWBE S S OFEEEH
Linaz—1 DFEIZBEITS X 51235, LEOIEZ S
L7=7)v 3V X L5 Algorithm1,2,3,4,5,6,7,8 TH D, %
FOEEIZE 11 D & 512725, Algorithm1,2,3,4,5,6,7,8
FHOBEEIZDOWTUTO LS IZEET 5.

a% G LD (ag,a,) £T 5.
Predicates:

a € C,occupy(a) = true

(az =0V a, =0),axis(a) = true




< guard > FIHIZFEHH X 1, BEIZR o7 < guard >
D < action > WEITINSE. ED < guard > HEIZRR
LW eE E, iRy MIZDET#HIET 5.

Algorithm 1 5 r;(dist(O,r;) > Lyax + 2) BITFAE
5Ky bOTNLTY XL
actions:
1:A1-1 ::moccupy(B(r;)) ANaxis(r;) — 17 &% % B(r;)
2:A1-2 zmoccupy(B(ry)) A axis(B(ry)) A
—occupy(BR(r;)) — 11 & %% B(r;)
3:A1-3  u-oceupy(B(r)) A —axis(B(ri)) A
—occupy(L(r;)) A dist(O,B(r;)) = Lmaz + 1 —
f7&5%% B(ry)
4:A1-4  u-occupy(B(r;)) A —azis(B(r)) A
dist(O,B(r;)) # Lpas + 1 = 17 & 5% B(r;)

<

) .

DR

WY

5: Algorithm1

Algorithm 2 5 7;(dist(O,r;) = Lpae + 1) BITTFAE
T5aRY hOTLITY AL
actions:
1:A2-1 ::moccupy(BR(r;)) A —axis(BR(r;)) — 11 &
%% BR(r;)
2:A2-2 zmoceupy(B(ri)) Aaxis(BR(rq)) — 17 fi%
B(r;)

¢ . Q.-... e o e
o o e e e e | e e o @.

6: Algorithm?2
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Algorithm 3 5 7;(dist(O,7;) = Lyas) BITAFEET S
ORy hOTIIVTY XL

actions:

1:A3-1 :imoccupy(BR(r;)) A —axis(BR(r;)) — 17 &
5‘6% BR(’I"Z)

2:A3-2  uooccupy(BR(ri)) AN azis(BR(ri)) A
—occupy(B(r;)) A —occupy(R(r:)) — f7&h%
3:A3-3 ::moccupy(B(r;)) Aaxis(r;) Aocuupy(L(r;)) —
f1&%% B(r;)

/j
P
Ny

¢« .
A3-1 A3-2 A3-3

7: Algorithm3

Algorithm 4 X r;i(dist(O,7;) = Lyee — 1) RIZIFTE
5Ky bDOTILIY XL

actions:

1:A4-1 ::—occupy(BR(r;)) A —occupy(B(r;))
A=axis(r;) A —azis(BR(r;)) — {7& %% BR(r;)
2:A4-2 :i—occupy(BR(r;)) N —occupy(R(R(r;))) A
axis(BR(r;)) — 11 & %% BR(r;)

3:A4-3  :moccupy(BR(r;)) A —occupy(B(ri)) A
azis(r;) A oceupy(T (r;)) A occupy(TL(r;)) — 17 &
% BR(r;)

4:A4-4 :—occupy(T (r;)) Aazis(r; ) A—occupy (T L(r;))

- Q

>

. .
Z . .
N
N
{

,_
F

A4-3

8: Algorithm4

Algorithm 5 5l r;(dist(O,r;) = Lies — 2) EIZ/FAE
FTH5ARY hOTILITY XL

actions:
1:A5-1 =:moccupy(R(r;)) — 17 & %% R(r;)
2:A5-2 ::moccupy(BR(r;)) — 11 & %% BR(r;)




9: Algorithm5
Algorithm 6 X r;(dist(O,7;) = Lpmax — 3 A
dist(O,1;) #0) EIZFETEZ2HRY bO7 LTV X A
actions:
1:A6-1 ::—occupy(R(r;)) A —occupy(T(r;)) — 17 &5
% R(r;)

Algorithm 7 51 ri(dist(O,7;) < Lpax — 4 A
dist(O,r;) #0) LITFEET 208y b7 TY XL
actions:
1:A7-1 ::moccupy(R(r;)) — 17 & 4% R(r;)

Algorithm 8 i r;(dist(O,r;) = 0) BITfFAET 208y
IN2N@I 2= WA
actions:
1:A8-1 ::=occupy((1,0)) A —occupy((0,1))A
—occupy((—1,0)) A —occupy((0,—1)) — fT&HL%
(1,0)

10: Algorithm6,7,8

3.2 IEHMDIEHA
TNTY ZLDEYMEOFAZITS. YO %
TEHEEDIZW ODRDEHEL2T 5.

EE 3.1, (HHEA L,S). FED S DD Lae DR
DEEE L L, BEAEHS ORI Ly — 1 DE0OE
ArSLT5(M12).

EF 3.2. (Entry Points Set). M FZiii729 G LD
p % Entry Point LW, TOHEAER EP L RT (
13).

EP = {Vp|(dist(O,p) = Limas + 1) A azis(BR(p))}

RE 3.1, EHO Ry NOBENI L BF M TO/EEIX
FA U,

IR . AR CIREST A 7LD X LOMIKIZ k- THE
FTHUREMNEDH L, BHEDOTRY dHERHZE—D
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T

1

T 1=

1 1 \ VPP IPPERPIRPIFP
T 1 P e
1 1 e e
11: &z BirsuRy bO#EfE

' 12 s s C

IIBEITAZ L TCRELEEIUTD 78D THS (M
14,15,16,17).

(A) R o DEREEDS Lynae + 2 BAET®H 28 £ O RIS
FAEL, §hEiZin> THEARABET 20Ky b
LS OFEEEAE U T H BEl_E LSO SITFEE
L, Wi EOSICBETA Ry ho 250Ky b
DfE %

(B) i S DEFHED Lypae + 1 DRUTIFEL, A
SDOPEEMEZE Lpge + 1 OB 2GR O IZEET
HERY N EFEE» S QD L, 0. +2 Ofll_ LIS
DEIZFHAEL, FHED S O Lye, +1 DRI
BETs0Ry b 2H50T Ry b OFEE

(C) B S DIFEED Ly + 1 DETHFAEL, BN S
DIFEED Lipar OW EORIZHEIT 2Ry b &JH
RS DFEEEDY Ly Ol EUAD SUTFEL, R
SR S DYEIEDS Linay, Ol LD £ A D ICBET
BURY b, B S QDS Lyee — 1 Ol LD S
WIFAEL, BUSHh o OIEED L. O ED RIK
HTsuRy D 3E, £ 3A055 2A00



BR(p,)
13: Entry Points Set EP = {p1,p2,p3,pa}

A b O

(D) JE 5226 DEEHED Lo O EDSIZHFEL, JF A
S DHERED Loypae — 1 O EDSIZBEI T2 0Ky
b EFEDS DOFEEEDS Lige — 1 OBl EBS D Iz
FAEL, FHAD S OHMED Ly, — 1 Ol LD iz
AREIVIZBETL2aRY bD 26500 RY b OEE

(E) JE 505 DYEBEDS Lipe — 1 DREUHFAEL, FADS
DEEEE Lyge — 1 DOEZTITHAERBIDIZBEIT S0
Ry N EFEED S DEEEEDY Lyer — 2 DAUZFLEL,
JE R o DFEBEDY Ly — 1 Ol EDAS D U E)
THOARY D 2HEOTRY b DEZE

(F) JRH 5 DD Loy — 2 DEUTFEL, FHEDS
DIFEEE Lypar —2 OB X TIZHERIDIZEHT 20
Ay b EFEH» S DIEEED Lines — 3 DRUTIFEEL,
D 5 DFREEDS Lypar — 2 Ol ELAA D I H)
TH5aKRY bD2H5OTRY b DOEZE

(G) D5 DIEEEDY Lyygr — 2 DRUTAFAEL, AR
5DHEHEE Lypey —2 P OEXTIZAE D IZBEIT
50Ky b EFERIZEEL, Fad S DO 1 O
RIZBET20Ry b 268500 RY bOEE

Lp) p
o o ; o e CQ? o o
BEPRRNN S
“:/

(A) (B)
X 14: /8% —> (A),(B)

72720, (A)~(G)R2TOHBEIZBEWT, F£HKRY b2
BEILLS L L TWAAIZIEERY MRFEELRVED
95, (A) DY, B EUADR p ITFET20 Ry
NI BR(p) 23l LD TH D 5 BR(p) IZHKRY b
FIES 5 & E 5 B(p) ~NOBEZ LW TEILTSZ L
Tl LD BR(p) ICFET 20 Ry b2 ELXE, &
s 5. (B) GG, FR» S DD Lo, +2

123

©
15: /$&—> (C)

g\' W,
// . 'B(??*Bfn\

) T
¥ 16: /8<% —> (D),(E),(F)

DHfl LSO p 2T B0 R Y M A Lip) I2a Ry
NOMEET B & X5 B(p) ~OBEE LTIk 3
Z & THED S OIEEEDS Lyyar +1 DR L(p) IZ1F7AET S
oRy b EEESY, HEEENET 5. 2720, & B())
Wil DR THBGEE (B) DERIIFKERT, (4)D
NR =V OEENFKET BAGENH B2, (A) D
NR =2 OEEEEITS. (O) DEE, Fh oD
BEDS Lynae O EAAN D p ICHFEET 2R Y MMEK
BR(p) Bl DS TH Y, 725 B(p), £ R(p) D 5K
DEL S —HTHHERY NBFIET % & Z 55 BR(p)
NOBEE LRWTEIET 2 Z 2T, FAh S DN
Loz — 1 Ol ED 5T B(p), Fmi» S OFERED Ly + 1
DI R(p) AT HORY F2EEIEE. FHans
DD Loy — 1 DEIED S p/ IZIFAETHERY ME
MTL)zuRy NBFET DL E/[MT(Y) ~DOBH)
ELRWTEIET S Z 2T, FHmD o DM Le, +1
DETL(P), DD ER(p) CHEETZ20RY b & E8E
S, EERENET S, (D) DGE, B\ O % ik
THZENTERVD, FHELS DN gy — 10D
Rp TFET 2Ry MIR R(R(p)) ICFET 50Ky
NERHBTHILNTES. A R(R(p) X, FHE»r5D
PEEEDS Lo O EO S E S p L U2 ELY) I2H
720, BL(p)IZeRy NPFET HEDHRE Y 1ZF
£T20Ry NI B() ~NeBETE. ZOD, i
PITAHES 2R Y MIE R(R(p)) la Ry b AEET
% & ER BR(p) ~NOBE & LIAWTEIET S Z & TR
P ITFEST S a Ry bR BRI TS I L THEZENEEY
%. (E) DGE, FEED 5 OHMED Ly — 1 DRp 2
BFIET 2Ry NS Blp) Ka Ry NBEET B L &
M BR(p) ~NOBE % LR WTEILT 5 Z L THRALS
DEEHEDS Loy — 2 D5 B(p) IWFAET 20 Ry b % 5
X, EEEEMT L. (F)DEE, FSD S O
M Lpar —3 DR p IZHEETHHERY MIE T(p) 121
Ry NOEET 2 & EH R(p) ~OBH % L WTELL
T2 L THREDS DHMED Lypae — 2 D T (p) (217
T 50Ry MEERSE, EHEEEETS. (G) DS
R — 2 DERIE, Lypas =3 D& EDAFEAT B ARENE
DHD. Lyae >4 DG, FEH5OHML 1 THD




(G)

B 17: A% —> (G)
AULE D S DFFBEED Lipge — 3 AT DEE D EED
JE 55 & DEEBED Lypar — 1 D AU > THEET 5753,
Loz =3 D& S IXFE S S OIREED 1 TH S UL H M
O DEEBEN Lpoe —2 DR E 705720, R0
BN 1 THEAR p IZFEATEERY MIFE M S D
MiaZxSICAE D, D% 9 BR(p) (CBEIT 5 WEEM:
RHY, FRIZEMLET SRy b &fized 5 aetksid
5. FITHEMIZEET 208y M, FSD S OFHi
N1 THEEIZ 1B RY MPEELRWGE, OF
DEED G S 4T ARTIZERY FAEEL R WEEIZH
FEITS L5195 e Ol bEET 5. KoT (4)
~(G)2TOHEITBWTEEIHELLWDOED, #
BeaRy FOBENT L BFE— R TOEEBIEFEL RO,
O
fiRE 3.2, flepe EPITHFHETRHUXRY MEwOMIE L
FDOEIIKETEI N TE S,
EEER . N oep IZAFAET B AR Y MIFE A S DFEEED
Liaz +1THY, D5 BR(ep) Wil EORTH 57
&, A2 -2 DEHELANIITS TN TE RN, £z, X
ep DEMZFZTRIEG RIT4 RFET S (K 13). =
ep BIZFAEST 20Ky N OBIEILA Blep) (CIFET 5
ORy MIEIHEFET 20T, KRBT, 5 Blep) L
OuRy hOBEOAIEHUTIEHZITS. & Blep)
WIFEHET ARy ML, Meplla Ry NBIFHETE &
ST DEMOW 2= L TWAR, BEidsZ 2k
TERWV.
o M 1: 1 BR(B(ep)) lZuairy MHFET S (A3 —
1&0)
o M2 BL(ep)lza Ry NDMFAET B (A3-3 &Y
)
ARIFHTIE, EEHDOES ShDOLULEITHI-INEEIh
BNGE, BT RORMEDRRINDE L ERTIET,
i Blep) DFAET 20 Ry FAVWTNBEL, Z0OF
B, HepDu Ry bW L HIIBETEZ 25T, &
BR(B(ep)) 3 L EDETH Y, A3—125 L EORIE
TRy b THESTWTED £ EOoBa Ry NEBET
SR WGEEM L IXEBIZHi - SN 5. RO TEM
1 Z K7z Uit 6 LARE L, £ EDmdeTuRy
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18: S DI EDRITIFAEST 20 Ry b ABEHTERWEGS

FCHFE->TWAEEL L EizaRy NOFELRV
PIAET 25ED0 B0 2E R 5. YOI L EORH»E
THRY P THESTWIEEENET S, DL E, L
FE 4L, BOORY SBFEL, Lpae DIRED S
L EPSNZIZEA Z/0ATRY NHFEIET . 5 Blep)
IZaRY MOMFIET 5728, s BL(ep) \ZIFAET 20Ky
Mt A4 -4 DEMEERITS 22X TERV. £oTL E
DEMAETE Ry hTHE->TVWSEE, KT A4 -3
DEEZRITI LN TEL I L 27T, A4-3 D%
175 72121355 BR(BL(ep)) & 5% B(BL(ep)) iz a K
NDFEHERTS, DRl T(BL(ep)) & 5 TL(BL(ep)) IZ
ORY FAFIET B BEMNH B, T(BL(ep)) 1355 Blep)
THY, W TL(BL(ep)) 3 ep TH B2, £HL 65D
MIZHBRY NDBFET D, DT BL(ep) ITFAET
BLHRY b2 AL -3 DENEEITD Z LV TERWGE
1355 BR(BL(ep)) £ 55 B(BL(ep)) D EH Hin—, %
ZIFEADRIZERY NHBFEET A TH D (K 18).
M BR(BL(ep)) & 5 B(BL(ep)) ®Wi /i DmIZE ARy b
PEHETLERET DL, mep &l BL(ep), £72:
BR(BL(ep)) & 5 B(BL(ep)) D 4 sIZ B Ry MHFET
5ZLiZhb. TNOARIEL LA DRTH 720, L
EPAMZIEE A ZEDOAORY NOFAETEHI L L FIET
5. XoTrlep EAIBL(ep) iRy MAMFELPD L |
DEPETHRY NCTHESTWS & E, fIBR(BL(ep))
L B(BL(ep)) DM F D0 Ry SDBFEHET DI &
X722\, 5 BR(BL(ep)) \Z0 Ry MHMFET 5 LANET
%. RUBR(BL(ep)) ZHEAET 20 Ry M S L&A
DIZBEIL LS & T 5 (44 — 1,44 —2),A4 — 1,A4 — 2
EHoDGELMDFUTAFET 2Ry MZX > THE)
EITRAROVATREMED D B 03, TD &S & aid £ RSt
DETH VDD ep, £ BL(ep) TR, L EESMC
EE4 ZHOAERY FBFHEL, £ ERAMIIER ep,
R BL(ep), 5 BR(BL(ep)) D =z TRy MDBFET
%78, s BR(BL(ep)) \Z1#{ET 20Ky b OBE %
giFsmRy MIFELRW. Lo T BR(BL(ep)) IZ
FAETH5HRY MIBTHEIDIZBETES. RO TH
BR(BL(ep)) IRy MAMFIET B Z Lidgn7z
&, s BL(ep) \ZTFET 50Ky M A4—3 OEERLT
SZEMNTE, b2 %7237 %%, s B(BL(ep))
IZaRY MDBFEET S LAET . 5 B(BL(ep)) \ZIFAE
TH5RKRY MIAS-1 EDEED S EOMl E TRV
ZaRy FAFEELRWEAEZD S EORICEEIT 5.
ZZTL EYIMTIER ep &5 BL(ep), w B(BL(ep))
ZHARY SRS 720, HED S EOfl ETRVT



(a)

B 19: (a): @Ry b OFEL RV by 125 by (CFET B
BR Y bABH) (b): B Ry FDOIFEL RV b 12 L SN
FAETZ20XRY vHBBEHL, £ EoaRy bDIFELRWED
b3 GARY AR

ZuRYy MOFETSHZ LiE\w. Ko T B(BL(ep))
AT 5uRY MIBTELD S Ll E TR\
BEITE 5728, il B(BL(ep)) \ZkiEIZaRY b7
ETEHZ LR, £A2FOEED S Lol ETHRWE
\$5 BR(BL(ep)) TH %M, # BR(BL(ep)) \ZIF#ET %
ARy MIBTHEEDICBEITE 5729, 5l B(BL(ep))
CFET SRy MAYS BICBEIT S Z & Tl BL(ep)
WZEETZORY b5 A4 — 3 DEMERFT 2 Z\WVREEIZ
RBHZ 2w, PEns, L EDEAETaRY M T
WE->TWBGA, BT 8 BL(ep) \ZIFET 20Ky b
EBEITE 8720, K2 %2530l k5. RIZLE
DEIZARY DBREELRWEDLR D IGE2INET 5.
£ UM BR(B(ep)) lza Ry b RFIEL BWEGE, &1
72 LW\, 5 BR(B(ep)) \Za Ry kA7
T AEEEINETS. 22T, HADED G FORE
D p; ZUHRREUT, FHEH» S DD p;, LRI TH
% & WA O OIETAEARTZH] B, = (by,ba, -+, bm)(
f:ffb, bi+1 = BR(bZ) TZ@E) ) %ﬁ%‘%j—% Bri @i%
&, By, = (ri, BR(r;), BR(BR(r;)),--+) &7, D
EFHD S |By,| = 4*dist(O,p;) &725.

BAR# Blep) % by £ U, by &I E L725] By, 12D
WTHEZ 5.

1 2 LUTWAZD, by iZiEa Ry bAERE
T5. TDD, bi(i > 3)IZDVWTEZS. b Dl E
PADFEDE E, bizaRy SHBFEEET, b —1128
Ry NPEETDHEE b, — LIZFEET IR MMy, I
BE#IT5 (A3—-1). TD1D, i < Lypye, DEETRY
FOBFLELURWVED by & 05, ZDEE by ITFEET S
ORy MABEITE, &1 2KRICHZTIE EFE
T 5.

PG > Lo £9 5. b i20Ry hOFERET, £
72 b Bl EDAA DD &, aRy MDOEEL RV
BATEEDICBEHL, @ LoSAR Ry NOFIELR
WA,

b Iz Ry NOFEET, £/2b B EOMDE X,
FOLb;) L5 Bb;) DM HD I v Ry S DMFEL 72N
Ba, A3—2 %50 b, —1ICFEETBaRy My, 0B
95 (X19(a)).

Wiza Ry bDEFEEL RS D Dl EDORTH Y,
Lb;) €713 Bl;) lza Ry sBEET 2BE%E %
5. ZOLE A2-2,A4—4 KV L(b;) £721X5 B(b;)
WCFEET 2Ry b—BMBE b CBEIT S (X 19(b)).
oTL EouXRY bOFHELZWROEIIEAST 5.

125

& 20: (a) f B(p) ITIFET 50Ky hASE BL(p) IKHEIL,
L LDERY N DAL LR\ R OBA— I (b): sl p 12
BAET 50Ky M3 Bp) WHEBIL, MRIIC L oKy
N DIFFE L2 W OIS AL L A

ZZT, Miep TRWVWE peEPIZHRARY MOBFEET
L&, M B(p)OuERY MR A3-3 L0 S Dl ED gL
WZBEIL L EouRy b DFAEL RV OIS %
ZeNH B (H20(a). LrLIDEEEp IFET S
TRy MBS R B(p) \CBEIT 2 72 OFERANIC L ED
Ry b OFELROVRDOEUZZLL e\ (K 20(b)).

UEMS, aRy NOFEELROVA b il ED o
LE, ZTOMIT Lb;) £721355 Bb;) ITIFET A0 Ry
F—BRBEIL T L EOBaRY bOIFEE LR EDOED
WIS, oRY SOFELBRVED b, — 1 ITBET
5. BRYy hOBHIX L EOROEEL 720, Lb;)
E7I3R BO;) ICHFAEST HERy ML BICBEITSZ
ENEDIRLUEEZGAVTNL EOSAETHEARY b
THES. 20L&, BITFRM2 2T 405.

—45 U L(b;) £ 721385 Bb; ) \ZHAET 20Ky b £
NOBENPEET, BRY FOFELBRVEIBEIL T
W&, WbL,+1 CO Libr,,,+1) F2BRB(bL,,,.41)
WZFETD2HRY bD/ b, 1 ~NOBEIHE E 4
S5, BARY POFELRVRIE b, ICBEIL,
i < Lipae PEEARY NOFAELROVIIHBT by T
BEIL, &1 25082 TIe e FIETS.

UErSfHeplzudRy "BFEHETELE, VORI
M1 F/IIEM 2 R I LR BDT, by DFED R
Blep) \AFET 2Ry NIV ONIBHTES. ko
Tl ep IAAET 28Ry MEWDO DL Blep), 2%
D LECRBETHEILNTES.

O

R 3.3. FmD o DD Ly + 1 PAEDSIZIFAE
T5aRY MIfep WO IBHTERETH S
FERR . JRA S OBEEED Lipar +1 DAL (# ep) IZFAET
2Ry ME A2 -1 KOBELEORIZERY FAAVWAR
THUER ep 1Mo THEID IZBEIT 5. #3225
Mep IZFETHHRY MIWDH A Blep) IZBEIT S
DT, AEIDIZ—RBET S & ep IZEET B AUTTF
ETHORY MIE ep lZBEITE 5. WIZARID IZZ
FREIT 2 &l ep [CELET B RUTFEET 50Ky M,
BEIED A, A0 —[EBEIT 5 &5 ep ITRET
LRTHB-D, FARIZE ep CBEITE 5. DUFFEIKE
12U TIE D S DI Lyae + 1 D5 (# ep) ITIET
508y MIWDPIEE ep TBEITE 5 (X 21(a)).
JE R 5 DFFEEDS Loy + 2 PA LD E D fUTFAET



(b)
21: (a): R0 & DEEHED Lypae + 1 DRUTFEET 51
Ry ND L ep (A > THIE D ORBE) (b):JF A0 5 OREEED
Liaz +2 A EDH EDSUIZFHAET 200Ky M OFE SR AHAND
BHE)

L(p,) Pz

P1
? BR(p,) L(pzl Pz

B(p,) ? )
S // R

(a)

22: (a): &2 5 DYEHEDS Linas + 2 ,L)\j;(}),\ﬁ“ p1 \AEETS
2Ry OFHE (b),(c): RS DEEMED Lyae +1 DR p2
IZIES 5 a Ry hOEE. (b) D B(p2) 135l ep

208y MEAL-1 KOBELEDORIZERY BWiRl)

UL BT - THREAMICREIT 5. D S O
D Lipar +1 O EDSUZHFET 20K Y NI ep IZH
FTEHDT, S DIERED Ly, + 2 Ol ED gL
WIFET SRy bE R ep ZBEITE S, ANAEBRIZ
U T S DEREEDS Lyyag + 2 AL Ol 1D s F1E
THEARY MIVWDDII ep CHBITE 3 (X 21(b)).

JE 2 S DFEBEDS Lo + 2 LA EOH ELIS D RTH
0, BEIEOEDEH EORTHD M EMp 2 T5. &
VWCIFIET A ER Y ME Al -2 KO BEIRED R Blpy)
&, BEYEOSIZEEIT 5 a5k DH 28l ED R BR(p )
ZEARY SDIWRIT LR Bpy) CBEIT A, #il Eon
Ay MEWOPEA ep ITBET HDT, mp ICHFET
20RY MIWOR I ep KBBITE 3 (X 22(a)).

JE RS DFFHEDS Lo + 2 A EOE LS D TH
0, BEIEO D, FHh S OB Ly, +1 TH O H
Dl LU D TH B mlpo ITHAET 20Ky M A1-3
L OBENED Blpy) &, BEFEDRIZHEIT 5 Alaglk
DH BRI S DEEBEDY Linay +1 DR Lp) IZHEARY
N DSNAR T AUE R B(p2 ) BB 5. BEIED S ep
ROIER ep ITFTET 2R Y MIWDONIEA Blep) IZ
@ﬁb oep TR\ %ﬁﬁ#é@ﬁ%ﬁlmm+1

CHEET AR Y MIWDODIEE ep THBENT 572
&') ﬁpg IZAFAET 2Ry MMIWODII ep ICBET

% (B 22(b), ().

D5 DFEEEDY Loy + 2 AL Ol ERAAD LT H
0, BEED SRS S DEFEED Lyyes + 2 PAE O
LUADETH B ps WHEMAET SRy M Al -4 &
OBENIED T B(ps) IZH ARy MW IIERBEN D £
WZRBEIT S, ZTDZDWVORIEM p T2EMp, DVT
NNIZBETE L0/ ps ICFEETHEHRY M ep
HEITE 5 (X 23).

DA ER S S OREBEDS Lyge + 1 A ED R (7272
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S SN N
T
lB(psf

lpl. o

m23)ﬁﬁ#b@ﬁ%ﬁLWH+2ML@ﬁp3uﬁfﬁé
oRy N DOEE

\ﬁ)'w)mm.\\QEm)m)jwk
N X
. He Rlp) B(p) ﬁ T(p)

. BL(.p) w /‘)l/g) R(p) TR(p),
* oL PomprroMEES R

Ul ep ZBR< ) ITFAET 2B FR Y Ml ep
BETE5.

WDk

O
R 3.4. L Lo Ry MIFE/AD S DFEEEDS Lge O
M, F7203 Lyae — 1 DEPIOSIZBET 2 Z 2 id a0
FEER . L EOR plZFEAET B ERY M A3 - 1,43 —
2,43 — 3 &V BR(p) £721355 B(p) LB#T 5. ™
24 XV BR(p) X L DS, S B(p)iES LDMTH
5728, L EDOTRY MIFEMH»SDOHHED Lyer + 1
PAEDR, 7203 Lypaw — 2 A FOEIZBEIT A Z 213
AN

O
78 3.5. S Do Ry MIF S DHEEED Lypgs D
R, E720F Lypae— 1 DSEUSDSITHETT 5 Z 2137200,
FEEA . S EDS p ICFETSHHEARY MK A4 — 1,44 —
2,A4—3,A4—4 X 0 £ BR(p) £721355 T(p) 8T 5.
425 & 0 BR(p) & S LD, £ T(p)Ix L LOET
H57-d, S EOT Ry MIF S S DD Lyae +1
PAEDE, 7203 Lipas — 2 A FORIZBENIT 2 Z 21
AR

O

i 3.2,3.3,3.4,3.5 2 5 LA R DRAHEL O LD,

% 3.1, FEH»S DM Lyes + 1 A EDFRIZEET
2Ry OB UM 5 Z 2 idkw.

8 3.6. FA S DIEHED Lyyer — 2 DRICFET S
ORY MIWONES BITBHTE 5.

SEER . % 3.1 K0 EED S DIEEEDS Lypes + 1 BAED X
AT 5aFRY MW ohrWi 25728, ITFEMN
PO DD Lpee + 1 A EDIZO R Y MMIEFE LR
WwWHbDE 95,

JE DS DFFERED Lypaw — 2 DEITFET 20 Ry b
FAS—1 K DEED S LIZBET 5. £/, A5—2 &
DEED S BIZBETE 2 WSS IZAE D IZHEIL T
%mfmésiwﬁiuﬂmﬁ%PT(l%y



\ [ ] L ]
?2J1%zmm K\K\TW)

o R B(p) R \T(p)

, BUp) B(p) % .y(ﬁ//;/p)/T:R(p).

B 25" S Eofip L ZDJEM 8 4

X 267 A S DEMED Linae — 2 OAUTHFET 2 TRy K
DEE

S EizaRy FDFEIELRWEDFET B854, TD
MO EDED & &, JFED S OMEEED Les +1 D
WZaRy MIFEELR W=D A4 -2 k0 S B2~
EDK@%?%&%L@%K%<B£Vbﬁ%f%k@
WIZBEITE S, SO EORIZEET S Ry MIR
ﬁ#b®%%bLWm+1UL®£ OR Y NEEL
MWD, A4-3 &0 S EEERDIZBEITAZ IR
W, 7z, L EOTRY bHFEED»S DD Lge +1
uk®ﬁmuﬁybﬁﬁﬁb&wtb,A3—3;DS
IZBEITAZ IE . D7), S EouRy b
ﬁfb@mﬁ@ﬂ%# Sh OB eidmn. £oT
JE S5 A & DERRED Lipaw — 2 DEUTIZET 20 Ry M
S Fizury NOFIEL R WVEDMEIET BI5E, VWO

XS EIZBEITAZ N TES.

F DO DS DIFEMED Lipaw — 2 DIIZIFET S
ORy hB—HH S LIZKRIIBETERVWESIXS
EReTuRy hTAERIZHESTWAEAETHS. S
EoaRy DS UNANDREEIE, A4-4 D S Dl
LR pITFETZURY Mz kb LDl EDRL T(p)
NOBEDOATH S (X 27).

ZIFET B E R Y FAKEIZ T(p) CBETE
WAL, A4—4 &0 TL(p) £721& T(p)izmaitry
N DGR IZFET BHAETHS. LU, TL(p) EEN
#6@%%#me+1®51%0,%5#6®ﬁ%ﬁ
Loz +1 A EDRIZ ﬁ/%iﬁfb&mtb Mp
FAET 208y FAKEIZKA T(p) THETE LW E'/\
1%, T(p)izu ﬁ;b#mk CAFET BB DA TH 5.
DT, SEFEToRy NTHE STV THRDFEEL
5 DPREEM Lpoe + 1 A EDFIZE R Y MIEE LW
CE, LOWEDAFDIBARLEE 1 AIFu Ry b
PEELRVWREREZ L E2RT

R T(p) T ETSHa Ry M, & TL(p)lzury b
MEET DI LBV DT, A3 -3 D&M TZ
IRV, DED LB EDFITHFEETSERY MES

IBEITAZ213m, A3—-14&b L ERAMDIZ
BET2HEOATETH 5. L Ol EDSITEET S
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X 27: S O LD p 5 L OB LD T(p) ~OBH. X
DR TL(p) 1d ep

Ry ML EERAR D IZBEITERVEMER, TOB
FEOMIZORy MIFHETELEOATHSD. DFED,
L O ED 4 FUTIFAET 20 Ry hETHD L L2

CBEITERWE E, £ EITiE, LOfED 4 AL,
ZTOAEDD L EDHD 4 HOEH §izu Ry A3
F1HET 5. LhL, SEOfMRETuRy bTHlF-T
Wb E, S EIZ3 40 —4BDOORY SDFEFEL,
n— (ALmes —4) <7 &0 S EDSDEIZIE, BATE
DAARY FFET B L EFETS. £oT L O
FOEDS>5, D s—HidaRy NOFEELRNY
Hehb, ko TSSO EDEIZEET S U Ry b
WL —ENLLEIIBETE S,

PAEDS S EDKAIZEHE>TWB Z 2 iF R, ko
T, BEEDSDIEEED Lygs — 2 DIZWESERY M
WONES EIZBETE 5.

O
R 3.7. FUSH S OFEEED Lyar — 3 PUF DAL (JHAT
BL)ITFET 2R Y MEWD2IRE D S OFHEE

Linaw —2 DREIIBEITE 5.
SERR . A6 — 1,A7 — 1 X O JE DS DFREED Lipas — 3
UTRDEMUADFICHFET 208y MIBELEZ —>
U R 3, FHah S OIEBEDS Lyyes — 4 PAT D DA
ADOFUIFET 28Ry M, TOM—DOBELD I
ORY NPEFEHELURITNIEBEITRETH L. FmhroD
FREEDS Lypaw — 3 DFE SN D SIZHFET 520 H Y MMt
A6 — 1 X OBEIEDE S S DIEFED Lgw — 2 DR
EREED RUICREET 5 AREMED & 2 JH Aih & DEEREN
Loz —2 DD EL SMZORY MDBIEFEMET 254
FhaiThR\, HE 3.6 L0 AL S DD L0e — 2
WZAEET 28Ry MIwonid S LizBEL, i
3335 &0 SEHIFL EDaRY NHFE S, S DR
M Las — 2 DRWIBEIT S Z 2130020, FEDr6
@ﬁ%ﬁLWmf3®Eﬁu%®ﬁtﬁETéuﬁvb
WD D S DFFEEDS Lpw — 2 DI EIT S
ZEMNTESL., LoTEEAPS DO Lyge —4 AT
DFEEUND AT 20 Ry b RBRIZWDDITE
B S DD Ly — 2 DIICHET 2 Z 2N TE 5.
Eﬁkﬁﬁ?éﬂﬁ/biAB—libﬁ5#6®%
HEAS1 D ETIZaRY NBELELRWIEEFEEAR 5D
ﬁ%ﬁl@ﬁuﬂﬁf%é.ﬁi&thMif®#%
MO MERS DS OB Lyee — 2 AT DI
FETBERY MIvwonitk S FicBEItE5. £/
Linar >3&0 Liaw—1>2TH Y, Fih S DOIERED
1DFEDLERIZS EOETHEZ L3 Td, JFH



WZAZEET 2Ry MEW OIS S OIEREA 1 D&
WZBEITE 5.

o TE D S ORFMEDS Lypae —3 AF O (FAET)
ZIFAET B AR Y MEWODIFE D S DFEEED L,y e —
2DRIIBETE S,

O

i 3.4,3.5,3.6,3.7 B S LAR D RDIK D 31D,

% 3.2, AL S DM Lyge — 2 AT O EIZEIET
2Ry bOEEIXED UBEINT 5 Z 2idw.
F¥72, R3.13205LNFDRMPED LD,

% 3.3. 2 TOTRY bV ONF L F2IES LI
BEIL, LE£-13S LOMIZHEETSZ2uRy NI L
&S EUADFICBEIT S Z &1,

R 3.8. 2 COURY MWL F/2I1ZS EOMITHEAET
&, LEDEMKETORY NTHE 5.

EFBA . A4—1,A4-2 k0 S LO#h ELAD SITHFAET
2Ry NIl EDEIZE D> THEEIDIZBEITS. L
BLUOS EUADSIzaRY MIFEEL WD, FE
S DHMEN Lge —2 DEIZERY MIEFEEET, B
D IZFEMET 20 Ry NSt Da Ry MZEE %I
onadZeidhw., SOl DS p TFET 5Ky
NI T(p), 55 TL(p) WAIZB Ry s DFHET 254,
S LaAR D IZHEIT 2 WA D B D, s TL(p) 1% L
F7203 S EDFETRWED, BRy MIFEET, 20
BEIZITS 23w, XoTS EicuRy FABEFEHET
L6, Pt —HBIZS Ol EosicBEL, /-
il BN SHEEBIDIZBEIT S Z 23\,

72, R TL(p)lza Ry MPHEIEL R\, A3—3
KOE T(p) \TFETZORY "R HpIcBEITEZ 2
AW, DFED L EOBRIZREET A ORY PSS ED
MIZBEIT 5 Z 2.,

LEDFIZEZORY NOFLELBRVEPELET 25
A, A3—-1,A3-2 %0 £ Eou Ry ME L EEARD 2
BEHLEI>ET5. TDLOMLT L O EDOMIZTRY
FAMEAELRVIRBEIZ 225, ZDe & SOl LD p iz
FAET 2Ry NI TL(p) cakRy MWFETE I L
Wz, Ad—4 &0 LD EDRTH B T(p) T
BETES. £72, Lina = 2] &9, 4Lpe <n %D
T, L EDEOEIZORY hOBRBUATTH S0, L
PHE > TWRWESERT S EogizaRy bWEET
5., FoT L EDEMRETHELETS DI EDED
TRy ML Ol EOIZEEIT 2EENEE S, Lo
T L EOENPTRTHEES.

O

R 3.9. 2 TouRy bW L F/-X S EORIZERE
ULDD L EDEPETaRY hTHE->TWEEE, L
o Ry MIETEHIET 5.

SEBR . £TOuRy ML FZIES EORIZERET S
720, DS O Lyes+1 Dz Ry MMIFEE
LR\, DT LD EDRZRp T 5L Lp) I
ORy MMEET B Z 23z, IRy ME A3-3
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X 29

DEMEZ T 23w, T2 L FEogE»xecarRy
MCHESTWSE/-D, LEDETOORY MI L L%
GRDIZHETSZEIZTERY. DFD A3—-1,43-2
DE&MRFE-TIiFRW. koTeTouary bW L
73S FOFIZEELDD L EoERETa Ry b
THE->TWBEE L EOORY MIETHIET 5.
O
HRE 3.10. £ToRRY "B L F-IES EDOSITELRE
LD L EDmBeTcary hTlHlF-oTwWbeE, S
ooy MIeTEHILET 5.
EER . L EOEAETuRy bTHESTWAZ 2D
5, L EYANZIZELZ=ZEDATRY MIFMHEL, £T
oarRy bR LERIFZS FOERIZEETADOTL 7~
IS EUADRIzaRY MIFHELRWED, S EiZid
F2ZHEOAARY MIFET . S Ol EMAAD i
FAETS aRY ME, A4—1,A4-2 L@l LD p £/
WXEHEH DN B g hN LD s THDME— DB D
Ry NREHET S EICEET S ETREITS. D
728, S FIZUTFOWTNrDREL 25 ([ 28,29).
(a) BARY FAFAEL 2
(b) &TOURY bR L0 EDFUIZFET S

(c) Mip&, BEVEDRDPR p THLM py IZRARY bAT
FES %

(d) B ED2 e, BEEDOER p THEp I2aRY
N DMFEET B

(e) Bip &, BEIRDEN p THBE p BEIUE py A
BEIEDRTH DM p I2aRY MWBEFEET S
(a) DHBEIFORY bAS BITHIEL RV DEEL
AN
ETOURY bR L FZIES EOFIZFEET D720,
R TL(p)IZa®Ry SPMFET S Z &idn. koT A4—4
DE&EMZETZ2i372n. Ko T EDFUITFEET S
ORy NBBEITEZ 2 idRWn. TDe, HE—DORE)
ARER D p TH B i py ¥, MWE—DOBEAIHEZR MM
P THDEEp ICHFET SRy NEBEITAZ L%



W, DT (b),(c),(d),(e) EORETH->TH S Eon
Ry "DBEITEZ 2iF0. koTRTouRy b3S
LERIFES EOFRIZFEEL»D L LOEBRETERY
FPCHFEFSTWEHEE S EoaRy MIETEHILT 5.
O

i 3.9,3.10 2 S L FDRAEK D 7D,

EOMATIHRY MAFET 52 &, £TOBAY K
IXERIEd 5.

%3.3,34, WiE38 1S TFOBEMN DD,

EIE 3.1, BET LTV XL T OMED FTHTFE
W EICBWT, — AR 7 <

TRy b ONAE small. HEEEEE R 2. M(v)
AT BtoR Ry FEBITES. Bk Y FOREK

PHloTW5, KEIATH 5. O
4 BbvYIC

AT, ZVy R ETOsmall 1 X757y haRy
D= HEEIZOWTE X,

SBROBEE LT, HBHMEZ ARy HOREH 8 D
AL UGG, aRy M A X% large & L7283 Y
ZOWT— R APfEEZ RS TVITV A LEEZD L
NEFOND.
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TFA V2RO 2 B0 Ry FDT VT T —IZDOWNWT

B KIS fIH 22 Al S
DERBORF R G T A 7RO R LA R
FIRBUR Y TG R A2 R
AR LR R LA e RS S L2 HI

B ey F oRESEE(T A MR, JERIIE T vIicE T 5 2 B HEREE R
MCX2 7T 7—MEICOWTERLTWS, 74 2Rz wEANZe Ry b5
MBnTliE, Zv 77 —MEiE e ZERET A TH o TH R TRV LA b
T3, L2L, B2 FRRTEELI74 b effol b To vy 7 —MEPAfiRE 7n 55
anb s[5, 11]. A LfhouRy b0 74 b 2BHITE 2354 (full-light), JEFME T v
THEIESS non-rigid DBE, 3D TA FEMAGE LTI VT T —[EEAMRICTE 5.
Z ZC, non-rigid & 3B Ry FAFELZHHICEEL ZWAlgEEL2H L 2L TH D,
oG, Yix L b RMEBIEEHES > 01388 T 5. FHR I N BERMICLTEES 545
A% rigid £\ 9. 7z, full-light, non-rigid DF:FEHET LTI, 2D T7 4 FEHWS
Ty VT 7 —REMRAfEIC R B [11].

Afacld, ERMEFACHIRE 5 2722 5 2K L, 207 5 2 H T3, full-light,
non-rigid, 2 4074 b CTT VT T —MEEZWRICR S Z L ERT. T, JERAMIET L,
full-light, non-rigid G, vy b2 E/NEEIFEEES OEICE$ 2 Mz o Tw 354, 2
BDo74 VCT v T T —RMEERICRD LR

1. iELraic A 7 NARTERICHIRR X 3 (IEE0TE). £ 7-,

HESEBe Ry PREE X, 28 AT 4
DWFED—>TH Y, HEOr Ky + 2 H
HAICEHE, BEIZ 1TV, 2k Th 2MEE
ffRiks 2 v A7 LCTh B, i CIIBERE
TNEW -T2 DRFETH 5[1-3, 7, 10].
7Ry MEPE EcHERICEE, BEi%
fTomeLTETMLEN, HRICXoT
k% #B3 2 2 L1FTES, H—DT
o) XL %EITTS5[4]. vF Y b T active
& inactive DIREED B b, FiF TIIFEH D
B (Look #iy4y), 1T XD FHHE (Compute
), B#Ei(Move fv4y) ZNEICTT 5 (LCM
P A 7). Look iy T b - 1HHRIZ Y

#uRy b LCM %4 7 L DRI RS
25 3 DDA Y 2 — N FSYNC (4 [FHH: 4
Ry D LCM 4 7 o BhifEnsHhm),
SSYNCCE[FM:FSYNC & [Ek:TH 3 23, B
FELrvweRy b2 1 B EHFT),
ASYNCGERIH: v K v b 2307 L CEIfE
THERERTE L. L EoEARNZET L
Tit, GaohMELEL S22 LR
W RIGELRH 5. 52 b ME% v fE
327200, LERKRDORES ZHS 5
ICd B LiE, HEDEE Ry FEDSE
TOHEELHFED DO TH 5.

HHEor Ry F BMEEOYHIRED > H



REFRINICH 52 LOHRD LT Rn—
RICEAT 2MEZEAMEL VW, 7R
v FOBHED 2 BOEAMEE T VT T —
M & W . KfETlk, ASYNCEFT LT
v 7R AR E 35 -0 I BRI
FROBESCIEIC D WTEE LTS,
LHME(Z v 7 7 —M#E) 1X, EARNZR
Ry b o4, FSYNC €5 L CRIfRETH
% %%, SSYNC £ F A Cl3IEnfREchH 2 2 &
D3 BTV B [4].
ZCEAM ARy Mg, HE DR
IR T E ZEM L v P ORCEEIR (T 4

M ZEEHLEZETABREIN TV S[5].

Z DIRAEIE Look @i CHEIHIL, Compute
MO CTHEFCcELId DT L. HEDIA
FOBREBHITE 53 D% internal-light,
HFEDOI7A toszBlllcE 0%
external-light, WD 74 + Z@HITZ 3
b D% full-light & IF.3:,

7, vy FOBEECONTLE X
% . Move f4 i ic, EHE X 17> HEYHICHE
FICKHTZ2DD% rigid &\, FIHEHEX
N7-HRIC 2 LV EP R WEERH D,
P &b m/ANEENIREES > 013585 5
b D% non-rigid &9, 7, BEED
non-rigid TH Y, vR v A /NMEE)FREE
SICBT 2 HIEFr> Tw 3 4A, non-
rigid(+8) & &R 7.
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full-light ® ASYNC & F L D54, %8
W2 rigid 260X 2 B F A4+, BEIER
non-rigid 2 5 (X3t 74 F2HWwWB Z &
TI v T 7% AIf#IC7 5. external-
light ® ASYNC &FA08a, Bk
rigid 2o X 128D 7 4+, HHEIED non-
rigid(+8) 2 b IX3 D74 FEHWE T &
TI7vT 7[RRI S (D),

Afacld, ASYNC =7 vichiliR%E 5 2,
LCM # 4 7 ric 1) % Look 4y &
Compute fix s 23K IcfTbit s LC-
atomic & 7 V% F\»C, full-light, non-rigid,
2t 74+ 7 vT 7 —MEEARICT
B2TNTY)RAL%RT. DI 4 ot
DHEHNT, B ZEHE T2 703
ALDY T A% L), ASYNC €7V
ICBWT full-light, 2 A 74 Mick3 7
vTI 7ML T, 7R LICET S
TATY)RLIEEL BT EpEEHE
TWw3 [11]. L2 L%ADES, KfETRT 7T
NIV ZALIZIZTALICET25DTHY,
2 oo full-light TEETE 277X LIc)E
T5T7 AT Y XLICHT 5 ASYNC D145
x5 2 Cnwb, £z, ASYNC =7 L,
full-light, non-rigid(+8), 2 tAd> 7 4 + %M
wporT, vy 7—MEEARICT 2
TATY X LERT,

K1 7Aooy y Mick3s 7 vy 77—

scheduler movement full-light [11] external-light [5] | internal-light [5] | no-light [4, 9]

FSYNC Non-rigid O

Non-rigid 2 3 ?
— >

SSYNC Rigid : s x
Non-rigid (+8) ? 3
Non-rigid 3 ? ?
— ;

ASYNC Rigid 2 12 ? *
Non-rigid (+8) ?

BHRIE, FNXV I SICTHVIRETHBETHE L EZRL TS,
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Algorithm 1 Rendezvous (scheduler, movement, initial-li

FParameters: scheduler, movement-restriction, Initial-light
Assumptions: full-light, two colors (A and B)
case me.light of
A:
if other.light =A then
me.light «— B

else me.des + other.position
B:
if otherlight = A then
me.des +— me.position [/ stay
10: else melight «— A
11: endcase

00 =] Oy O e LD kD e

0

me.des +— the midpoint of me.position and ofther.po

Algorithm 1 (3R 57 v 2 — 7, BHEiE, 7
A b OYIREED 3 D& T X—2L LT
Wb, ¥£72, 74 Mdfull-light &L, A&
BD2tzffifd s,

EHE 3. Rendezvous(ASYNC, rigid, A) (%
v 77— TH 5.
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F7/-[11]1& Y, 2@%}%1/#:
ASYNC ET7MICK B 7V T 7—=T3Y
RLDHb, 7F7ALICET3HDIRFELE
L7z, 3 tax vz,
ASYNC £ETNVICX B2 F7A L DI VT T
— TNV XLIIEET 5%, LC-atomic
ASYNC ZH\» 5% Z & C, non-rigid T2 &

non-rigid,

¥ 7z, non-rigid,

134

D4 VCT VT T —RIERTRICT B,

EH 4. Rendezvous(LC-atomic ASYNC,
non-rigid, any)i%, 7 v 7 7 — [ ]fE
Th 5. TrbHYIHIREICED & T, rigid,
2 D74 b M7 LC-atomic ASYNC
ETNMCEBWTE, 7 7A LIZHpEEIND
TATY)XLTT VT 7B 75
5.

ASYNC €5, non-rigid(+8)

BEE% non-rigid(+8) & L 7=8&% %
zZ 5%, T Z7TIlx, Rendezvous(ASYNC,
non-rigid(+8), A)T 7 v 7 7 —[H#EH2 A fiF
& 72 % Algorithm 2 Z /"3,

2 5onuky b ofifx DIST L3 5.
DIST > 28T, »2H WD 74 + D B T
b5 EERBILGE, vRy FIMHETF
Il Do T8/272 T BB 21T 5. Thlisto
A rotaEEAL 254, BHD 4 b
D% BICHEFTT 5.

26 >DIST>8T, »2OHWVWD T A FHRA
THHZLEBNLZGA, BFOI4
Dtk BICHEH L, Auodhx  Hiib e
T2, Ao 74 rotarEIL 2%
A, HHDIA r ot AICENT 5.

8 > DISTD¥;1, EECT/R L 7= Algorithm
1 %<+ %. 2o DIST <B4+ 3% 3>
BaLy, BTN TE S,



Algorithm 2 RendezvousWithDelta (ASYNC, Non-Rigid(+4), 4)

Assumptions: full-light, two colors (A and B)

case dis(me.position, other.position)(= DIST') of
DIST = 24:

if me.light =other.light = then

else me.light +— B
24 = DIST = &:
if me.light = other.light = A then
me.light +— B

PADO B

2

me.des < the midpoint of me.position and other.position
else meldight + A
1 4= DIST: //Rendezvous(ASYNC, Rigid, A)
case me.light of

[cp=y=

X

A:

14 if otherlight =A then

15: me.light +— B

16: me.des + the midpoint of me.position and other.position
17 else me.des «— other.position

18: B:

19: if atherlight = A then me.des +— me.position /[ stay

20: else me.light « A

21: endcase

22: endcase

me.des + the point moving by §/2 from me.position to other.position
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any) %, 7 v 7 7 —REIIAfECH 5. T
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1. Introduction

Swarm robotics is an active research area in which one takes inspiration from social animals,
with the aim to coordinate a large amount of autonomous robots and achieve a common goal
[1]. The high redundancy and parallelization in the system brings a great potential for solving
real world applications such as a rescue operation during a disaster. Redundancy due to the
large population size of the swarm provides robustness. Even if few robots are faulty because
of a crash or a program failure, the swarm can still work towards the objectives. Parallelization,
also due to the large size of the population, allows to perform tasks involving multiple targets
distributed in a vast range in the environment. The sensor coverage of the area is expended and
each robot can patrol in an area. Therefore, swarm of robots could be deployed by first
responder during a natural disaster, cover the area and explore unreachable paths in a potential
dangerous environment for human.

However, a relevant question to point out is how the swarm of robots could operate in an
unknown environment where unexpected events could occur. Most studies have been realized
in confined laboratory settings with careful design that consist of decomposing the global
behavior of the swarm into individual behaviors, then encoding it within the robot controller.
It is referred as the “divide and conquer” approach [2], and this design method can be quite
complex as it requires developing manually through a trial-and-error process until the resulting
collective behavior is obtained.

2. Problem Statement

To remedy the problem, we concentrate on the capability of learning of the swarm robotic
system, in a collaborative fashion, so that the swarm adapts over time in order to maximize its
utility. A single robot improving its skill to solve a task over time, for instance navigate in
rough terrains, corresponds to the learning capability. In collaborative learning strategy, each
robot also learns on its own, and in addition each robot learns by exchanging its experience to
others individuals. Through knowledge transfer, robots pool their expertise with the aim to
improve their ability to solve a task faster and more efficiently. In case we have one robot that
increase its abilities at foraging resources, e.g. collecting raw materials, or rescuing the victims
in disaster areas; it is highly beneficial that it shares its knowledge with the entire swarm,
notably those who are the farthest from it and cannot be reach by direct communication.

3. Machine Learning Methods

To answer the problem, we are focusing on the alternative approach for swarm robotics: the
automatic design method [3]. It aims at generating behaviors automatically by optimizing
controller over time, and where swarm of robots learns how to solve a task. Automatic design
methods can be divided in two sub-fields: reinforcement learning and evolutionary robotics [3,
4].

Reinforcement learning is defined as learning a behavior through interactions with an
environment and by receiving positive and negative feedback for taking actions. The goal of
the robot is to learn an optimal policy, which is the optimal behavior mapping robot’s states to
actions.
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Evolutionary Robotics is a method that applies evolutionary computation techniques to
robotic systems. It is inspired by the Darwinian models of natural selection and evolution,
which consist of representing solutions as genome, and mutating, changing individuals to
maximize a fitness function. The fitness function measure how fit a given solution is, that
means, it evaluates the performance at solving a task.

The above methods can be both applied into robots of swarm robotics system without the
need of collaboration. Each robot learns and optimizes independently its controller to solve a
problem. In addition, the automatic methods have been traditionally implemented in swarm
robotics in a centralized manner. The performance is evaluated on the swarm-level, for the
entire group, instead of the individual-level, and the algorithm coordinates the behavior of all
the robots. This approach suffers from scalability problem, and we are focusing on
collaborative learning in a distributed way.

4. Collaborative Learning

Among the studies of evolutionary algorithm in swarm robotics systems, a completely
decentralized and on-line approach belongs to embodied evolution [5]. In embodied evolution
an evolutionary algorithm is executed in a distributed way while the robots are already
deployed in the environment. Robots exchange genetic materials when meeting, and selection
and variation are performed locally by the robot.

Even though essential approaches and methodologies has been stated, unfortunately, the
literature in collaborative learning for swarm robotics appears to be scattered and methods are
not properly assessed against a well-established state of the art. We are going to discuss the
challenges to be overcome in order to establish proper empirical practice [6].

The following application: “swarm robots for fire disaster search and rescue” is going to be
the use-case for the research of collaborative learning in swarm robotics systems. It takes the
concrete example of a fire disaster scenario that happened in the city for various reasons:
explosion in a factory, fire in a building or because of a natural disaster. Swarm of robots are
deployed in the environment to react quickly and largely before the arrival of human rescue
teams. We are focusing on the problem of how the swarm of robots could learn and collaborate
to rescue people more efficiently. As for the approach, a deeper look into evolutionary robotics
and reinforcement learning techniques is undertaken, and by taking advantage of the distributed
scheme of the system.
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Abstract—In the sensor network, a set of connected sen-
sors that dominates all other sensors is called the connected
dominating set. The minimum connected dominating set is a
computationally difficult problem proved to be NP hard, and a
number of approximation algorithms have been proposed.

In the present paper, we propose an approximation algorithm
for the minimum connected dominating set using firefly opti-
mization, which is an optimization technique based on behaviors
of fireflies. The experimental results show that the proposed
algorithm achieves a smaller number of sensors than the existing
algorithm.

I. INTRODUCTION

The sensor network is a wireless communication network,
which is composed of small autonomous sensors. Each sensor
can communicate with the other sensors if the sensor is in the
communication area. In the sensor network, a set of sensors
is called connected if each sensor in the set can communicate
with any sensor in the set using the other sensors as relays.
In addition, a subset of sensors D is called a dominating set
if every sensor not in D is adjacent to at least one sensor
in D. The connected dominating set plays important role for
collecting information in the sensor network.

Since the problem of finding the minimum connected dom-
inating set is a computationally hard problem, which is proved
to be NP hard [1], a number of approximation algorithms [1],
[2], [3], [4] have been proposed for the minimum dominat-
ing set. For example, an approximation algorithm using bee
colony optimization has been proposed in [4]. The bee colony
optimization is an optimization technique based on the habit
of honeybees.

In the present paper, we propose an approximation al-
gorithm for the minimum connected dominating set using
firefly optimization. The firefly optimization is an optimization
technique based on behaviors of fireflies such that flashes of
fireflies act as signals to attract other fireflies.

We implement our proposed algorithm and an existing
algorithm [4] in simulation environment, and evaluate validity
of the proposed algorithm. The experimental result shows the
our proposed algorithm achieves a smaller number of sensors
than the existing algorithm.

II. PRELIMINARIES

A. Sensor model

The sensor network G = (V,E) is defined by a set
of sensors V' = {s1,892, - ,8n}, where n is the number

fujiwara@cse .kyutech.ac.jp

of sensors, and a set of edges E, which denotes a set of
communication links between the sensors.

Each sensor s; has a circular communication area of radius
r, and the sensor can communicate only with sensors in the
communication area. In case that sensor s; and sensor s; are
able to communicate each other, a bidirectional communica-
tion link e; ; € E exists between s; and s; in the graph G,
and the sensors s; and s; are called adjacent. We assume
that direct communication of messages is possible between
adjacent sensors without collision.

B. Connected dominating set

In the sensor network G = (V, E), a subset D C V is called
connected if any sensor s; € D has a path to all of the other
sensors in D. The connectivity of the sensors is needed to
communicate data in the sensor network. In addition, a subset
of sensors D is called a dominating set if every sensor not in
D is adjacent to at least one sensor in D.

Therefore, the connected dominating set, which is a subset
of sensors that satisfies the above two conditions, is defined
as follows.

Definition 1: (Connected dominating set) Given a sen-
sor network G = (V,E), the subset of sensors D =
{Si1sSigs -+ 8i,,} (D C V), which satisfies the following
two condition, is called the connected dominating set (CDS)
for the sensor network.

1) D is connected.
2) Every sensor not in D is adjacent to at least one sensor
in D. |

Although the minimum CDS is known to be NP hard [1], a
small number of sensors should be desired for CDS. The CDS
is used for constructing virtual backbones for communication
in the sensor network, and a fewer number of CDS reduces
interference and energy consumption of the sensor network.

Figure 1 shows an example of the connected dominating
set. A set of sensors {s1, s3, S5} is a dominating set because
all of the other sensors are adjacent to one of sensors in the
set. In addition, the set of sensors D = {s1, 2, $3, 84, S5} 1S
connected by including a set of sensors {s2,s4} as relays.
Therefore, D is the connected dominating set of the sensor
network.



Fig. 1.

Connected dominating set

III. AN ALGORITHM FOR THE MINIMAL CDS

In this section, we introduce a primitive algorithm for
constructing a minimal CDS [5]. The algorithm obtain CDS
by repeating deletion of sensors. Let G = (V| E) be an input
sensor network.

Algorithm 1: an algorithm for the minimal CDS

Repeat the following two step for each sensor s; in V' until

no sensor is deleted in Step 2:

Step 1: Remove s; and its connected edges from V' and F,
and create a sensor network G’ = (V' E’) such that
V=V —{s;i}and E' = E —{e; s | 1 <k <n}.
Step 2: Check whether sensor network G’ = (V'  E’) is
a connected dominating set. If G’ is a connected
dominating set, set V =V’ and E = E’.
The obtained sensor network by the above algorithm is
apparently minimal because of condition for terminating the
repetition.

IV. AN OPTIMIZATION ALGORITHM FOR CDS

A. Firefly optimization

We first explain an outline of firefly optimization. The firefly
optimization [6] is an optimization technique based on flashing
behavior of fireflies. A firefly flashes to be selected by a partner
among the other fireflies. Each firefly select a partner with the
strongest intensity of light, and moves to the partner according
to reliance on the light.

To formulate the above flashing behavior of fireflies to an
optimization technique, the followings are assumed for the
fireflies.

o All fireflies are uni-sexual, and each firefly is attracted to
all of the other fireflies.

« Attractiveness of a firefly is proportional to intensity of
light, and the intensity decreases according to distance
between two fireflies.

o The intensity is associated with an objective function of
a problem.

In this paper, we assume that I; ;, which denotes the

intensity of firefly f; from firefly f;, is given as follows.

I,
I, = 3
A P
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In the above expression, I; is is an original light intensity of
firefly f;. In addition, v is a parameter for light attenuation
rate, and r is a distance between fireflies f; and f;.

In addition to the above, we assume a life span for fireflies.
In case that a firefly reaches end of life, the firefly is initialized
again with a new solution.

B. Firefly optimization for CDS

We now propose an approximation algorithm for the min-
imum connected dominating set using firefly optimization. In
the algorithm, firefly optimization is used for reducing the
number of sensors in CDS. We assume m fireflies, and f;
(0 < i <m—1) denotes each firefly used for the algorithm.

An outline of the algorithm for CDS using firefly optimiza-
tion is given below. The algorithm consists of three steps.
Algorithm 2: An algorithm for CDS using firefly optimiza-
tion

Step 1: For each firefly f; (0 < ¢ < m — 1), compute

an initial CDS using Algorithm 1 in Section III,
and then, compute intensity of the obtained CDS,
I;, which is given below.

I; =n —ncps

In the above expression, n is the number of all

sensors, and ncpg is the number of sensors in CDS.
Step 2: Repeat the following sub-steps by ¢ times. (¢ is a
given number of trials. )

For each firefly that reaches end of life, compute
a new CDS using Algorithm 1, and also compute
intensity I; for the computed CDS.

(2-2): For each firefly f; (0 <i < m — 1), find a firefly
f; with the maximum intensity I; ; (0 <j <m—1)
that satisfies the following condition.

2-1):

Lj=max{l; |0<k<m-—1}

(2-3):  For each firefly f; (0 < i < m — 1), execute the
following (2-3-1) and (2-3-2) in case of I; < I; ;.
(2-3-1): Let S; and S; be sets of sensors in CDSs with
firefly f; and f;, respectively. Then, create a CDS
such that a set of sensors is S; U S;. (Since S; and
S; are sets of sensors in CDSs, an union S;US; also
constructs CDS.)
(2-3-2): Compute a minimal CDS using Algorithm 1 for
obtained CDS in (2-3-1), and also compute intensity
I; for the minimal CDS.
Step 3: Choose a CDS with the smallest number of sensors
among CDSs in all fireflies.

V. EXPERIMENTAL RESULTS

Our proposed algorithm and an existing algorithm [4] are
implemented using LEDA 6.3 [7] and C++, and we compare
the numbers of sensors in CDSs and execution times between
the two algorithms.

We assume the followings for the experiment.

e An input 2D area: 100 x 100 square area

e The number of sensors: 1000
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Fig. 2. An experimental result for CDS

e A communication radius of a sensor: 10

o The number of fireflies or bees: 10, 20, 30, 40, 50, 60,
70

e A number of trials ¢: 300

« A life span of fireflies: 7 to 14

Figure 2 shows a part of our experimental results. The
number of sensors in the proposed algorithm is better than the
existing algorithm. However, execution times of the proposed
algorithm are about three times more than execution times
of the existing algorithm. The reason of the execution time
is that firefly optimization requires merging two solutions
and deleting sensors to obtain the minimal CDS when firefly
moves closer to another firefly. Since each bee discards its own
solution and copies another solution to its own solution in the
existing algorithm, the procedure of the existing algorithm is
simpler than the procedure of the proposed algorithm.

VI. CONCLUSIONS

In this paper, we proposed an approximation algorithm for
the minimum connected dominating set using firefly optimiza-
tion. We compared our proposed algorithm and an existing
algorithm in simulation environment, and showed validity of
the proposed algorithm.

As our future work, we are considering speed-up of the
proposed algorithm because the execution time of the proposed
algorithm with firefly optimization is greater than the existing
algorithm. We also consider an optimization algorithm for
sensors with battery capacity.
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1. fB7ax 2 r

e root, = true

o prnt, = L
prnt_set, = {¢}
state, =1

consistent,. = true

147

1. BA o Tov 2 v
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Algorithm 1 2 LR 70 X r OJFIREIE
1 A7 a2 0 DEE (EIZIEL W EZ R */
: 1D, : identifier ;
: root, : bool ;
. state, : legal or floating or correctT or pre_legal
or any floating ;
5. prot, : { L} Uidentifier ;
6: prnt_set, : ID DEE ;
7: consistent, : bool ;
8
9

P ]

SR TBEX R o(=r) OBIEY
10: prnt, = 1 ;
1: ID, = ¢;
12: consistent, : true ;
13: if (bottomup from child) then
14: state, = correctT ;
15: if (Vi € N, | state; = correctT or prelegal)
then
16: state, = pre_legal ;
17: if (Vi € N,. | state; = pre_legal or legal) then
18: state, = legal ;

Algorithm 2 fRUA D 711 & 2 D#E
1 RS D T a e A v OEE
switch (consistent,)
case true:
if (prnt, & N,) V (v € prat_setyrnt,) V
(prnt_set, # pront_setyrne, U prnt,) then
5 consistent, = false ;
6: if (bottomup from child) then
7: send bottomup to prnt,, ;
8
9

hoal el

if (statepynt, = correctT’) then
: state, = correctT ;
10: if (Vi € N, | state; = correctT or pre_legal)
then
11: state,, = pre_legal ;
12: if (Vi € N, | state; = pre_legal or legal)
then
13: state, = legal ;
14: end case

Definition 4.1 (correcttree) 8 £ 7 )V TV X A
TOEEDORMNZ 0 ELAZEE, o IZEWVWT
correcttreeT, ZIRD X S IZEHET 5.

1. T, 3R 7Tav x r 2&H, prat, = 1,
prot_set, = {¢}, consistent, := true, state =
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Algorithm 3 tREAS D 710 2 Z D E)fE

15: case false:
16: if (prnt, ¢ N, U{L}) then

17: prnt, = L ; prnt_set, = ¢ ; state, = floating ;

18: else if (prnt, € N, ) then

19: if (v € prnt_set,) then

20: prnt, = L;prnt_set, = ¢;state, = any_floating,

21: else

22: if (prot_setprni, # @) V (rootprnt, = true) then

23: prnt_set, #* prot_setyrn:, U prnty; state, = stateyrn, ; consistent, := true;
24: else

25: if statep,nt, = floating then

26: prnt, = L; prnt_set,, = ¢; state,, = floating;

27: else

28: prnt, = L; prnt_set,, = ¢; state, = any_floating;
29: else

30: prnt_set, = ¢; state, = any_floating;

31: if (state = floating) then

32: Neana = {Ju € N, | state, = correctT};

33: if (Neana # ¢) then

34: u = argmin,cy (| prot_set, | U I1D,);

35: prot, = 1D,,; prnt_set, = prnt_set,, U {ID,}; consistent,, := true; state, = correctT};
36: if (state = any_floating) then

37: Neana = {3u € N, | state, = correctT};

38: if (Neang # ¢) then

39: u = argmin,cy (| prot_set, | U 1D,);

40: prnt, = ID,; prnt_set, = prat_set,, U {ID,}; consistent, := true; state, = stateprnt, ;

41: end case
42: end switch

legal Zii§7=3. r DEEMN T o DFM% 7=
IRV, T, 25757895,

2T, IZ&FEFhdBTaw 2 UMD Ta 2 A
vid, T, IZ&EFhd ok Anddr s 2K
prot % 3% o, prnt_set, = prnt_setprp, U
{prnt,}, state = regal
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o ML 27\ (nexte, = L) HH
- mEHELTCVWAEE ) — N u Xkt E2 LD

(nextc, # 1) 726 3.\,
— J—RudRtuzbzlrwe & ID, < ID, 7%
54, ~NID, <ID, 725 3./,

— VY IDEMI&k>TH L EZED /) — R udik
L @R L7255 (color, = nexte,) 14,4, /.

o X1z H D (nexte, # L) HGH

- MEELTWBEE ) — NuPRtaE2 724
W (nexte, = L) 75 1.\,

- /=R udtazs s, 2o, REOINEDL
(nextc, = nexte,) & ID, < ID, 7525 1.
~N.ID, <ID, 785 3. -\

- J—=RNudREzEdbH, »Do, IREHKRELD
(nexte, # nexte,) £ & ID, < ID, 726 1.
~NID, <ID, 725 2. /\,

1. tagkEdiE (&) 124¢ > T color, = nextc, HSH[EE
oIS . RATBEAR S 4. .

[\

gD (BR) 12k - T color, = nexte, M AHE
OIS . RATBEAR S 3. .

3. /=K udcolor, #EH L OUEEL2MAET 5720,
RIZHEHE L7\,

4. color, = min{c| ¢ # color, V nextc,, for anyw €

Nw)} 275,

BEEDIE

o RENFE UREEE ) — RPTFEL 8
(Bu € N(v),nextc, = nextc,) 5 2. /N,

o RENFE UBEE ) — RDPIFET B
(Hu € N(U)7 nextc, = nemtcu) 2. N\,

1 REDRFE U O — F XD BENZNIUT
(Yu, color, < color,(u € N(v) Anextc, = nextc,)
(272U L<1&953)) 062N ZT5TRY

5 3. .

2. color, = nextc,

3. B2 — KPS nete, A U275 RN H 5 7=
OAEFE LR\,
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4 IEZHMEDEH

UFD 3 >OFMIZE L CiEH%24T>. 272 L, AR T
X, UV Kt THRHD ) — K v DHBAIEE color, DIE
% colory(v) &KT.

EE1MFED/ —RFIZHLT, 57y RETHIZIZY v
TTORN->TWBHE ) — N PR D L5112
HoYTHNTNWS

e Vu,Vt, color(v) # L =
Au € N(v)[colori(v) = colors(u)]

EE2 7Y RRBRHIZEEZEED ) — RB¥bNX, £0D
SV RTARLLEE—=D2D ) — KBRELaINDS.

el < t < n, {v| colors(v) # L} >
min{n| , |[{v| color;_1(v) # L} + 1}

EE3 &/ —FNhgaIhTwdis, ) 7oEm -
IR RBIZAELTH»S 4A — 1 STV FRT
I£,Grundy / — REEPERLTWS

4.1 T 1 DR

FEEDOZT Y RIZBWT, 77 Y N TR/ —

RPERLZALTELUINTWSZ & 23T 5.

£9, ) —FROMEFHIZ L > THEENPKETLZ L
MHEWZEERT. /=R E 22 H5EF280H
510 mEsot GREH L OBEEEL) E
BHI250. 9 1 DIIRBIZEETEIEDTHS.

BFEOLEIF2 X —HB12FHL W) Vo DiE
Mz ko) — N2 anBaeELzBRIC, Eb o1 A
DT DRERE ) — R OB & RSN D BR/ND I A S
BGE. 59 1 DIFRELAD ) — FHBY DB &
59 — FOBG L AL LZE EIZMSG L&
NHRWRKDBIZRLETH S (MR AE) L »E
DL EOEEHTIOERBAN L THBETRTO
Bz — ROIDPED LD EREVE EDARLDT,
DEFEIZL > T — N OdEET 5 Z L i3z,

BEO XD ITIREIZET T 2 DITEHE ) — DBy,
WEDHT DR L BIRBGEDHRTH 5.

P-T, 2D EHLMEHIZL > THEHELFHET S
RV Lo Tl — PO ELLRED
A UBEERED ) — REIZY v n=5ao
ATHD. ZDLE BT —HD /) — NHPEEFTE 2T D,
BEFIZ X > TRERIIHEEL VDT, AEEDI T VR
MTRICIEBEE ) — FidERaTRAINTWS. O

4.2 FIE 2 O

J—Rogtaxhd e (color, # L1285 E) , FlL
B, k¥t (color, # L) 12725 Z 2\, Uizdio
T, 779V RnTRETIZIRTO/ — KRz h
52 ERTICE, REB/ —F BHEF LD/ —F)
WHBHBY, £I7 9V RTHRLLE 1 DOREH ) —
R INEZ 2R/ +HTH 5.

KEth) —RNE2ROATERWTI—XZ, BAL0H 1D
WINSWEREALDOBE: ) — N2/F255D0ATHS. L
o TREH ) — FOW, ID BE/ND J — Nidns
THaIns. O



4.3 FEiHE 3 DA
) —RDOEAPKTLTWBERS, Y vy ol - H
BB RBIZELTHS 2k—1 IV FRTE, kLT
DFTRTD/ — KD Grundy / — NEEDEM: 2T L
TWBZEZEGEHT . 2T kD, KA 2A THD
ZEMSEM3INHFAINS.

27K 0 Y o DEN - BB TTONTE 1L IR
THIHOWRRET TS MK-T, /—FREOLAPINTY
5 (D/EZELZZN) RS 2627 T2 RO/, Y
v DB HIBPEEL TWRWEEZ T IV,

VY I7DBINZE>THB ) — K oD@hihsio
BIZEFEINZ2 TS, 2l &> TaEd Lailnig
BoRVWDIE i XD REVWEEZE D0 DEEE ) — KT
HOw BNEDOLEEEZLTHS 2TV REBIZAEEH
T2 . N ILETS2H2/—RuDBEFHIZL-
T, X5IZZ D@L/ — KT Grundy / — REOEMAH
EL, EEd LRl shWnigard s, Lol
ZDGEE, ELEETSL ) - FOBRMGIZwDTDOm &
DHEREVEERD/ —RFOATHSB. V) > 7 DHIERD
o785 4E1% Grundy / — FEBOSMZ2 -3 W0
J—RWBEL2 1 DHETEHEITHS.

PIEDZ &Y BOANTTINTWERS, )V ID
B HIRDREBIZELTHS 2k—1 57 Y FRTIE
1k LRIZBI L CHiEED SN -RETH 5. O

5 BbHUYIC

AR T, Grundy / — FEAIHT 20T LT XA
EIRELZ., ZONWT LI XLTIE, AIhTH
2N 7 OENN - HIBRDVERIIZ A U 2R Ry T —
ZIZHUTE// — R —Fofiz S F<CERLE
BT 5Z2TGrundy / — REEEZFEF L. 200K
TN XLiE, AROEMRZRED.

1. IRTDO/ —FiEn 77 Y FURNIZEBEIND

2. KIUY KT, YORE ) — N RAL0ER
D
(V¥ 7B & B E0EEE 1 57 Ry

3. hRBm YD 4A — 1 U ROMAETN
I¥,Grundy / — N1 % F8]

ARcik, ARy V721280 T, &4 1
DOV VI OEME T IZHIERZ VI DSERHZFAET 2 LK
EL., UL, BE7ILIY XA, BEWIIHMIILU -
Dy EEERELRWY V7)) THHIE, B v
7 OEIPHIRDERIZRELTH, AUREZEH R
NS Grundy / — NP EZEHTELZ 2385, 5
BOMBINE, MRS E 3R S 7 WEEY v 7 o
F - ITHIRD FERFICRET 2 GG H R TE 08T
VI ZAL%FKTHIETHS.

S EE
AREZEIE JSPS B JP26280022
JP17TK19977 DB % %21} 7-£ DT

JP16K00018,
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L TRER] 25%2BHRy —bUr—4 [HE
Bl 288U, 77 7HROEE» ST 24T - /2.
ZATH O BEARDOGAEANINZT— XD — b
INTVIIRE, KPR C 2 BB IR AR 2 AV ©
XHZeERLUE.

1 ([EL®IC

RKERIZ NS v T Hh— K7 — 20T 2FEKIZ
RHE, AGDXEWIEVCTH Y, KESEHFIEN
5. 20T — LMIRTERERENET —LTHY, —
I ITBREIEDTFE LRV, HEWNIERD B Z &
DNHETH 5. EE, M A oL D52 EHR

T A i, KEROD XS A% s
T — L DL E A TV S, 2006 ££E D S HAE
Ay ¥a—R—KERASVERBERETHMES
n, gEn] KERAIOREZHRSIGLR-oT W5,
2015 4E, T a LIz BEHE S 032 X R
VT ARNER, HZ 3V Ea—X—KER Al DFE
HEMELTWEA TR EAREORMYH 5.

ZD XD KRERMED—FRL U TESEBERE
OFEFFIFHERE WS F— A2 EH L 1] HAR
FRERIZ

o BRIV — U —YJFEE L2,
o 1 MHELDAZRD D,

o FILIFARTITDND,
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)

MFCKIYA Hironori
EEFEONO Hirotaka

EWHHIZRLAZEDOTH D, KERZ #HHL,
MOSEREHRE AT — LMELEEDEEZS.

AR TIE 2 AT HERIZOWTHEDS . ZA
FERIZZELBERILD 2 N —L k55720, T
NPDO T VA Y —IZ BRI ICFEET S, Ly
U, [P HERE2E X5 MR L DI, 584
FERALD 2 AT — M iéﬁ%%%@ﬁ@@z%
NEERFIZH D Z LI KREREEZORDHS. Z

IR ULEFEESIFINEF T ABBRIZBE W THRY
WZHE S N7 FALDIE —Th B 5E%, Bk r—A
IZBEWT D EARI 22 BN &2 5- 2 558217 > T
&7z 2.

AR TIEABERIZBWNT, 525N =T
HL» S DT LA Y =Y & T D BRI 72 kR %
HOBEE n 1/ LTY — MFEADFALTHIUE O(n)
B TRDBEZENTELZE2RT

2 [HRE
2.1 BEEROIL—I

FPARBREUTOLSIZETFIMET S &
T4 Y —DFNEE%E {1,2,...,n} DWHELD
BThEz2% (fHIHRO-OZTNTNOFIEAS ILHHM
EAHLUTHATZN, ZEEATH-oTERV. £
72, W7 LAY =R UEDALZ R > TWTH &),
TV A Y =2l S iz AL (FAL L ESY) DALEUL A
FTLHEHELL BT, *L@%% X E2RL, K
SWIEEHEWE DL TS, BED TR, LFDOET
T—LEHDD.



o BETRTEID, EFTLAY— BETLA
Y—DIEIZZRT, PA»SBIZ 1 T oHL%
HLUTWwL

o B3I,
x3).

HTH 5 (0 DILABHINT NG L%

o [EZED 7L A Y —i%, FALOFLSEOIDIA
FOBEREVEDIZ 1 BT Z &N TES.
HUIEZENETHTWZILD LIZE NS
Gz cwalizs i Uzilicfbs) . Z
L EVJEFFDESI—ADT LAV —IZB .

o JHED TV A ¥ —ld, FHAELITICEEZE
5~ AND T VA Y=l B eNTES (/KR
T2, L0nd). 2ok EHITHTWALIFZEE
7% (WHT, 0 DALLRBIND).

o VWINAD T LAY —DFFA L %25 7R
THRTTHY, ZOEFLze 0MIZLEZIES
NFELTH 5.

TF—L%ZBELUCEZFILZHIZIESD, TNENOTF
LEHT A IV 2FE, HLHNMTIEHFENRKT
WEBTLAY—%2FBITLAY—, £5—-ADT L
IY—%2BFET LAV =R TGN EDIREE
NOWVWTNPD T LA V=DA% TEHETEKE
3N,

UFRTIRZDT —LONBHESREZ 5.

AR TIENL DPDOEREHHTICEATE I L
L& o TRUEIR CARMBBHENTE S Z L 2R L
2. TITETZOHEREERT D, 77— LD
IR TFEBIVELIE2ERTHDT, LFTIX
FHEEt=0,1,2,... TBHT . A2LFTLA
Y—, BRBFEITLAVY—2TB. DFED, ABIX
ITNENt=01ZBIB2FE VA Y—, HFSL
Y —TH5. LAY — A, BIXENIWHRZE
RIZHBDT, TVAY—%KRTEH X IZ/HLT,
—HE X ULz E iz X T2RTS. T4k

2.2

-
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bH, X =ADLEX=BTHH, X =B0DL
EX=AThb. FHELIBISX, X DFILE
X[ €{1,2,...,n}, X[t] C{1,2,...,n} TRT.
FEOFFRLIZHLT, MO LS RET T T
EEHRT D

Gxlt] = (X[t], X[t], Ex[t]),
7272 U,

Exlt)={{i.j} |i € X[t],j € X[t],i > j}.

2FED, Gyl &, LAY — X & X OFHOEM
EReUETI7THY, LAY — X O&FAR
5, ZTOBHBETET LAY — X OFHALEF L
ETEHZRINT WD
ZD&> *“*éewva77cxu ILBWTY Y F
V781 S AV G e @ N R U | W Aeb's M U A
Y— X 22 TR ERLTED, ¥ —L0HED
ZEENFNDT S TIZBWTI Y F U IUMK
PNTWSRMERL T WS, RFETRET S
EHETIRINERIT 2720, Gx[t) DA v F v
IOV A X uxt) ZEHRT S, ZoMiz, KERT
FHEIGI, U UL & 502 & > TIEIES 127
BTELHZ2AMELZEHWEEIIIRDL. 20K
SMBEDIAEEHT H7-HOWL D052 E A
35
XHH] = {v € X[t] | dayxpy(v) > 0},

B 5 v DR ER
5.

272U, dg(v) 1$27°5 7 G T
T. ZNEAVWTU T2 ESR

X)) = minfday () [0 e X},
minXH] = {ve Xt | daym) = (X))}
UERZHAWTIROEZEET S :

vx[t] = d*(XT[t]) — | min X*[¢]].

DEY, vx[t] & Gxpy = {V, B} TBWTHNLR TR
WIHA (X TH[E]) DS BB IEAVNS W/ — RO
(d*(XT[t]) 25 ZD & S RIEADE (| min X T[t]))



EEWEDERT. £/, vy FUIBPRVWEED
¥ ux[t]=0 DX E uxt] >0 T 5. ZhS5DMH
FWITNhEZNZTNDOFANAY — b INTVNIXE
W72 JiiE 2 WS Z 212 & - T O(n) KT
ﬁﬁ%é(:%Vy%y77wﬁUXA%%%m

TRV, AR TIEZ NS OfEE Wz 08 7
v%k —HETN T AL EHIHTS.

2.3 IR

EE 1. HE5KOMBKEt ODFHEIT VIV —2 X &
T35, X E3UTOWThhz2ilzdeE, 250
EEIIZRY, BBETLAIY—Th 5.

L4 MX[t] > NJX[t];
o uxlt] > pxlt], vx[t] > 0,

o uxlt] = pxlt], vx[t] =0,

i MX[t] +1= /J/X'[t]; VX[t] >0, V)_([t] = 0.
ZOEMIE, KIZBE T BIRIEIC L DR Z &M
TE5. ZOEHPSIRPELIZEAD.

%1 IU/A[OLNB[OLVA[OLVB[O] %§+%:j_6: itk
D,V — N O(n) BT AR BT LA
Y= Z DMK ERDD ZENTES.

K1 TRHIOBFHEDEEEZZTLDTVWD

3 EEEA

UFTRINZRTZOOMELRIEIIRYT. £
HARW I HEE R

HE 1. FHRLIBUIIFERST VIV —%2 X &L,
Fru<vids Borx v ThseE X B
—SGOIY uTHDB L E X BEELEIL. HBOILD u
ThHhiHLEX BHE-LGOIR 0 THD L E X B
HIERAL
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SEER. O v THR L EX IRy 2L 52

WZEo T X e d5. Z0LEGEONLI 0 T
HoThbu<v LVEFREEyZLEIENTE
5. WoT X BESFARRIZGOLY uw THE L E X
Pz 252k T X BT ZDLE
LD v TH-THu<v LOEFITEIKEY 2
LB ENTEDS. fEoT X B O

7. ZOMEK D URAEBITHL

2R 2. GO v THDEE X BN TH
L2 E X BB BRETHL L E X BB
LD TH DL E X BB

7 BUT DA AL

M 2. ux[t] = 0 THZ L&, max(X[t]) <
min(X[t]).

FERA. max(X[t]) > min(X[t]) THhdL &, /77

Gx|[t] WCIFEPFEET 2720, px[t] = 0 1720
ZI0. TibB, pxt] = 072561 max(X[t]) <
min(X[t]) TH 5. O
i 3. HLEGOFRLIZBILFHET LAY —
EXETDH ZOEE () pxlt] = X[ %o X &
Bs. F7z, (i) uglt] = | X[t 222, vglt]) > 1 51X
X .

SERR. px[t], pxlt] BT BImMNIEIC K D RT.
Mx[t]=1®t%ux[t]:|X| (‘:3_5 :@c‘:%%%

TUAY— X Z1HOFLEHT & X OFHA%4
<75B7-0, X B, (1) BTTT . E uglt] = 1
DEE uglt]) = X[t]] = 12 wugt] > 1 &
T3, Thbb X[l] = {wxl]} Ths. ZOL=
IX[1]] > IN(wx[])| = vx[] +1>2 ThH 3. D%
D, EFTLA Y — X B Nwx|t]) Kb BHLEHL
e UTH X EFHE |N(wx[l])] -1 > 1 KA ED
LEHE>TWS, ZHIHL, X I3 ROTFMET wlt]
EHUTTFHERLSTIENTES2D, X DD
L7530, (i) BRI .

R, 5k >0DPFIELT, ux < k&5 (i)
s, /LX<]€73~V) (i) DRNLT B LT D ZDEE,
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px(t] > pxlt] | px(t] = pxlt] | pxt]+1=pxlt] | px[t]+1 = pxlt]
vx|t], v[t] =0 X wJps X Jps X s X s
vx[t] =0, vglt] > 0, X a6l X s X s X s
vx[t] >0, vg[t] =0, X X X X 0
vxlt], vl > 0 X 0t X 0 X i X 0

* 1 BEHER

px =k+1DEE, ) DEALTEI L%, puy =k+1
DEE, (i) LT DI L ERT.

EFTHEPSRT. ux[t]) = |X[t] = k+1D
LE, FEITX BBROBFVM (wx(t]) 2HT &
255, ZOrE wx[t] LAY wxlt] LY
FL T\ X QEROEEPS, FHL+1 TR
pxlt+1] = px[t] = 1= |X[] - 1= [X[t+1]] = &,
vx[t+1]>1,tk5. ZOLE t+1DFEFETLA
Y—IE X THB0, (il) DFRMEPS X = X B
Y0 k+1I2BWTIE (1) BRI 5.

BEIL, ugltl = | X[t]| =k+10DE &, FF&t TH
FTLAY— X BHTHA Glt] D LFEDT v T
27 Mg[t] BNV TH - 758, /S A LRI
52 TERHEDOTYFUIEEMMLERN. LoTH|
EHEE, pglt+1] =|X[t+1)] = pxlt] = |X[t]] &7
5. FELTHFEIVA Y — X BT G [t] D
FEOTYFUIIEHN TV B THIGE, t+ 1
KizpWTwyFrIZLTwWaFEEET I EICES
Tt +2RIZBVWTIHITHD D HIRET pyt+2] =
[ X[t+2)] = pxlt]-1 = X[t -1 =k 22, vx[t] > 1
PRI LTV,

FR L THET LA ¥ — X BT My (wyg)[t]
CHNBILTHDHE (wx)[t] BT Z2itkoT
vg > 1 THDH7H, t+2 KIZBEWT, Gx[t+2] TH

pxlt+2) = [X[t+2)] = px]-1=|X[]-1=k
MO, vg(t) > 1 DAL T B720, FHEL+1DFETS

LAY — X[t O@BE 720, (i) 2Kz s 5. Bk
L0, IRIIEIC K D EED px[t], pxlt] XL T (),
(i) DKL T 5. O

HE 4. HEEGRHEOTERLIZBIATFE L1V —

X ETE ZOLE () px(t] >pxglt] ®oIX X
. (1) px[t] < pslt] — 17 61X X B

SERR. px[t], px[t] 2B B IRINEEZ -V TRY.
FT, ux[t] =108 &, ()W, pglt] =20 & &, (i)
WSLT B 2 2 & LY. BIFICBE LTI, ux(t] =1
DEE ux(t] > px[t) THZHETDE, uglt]=0. 9
bbb, (FIWHA—ATHEILa2EZLL)X X
INPBE—KMEFLEHT B TERNZD, X
BETHD. BECELU T, puxlt] < pglt] -1 D
LE ThOb, ux[t) =0,ug[t] =20 & &, i 2
26 X DOFHIE2HMAEHBIZELPDSTEDT
RTHBX OFHIZRHUTHOZ B TERWILERD
TX BTH5.

W, BB k> 0DFELT, ux < k&51E (1)
M,oug —1 < k2o (i) PRI TsE95. 2
DEE ux =k+10DE () BT EI L%,
pg =k+10DEE (i) BT SHI EE2RT.

FTHHEPSRT. ux[t] = |X[t]| =k+1DEE,
px[t] = | X[t] & ITMEL &0 X BB L7z
TLARTIEHFEHRL T X P wx[t]) KOOI ELRE L
TWbLeEEFRDL. FHELIZBWT X IF pux[t]+1
FHIZEWLZLT. ZorE XDOvyF oo
WIIEDL SRV ux|t) = ux[t+1] TH 3. 22
T X BN AZRERUGE AR BN < el e
px[t+h] = |X[t+h]| L7525 T OEMEEIED KT
pxlt+h] = |X[t+h]| ENIE X BEERDTRA%
BIRU RN —2A%EFZ5BZ0L & X B UKL
W LEED < Y F 2 7 Mx[t] (IZBENBRNALTH - 7235
BRARBEIRT 52 L Tt+2IZB VT X H4EHT
FRIZIRDD px[t+2] = px[t] > pg[t+2]+1 &%
DARE £ D X s X B UALD ERED~y Fv o



My [t] KRN TH o= BEZ ORIy F L L
TWBHEET I EIZE>T Mx[t+2m+1] (m &
EQEER) KIZBWT X 1Z/5 A2 #INT 55 Bk
IVF VT Mx[t] ROV AT AL S 5T
BB X DINAEBIRU 2580 ux[t+2m+2] =
px[t] —m > pglt] —m = pgt +2m + 2] TEHT
X DFRIZARZDTIEL D (1) BT Lﬂbvv
F 7 Mxt] CBEORWILE B L5AS Thiz
ATBHILITEoT ux[t+2m+ 3] zux[]—m >
pxltl]—m=pglt+2m+3]+1 TX OFFLRD
DTIE KD (i) 1ZBLAL.

%%i FRELIZBVWT X K RO~y F T

Mg[t] CHNBHEHLZGBEZTOY Yy F I LT
WBALE t +1ITHT Z 212 X > TEDILAHTFIC
LTV FUILTWRWILTHIIE ux[t+2] <
pxlt+2] TX OFFILHREZDOT X BF~vyF v
ZUTWBILTHNIE uxlt] —1 = pxlt +2) <
pxlt+2] — 1 THIZALY S 2REHDT X BB L
Fhio T EEDT Y F U Mgt WBh a1 L
72556 (i) DY

LEEDT v F U S Mi[t] 2B WAL & L 735
BANRARBRT L2 1I2&->TtHIKIZBWVWTTE
FBiEZhboT ug =k + 1 DREIZREIDBZNIFE
BRA LR Z 57\, Lzhio T (i) ez, Bk

D, AR K DAEED px(t], px[t] [ LT (1),
(ii) DSEGAL T 5. O

R 5. HOEGROFHELIZETILFHET VA Y —
X955 Z0EE, (i) ux =pg B2 v, =0
RoIE X B (pux +1=pg HD v, =075
XX

SR, px[t], px[t] BT B IRAATEE FHWTRT.

Y, uxltl = 102 E, (1) D, uglt) =208 &,
(i) LT 222 LT, (ux[t]=1DE EiE
v>0&225DT (ii) IFBL LRV, ) BiF LT
i, ux[t] =108 & uxlt] = ux[t) THB LT B L,
pxltl =1. HD ve,vp =0 T2 5, (FHLVHES —
HChHbIeaEL2D L)X IEINLUE X O—H%E
BRONT—EEFAZETIENTERNZD, X &

ZODED —FF VI ERBITHET I LICEST
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WBEETH D, BFEIZEUTUL, pxt] = pglt] D& F,
Thbb, uxlt] =0,ug[t] =2 D& =, X OFHiZ
IMX I F U TEINTWEFLERD. £/ X
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Abstract. Mastermind is a board game played by two players: code-maker and code-breaker. The code-maker

just sets a secret code at the beginning of the game, and the code-breaker makes a “guess” and receives the

score of the guess one by one, until the guess matches the secret code. The most popular setting uses 4 pins of

6 colors for a secret code, and it is known that the code-breaker can identify any secret code via 5 guesses. In

this paper, we consider an extended variant of mastermind, where the code-maker can change the color of a

pin in the secret code at any timing. An obvious upper bound on the number of guesses to identify the changed

secret code is 10. We investigate the number of guesses to identify the changed secret code.
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Abstract—Membrane computing, which is a computational
model based on cell activity, has considerable attention as one
of new paradigms of computations. In the general membrane
computing, computationally hard problems have been solved in
a polynomial number of steps using an exponential number of
membranes. However, reduction of the number of membranes
must be considered to make P system more realistic model.

In the paper, we propose an asynchronous P system using
branch and bound, which is a well known optimization technique,
to reduce the number of membranes. The proposed P system
solves the satisfiability problem (SAT) with n variables and m
clauses, and works in O(m2") sequential steps or O(mn) parallel
steps. The number of membranes used in the proposed P system
is evaluated using a computational simulation. The experimental
result shows the effectiveness of the proposed P system.

I. INTRODUCTION

A number of next-generation computing paradigms have
been considered due to limitation of silicon-based computa-
tional hardware. As an example of the computing paradigms,
natural computing, which works using natural materials for
computation, has considerable attention. A membrane comput-
ing, which is a computational model inspired by the structures
and behaviors of living cells, is a representative of the natural
computing.

A basic feature of the membrane computing was introduced
in [1] as a P system. The P system consists mainly of
membranes and objects. A membrane is a computing cell, in
which independent computation is executed, and may contain
objects and other membranes. Each object evolves according
to evolution rules associated with a membrane in which the
object is contained.

The P system and most variants have been proved to be
universal [2], and several P systems have been proposed for
solving computationally hard problems [3], [4], [5], [6], [7],
[8], [9]1, [10], [11], [12], [13]. In addition, asynchronous paral-
lelism has been considered on the P system. The asynchronous
parallelism means that all objects may react on rules with
different speed, and evolution rules are applied to objects
independently. A number of asynchronous P systems have
been proposed for the computationally hard problems in [14],
[15], [16], [17], [18]. For example, an asynchronous P system
has been proposed for solving the satisfiability problem [15].

However, the computationally hard problems have been
solved in polynomial numbers of steps using exponential num-
bers of membranes on the above P systems. Since the number

fujiwara@cse .kyutech.ac.jp

of membranes is limited in case of using real living cells,
reduction of the number of membranes must be considered to
make P system more realistic model.

In the paper, we propose an asynchronous P system using
branch and bound, which is a well known optimization tech-
nique, to reduce the number of membranes. The proposed P
system solves the satisfiability problem with n variables and
m clauses, and works in O(m2™) sequential steps or O(mn)
parallel steps.

In addition to the above, the number of membranes used
in the proposed P system is evaluated using a computational
simulation. The experimental result shows the effectiveness of
the proposed P system using branch and bound.

II. PRELIMINARIES
A. Computational model for membrane computing

Several models have been proposed for membrane comput-
ing. We briefly introduce a basic model of the P system in this
subsection.

The P system consists mainly of membranes and objects.
A membrane is a computing cell, in which independent
computation is executed, and may contain objects and other
membranes. In other words, the membranes form nested
structures. In the present paper, each membrane is denoted
by using a pair of square brackets, and the number on the
right-hand side of each right-hand bracket denotes the label
of the corresponding membrane. An object in the P system is
a memory cell, in which each data is stored, and can divide,
dissolve, and pass through membranes. In the present paper,
each object is denoted by finite strings over a given alphabet,
and is contained in one of the membranes.

For example, [[a]2[b]3]1 denotes membrane structure that
consists of three membranes. The membrane labeled 1 contains
two membranes labeled 2 and 3, and the two membranes
contain objects a and b, respectively.

Computation of P systems is executed according to evolu-
tion rules, which are defined as rewriting rules for membranes
and objects. All objects and membranes are transformed in
parallel according to applicable evolution rules. If no evolution
rule is applicable for objects, the system ceases computation.

We now formally define a P system and the sets used in the
system as follows.

Ir= (O7luawl7w27” ')w’m)R17R2)' o ;R'rn)



O: O is the set of all objects used in the system.

W 1 is membrane structure that consists of m mem-
branes. Each membrane in the structure is labeled
with an integer.

w;:  Each w; is a set of objects initially contained only in
the membrane labeled 7.

R;:  Each R; is a set of evolution rules that are applicable
to objects in the membrane labeled <.

In the present paper, we assume that input objects are
given from the outside region into the outermost membrane,
and computation is started by applying evolution rules. We
also assume that output objects are sent from the outermost
membrane to the outside region.

In membrane computing, several types of rules are pro-
posed. In the present paper, we consider five basic rules of
the following forms.

(1)  Object evolution rule: [ a |, — [ b ]n
where h is a label of the membrane and a,b € O.
Using the rule, an object a evolves into another
object b. (We omit the brackets in each evolution
rule such as a — b for cases that a corresponding
membrane is obvious.)

(2)  Send-in communication rule: a[ ], = [ b |5
where h is a label of the membrane, and a,b € O.
Using the rule, an object a is sent into the membrane,
and can evolve into another object b.

(3)  Send-out communication rule: [ a |, — [ |nb
where h is a label of the membrane, and a,b € O.
Using the rule, an object a is sent out of the mem-
brane, and can evolve into another object b.

(4)  Dissolution rule: [ a ], — b
where h is a label of the membrane, and a,b € O.
Using the rule, the membrane, which contains object
a, is dissolved, and the object can evolve into an-
other object b. (The outermost membrane cannot be
dissolved.)

(5) Divisionrule: [a ], = [b]n[ ¢ ]n
where h is a label of the membrane, and a,b € O.
Using the rule, the membrane, which contains object
a, is divided into two membranes that contain objects
b and c respectively.

We assume that each of the above rules is applied in a
constant number of biological steps. In the following sections,
we consider the number of steps executed in a P system as
the complexity of the P system.

B. Maximal parallelism and asynchronous parallelism

In the standard model in membrane computing, which is
a P system with maximal parallelism, all of the above rules
are applied in a non-deterministic maximally parallel manner.
In one step of computation of the P system, each object
is evolved according to one of applicable rules. (In case
there are several possibilities, one of the applicable rules is
non-deterministically chosen.) All objects, for which no rules
applicable, remain unchanged to the next step. In other words,
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all applicable rules are applied in parallel in each step of
computation.

On the other hand, evolution rules are applied in a fully
asynchronous manner on the asynchronous P system, and any
number of applicable evolution rules is applied in each step of
computation. In the other words, the asynchronous P system
can be executed sequentially, and also can be executed in the
maximal parallel manner.

The reason why we assume the asynchronous parallelism
in this paper is based on the fact that every living cell
acts independently and asynchronously. Since the standard P
system ignores the asynchronous feature of living cells, the
asynchronous P system is a more realistic computation model
for cell activities.

We now show an example for difference between the P
system with maximal parallelism and the asynchronous P
system. We define P system II and the sets used in the system
as follows.

II= (Ouu/7w17R1)
O ={a,b,c,d.e},p=[]1,w1 =9,
Ry ={a— b,bc = d,c — e,ae — f}

We consider computations of the P system II. Let us
assume that input objects ac are given into the membrane from
the outside region. On the standard P system, all applicable
evolution rules, which are & — b and ¢ — e, are applied in
parallel, and the objects ac are evolved into be.

On the other hand, five computations given below can be
considered on the asynchronous P system according to the
order of application of the evolution rules.

ac — be

ac — ae — be
ac— ae — f
ac — bc — be
ac — bc—d

Therefore, a number of executions are possible in the
asynchronous P system, and the evolution rules in the standard
P system, which assumes the maximal parallel manner, may
not work in the asynchronous parallel manner.

In the asynchronous P system, all evolution rules can be
applied completely in parallel, which is the same as the
conventional P system, or all evolution rules can be applied
sequentially. We define the number of steps executed in the
asynchronous P system in the maximal parallel manner as
the number of parallel steps. We also define the number of
steps in the case that the applicable evolution rules are applied
sequentially as the number of sequential steps. The numbers
of parallel and sequential steps indicate the best and worst
case complexities for the asynchronous P system. In addition,
the proposed asynchronous P system must be guaranteed to
output a correct solution in any asynchronous execution.



III. A P SYSTEM USING BRANCH AND BOUND FOR SAT

In this section, we present an asynchronous P system
using branch and bound for the satisfiability problem. We
first explain an input and an output of the problem for the
system, and then, show an outline and details of the P system
with an example. Finally, we discuss complexity of the P
system, and shows effectiveness of the proposed P system
using experimental simulation.

A. Input and output

The satisfiability problem (SAT) is a well-known problem
that determines if there exists a truth assignment for a given
Boolean formula. We assume that an input formula of SAT is
given in the conjunctive normal form (CNF) with n Boolean
variables and m clauses. We also assume that an output of
SAT is one of two values, “TRUE” and “FALSE”. The output
is “TRUE” if there exists a truth assignment for satisfying the
formula, otherwise, the value is “FALSE”.

The following is an example of an input formula with 2
variables and 3 clauses. Since a truth assignment, xy = 1, x5 =
0, satisfies the input formula, an output of SAT is “TRUE”.

(1 V o) A (21 V 22) A (m22)

The above input is given by the following set of objects O,
in the P system.

Op={(X;;,V)|1<i<n,1<j<m,Ve{0,1,N}}

Each object (X; ;, V') denotes a Boolean value of variable
x; in the j-th clause. In addition, V' is set to N if neither x;
nor z; is in the j-th clause.

For example, the following set of objects denotes the above
input formula

Or = {{(X11,1),(X21,0),(X12,1),(X22,1)

<X1,3; 0>7 <X2,3a N>}

We assume that input set Oy, is given from the outside
region into the outer membrane.

The output of the P system is one of two objects, (TTRUE)
and (FALSE). The object (I'RUE) is sent out from the
outer membrane to the outside region if the input formula is
satisfiable, otherwise, the object (FALSE) is sent out to the
outside region.

B. Branch and bound for the SAT

Branch and bound is a well known computing paradigm for
optimization problem. For computing SAT, all assignments are
enumerated for n Boolean variables, and 2" solutions must be
created for the exhaustive enumeration. However, a number of
assignments can be discarded if the assignment cannot produce
“TRUE”.

Figure 1 shows a search tree and illustration of the above
idea. Let (21 V —22) A (21 Vx2) A (—a2) be an input formula.
Then, the last clause cannot be satisfied in case of zo = 1,
and assignments for x; can be ignored.
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=l _Bounding

X|=

Fig. 1. An example of branch and bound for SAT

We now explain an overview of the asynchronous P system
using branch and bound for computing SAT. The membrane
structure used in the computation is [ [ ]2]1. We call the
membranes labeled 1 and 2 outer and inner membranes,
respectively.

The computation of the P system mainly consists of the
following three steps.

Step 1: Move all input objects in the outer membrane into
the inner membrane.

Step 2: In each inner membrane, repeat the following (2-1)

and (2-2) until “TRUE” or “FALSE” is outputted.

Create a truth assignment for a variable by dividing
the inner membrane.

Check satisfiability for a truth assignment in each
divided membrane. If all the clauses are satisfied,
an object denoting “TRUE” is outputted to the outer
membrane. On the other hand, if one of the clauses
cannot be satisfied by the truth assignment, an object
denoting “FALSE” is outputted to the outer mem-
brane.

Step 3: Send out a final result, “TRUE” or “FALSE” from
the outer membrane.

(2-1)

(2-2)

C. Details of the P system

We now explain details of each step of the computation. In
Step 1, all input objects in the outer membrane are moved into
the inner membrane. Since the P system used in the paper is
asynchronous, we cannot move the input objects in parallel,
and input objects are moved one by one applying following
two sets of evolution rules.

(Evolution rules for the outer membrane)

Ry =
UM, 5, k)(Xi 5, V) ]2 — [(Miy1,5,0)(Xi 5, V)2
1<i<n1<j<m0<k<n—1Ve{0,1}}

U{(M; 5, k)(Xi 5, N)[ |2 — [(Mi1,5, k + 1)(Xi 5, N)]2

[1<i<n1<j<m1<k<n}
U{{Mnt1,5,k) — (Mij41,0)(F;,n — k,0)

| 1<j<m0<k<n-—1}
U{{Myme1)[ ]2 = [(Mima2)l2}

{(X1, W2 = [(Maa)(Xo0, V)2 [V €{0,1,N}}



(Evolution rules for the inner membrane)
{{{Mij, k)2 — []2(Mi;, k)
|2<i<n,1<j<m}

UM mt2, k)2 = [(SD)]2[{m)]2
|0<k<n-1}

Ra 1

In the above evolution rules, object (X1,1, V') is moved from
the outer membrane to the inner membrane, and then, object
(Ma1,0) is created and moved to the inner membrane. (Object
(M, j, k) moves object (X; ;, V') from the outer membrane to
the inner membrane.)

In addition, object (F}, k, f) is created for the j-th clause.
In the object, k& denotes the order of division for the clause,
and f € {0, 1} is a flag that is set to 1 if j-th clause is satisfied.
The object (F}, k, f) is also moved to the inner membrane.

After all input objects are moved to the inner membrane,
object (My ym+1,0) is created and moved to the inner mem-
brane. Then, object (S1) and (m) are created in the inner
membrane. Object (m) denotes the the number of unsatisfied
clauses, and object (S7) triggers Step2.

In Step 2, object (S;) is used as a trigger for membrane
division, and object (A4;,0) and (A;,1) are used for assign-
ments such that x; = 0 and z; = 1, respectively. In addition,
object (C; j,i) is used for checking if assignment for i-th
literal satisfies j-th clause.

In (2-1), a truth assignment for a variable is created by
dividing the inner membrane. The sub-step is executed by
applying the following set of evolution rules.

(Evolution rules for the outer membrane)

B2 {[(SiYla = [{As, 0)(Ci1,0)]2[(Ai, 1)(Ci1, 7)]a

|1<i<n}

In (2-2), satisfiability for a truth assignment in each divided
membrane is checked. The sub-step is executed by applying
the following sets of evolution rules.

(Evolution rules for the outer membrane)

Roo o

Rooo1

Ro221UR2222UR2293

UCijy i) (X, V(A VIVES K, )
= {Ci i1, (X g, V(A VIY(ES K, )
[1<i<n,1<j<m,i#k, fe{0,1},
Ve{0,1,N},V' €{0,1},V £V’'}

U{(Cij, i) (Xi,5, V) (Ai, V) (F},4,0)
— []2<FALSE, 2n_1>
[1<i<n,1<j<m,Ve{0,1,N},
Ve {0,1},V £ V')

U{(Cl.5, 1) (X5, V) {Ai, V)(Fj, k, 0)(T)
= (Cija1, i1 Xi g, V(A V)(F), b, 1)( - 1)
[1<i<n,1<j<m,1<I<m,

1<k<nVe{01}}
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U{<Ci7j’i> <Xi7j7V><Ai7V><Fja k, 1)
= (Ci g1, 0)(Xi 5, VI(Ai, V)(E, k, 1)
[1<i<n,1<j<m,0<k<n-1,
i#k,Ve{0,1}}

Ronoz = {(Cim+1, 1)) = (Six1)() | 1 <i<m,
1<j<m,1<1<m}
U{(Ciym+1,9)(0) = [[2(TRUE) | 1 <i<n}
Ro223 = {(Shy1) — []2(FALSE,1)}

In the above evolution rules, satisfiability of each clause
is checked in order of X 1, X2, -+ X;.,, and the number
of satisfied clauses is computed using evolution rules in
Ry2.91. If all clauses are satisfied, (I’RUE) is outputted to
the outer membrane, and membrane division is terminated.
On the other hand, if a clause cannot be satisfied by a truth
assignment in the divided membrane, object (FALSE,2" ")
is outputted to the outer membrane, and membrane division is
also terminated.

Otherwise, if truth assignments are created for all variables,
object (S;,+1), which indicates that all checks for variables are
completed, is created, and object (FALSE, 1) is outputted
to the outer membrane. If the check is not completed for all
variables, object (C} ,,+1,%) is changed into object (S;+1), and
Step 2 is repeated by executing evolution rules in R 29 1.

In Step 3, a final result is sent out from the outer membrane.
The Step 3 is executed applying the following set of evolution
rules.

(Evolution rules for the outer membrane)

R {{{TRUE)], — [L(TRUE)}
U{(FALSE,2P\(FALSE,2F) — (FALSE,2P*!)
|0<p<n-—-1}

U{(FALSE,2")]y — []1(FALSE)}}

If object (TRUE) is in the outer membrane, there is
a assignment that satisfies the input formula, and the ob-
ject is sent out from the membrane immediately applying
[(TRUE))y — [ ]i(TRUE). On the other hand, 2" objects
(FALSE,1) are sent out from the divided inner membranes
to the outer membrane in case that the formula cannot be
satisfied. Since we assume the P system is asynchronous, the
sum of the objects must be counted asynchronously.

We now summarize the asynchronous P system IIpg_gaT
for SAT as follows.

Ipp_sar = (O, p,w1,ws2, R1, Ra)
« 0= 0, U{(TRUE), (FALSE)}

Op ={(Xi;, V)1 <i<n,1<j<m,Ve{0,1,N}}

p=1[[l2h
° Wl = WQ = ¢
e Ri =Ri1UR3, Ro=Ry1 URy21URy2



(1 0, \

(X1,1, 1)1 2, N) (X1 3,0)
(X2,1, 1)(X2,2, 0){Xz,3, N)
P (X3,1, N)(X3,0)(X33,N)

Ry URy,

2 —)

(X1, (X1, N)
(X21,1){Xz.2,0)(X23,N)
(X3, N){X3.2,0){X35, N)
3)
(F1,2,0)
(F2,3,0)

(FALSE, 4)

Fig. 2. An example of execution of IIgp_ga7 (Step 1 and Step 2)

D. An example of P system

Figure 2 and Figure 3 illustrate an example execution of
the proposed P system IIpp_ga7. An input formula for the
example is (r1 V x2) A (mz2 V —xg) A (—x1), and n = 3,
m = 3.

Figure 2 illustrates an execution of Step 1 and Step 2. A set
of objects Oy, is given from the outside region into the outer
membrane. By applying evolution rules 1?1 ; and R5 1, objects
in Or, and other objects are moved to the inner membrane.

Next, by applying the evolution rule in Rs 2, (A41,0) and
(A1, 1), which indicate a truth assignment for the first variable
x1, are created. Then, satisfiability for a truth assignment,
x1 = 0 or 1 = 1, is checked by applying the evolution rule
in Ry 3. Since the last clause cannot be satisfied in case of
x1 = 1, object (FALSE,4) is sent out to the outer membrane,
and membrane division is terminated for the membrane.

Figure3 illustrates an execution of Step 2 and Step 3. The
evolution rules of Step 2 are applied to the inner membranes
repeatedly until inner membrane outputs all solutions to the
outer membrane. Then, the final solution object (TRUE) is
outputted from the outer membrane to the outside region.
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’ Ry21UR2221UR255

(FALSE, 4)

(FALSE, 2)

1

2 o 0, oy
P (X1 (X1, N) (X, 5, 0)
(X32,0)(X53,N) (A1,0) (2)
| P, N) (K53, 0)0ts5 ) Gy (F1,2,0)
(1) (F2,3,0)
(2) (F,2,1)
(Fp,3,0) (F2,3,0)
(Fy1,1) (Fy1,1)

‘ Ry21URz2,

(FALSE, 4)

(TRUE) (FALSE, 1)
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Fig. 3. An example of execution of IIpp_g47 (Step 2 and Step 3)

E. Complexity of the P system

We now consider the complexity of asynchronous P system
IIpp_sar- Step 1 can be executed in O(mn) parallel step
and O(mn) sequential step using O(mn) kinds of objects
and O(mn) kinds of evolution rules. Step 2 can be executed
in O(mn) parallel step O(m2™) sequential step using O(mn?)
kinds of objects and O(m?n?) kinds of evolution rules. Step
3 can be executed in O(n) parallel step, O(n) sequential step
using O(n) kinds of objects and O(n) kinds of evolution rules.

Therefore, we obtain the following theorem for the asyn-
chronous P system Ilgp_ga7.-

Theorem 1: The asynchronous P system Ilp5_ 547, which
computes the satisfiability problem works in O(m2™) sequen-
tial steps or O(mn) parallel steps by using O(mn?) types of
objects and evolution rules of size O(m?n?). 0

F. Experimental simulation

We develop an original simulator for asynchronous P sys-
tems using C language, and compare the number of mem-
branes used in executions of an existing P system for SAT
[15] and our proposed P system.

Figure 4 shows that the number of membranes on the
existing P system increases exponentially to the number of
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Fig. 4. An experimental result for the number of membranes

variable n. Although the number of membrane on the proposed
P system also increases in proportion to n, the number of
membrane is smaller by at most 75 percent in comparison to
the existing P system.

IV. CONCLUSIONS

In this paper, we proposed an asynchronous P system, which
solves the satisfiability problem, using the branch and bound.
We showed that the proposed P system reduces the number of
membranes than the existing P system.

In our future research, we are considering reduction of the
number of objects and evolution rules used in the proposed P
system.
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Algorithml1: Carry-save adder

DDDIII':(1’0,{1717...,,'.En_1),y:(yo,’yl,..
2= (20,215 y2n-1)
O000u4+v=z4+y+z0000 u,v

-,yn—1)7

1. unsigned un = 0,vp4+1 = 0;

2. fori=0ton—1do

3. U = T DYi D 255

4 Vit1 = (IZ \/yi)/\(yi\/zi) /\(Z»;\/CL‘Z');
5. end for

OoooOooo

0000o0oo0ooooooooooooooooog
00O ueO0O00oOoOoOoOoOoOoDoOoOoDoDOOvOOOoOooOoo
0o0o0obO0oDb300b000b00 z,y,2000 2000000
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ooo0o00000Oooooooooooooooooooon
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000000 Wallace DODOO [7] 0000 Wallace 10O
oo0odooooooooooooooooocoooooo
00000000 WallaceOOOOOOOOOOOOOOO
0004000000 ADODQOOOOO BOOOOOOO
OO0 30000000000 20000000000000
000D0000O0OD00O0OOODO S50000 200000000
000000ooooooooooooooooooooo
ooooooooooooooooooooocoogooo
00000000ooooooooooooooooooog
oooooo

000 cCcpPUOOOODODODODOOOOODOSOOO usllO
unsigned long long 00000000
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[ Ta [ - [oo] he T [ = ]
I

\—1
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0430000000000 20000000000
go

(o [a [~ [&n]
[ [a [ [an]

05 0400000020000000000000
goo

Algorithm?2: Multiple precision multiplication with
Carry-save adder for CPU(A, B,n,(C)

000000 n0O unsigned 000 A, BO
000 2n0 unsigned DO O C
0O0O00C=AxB

1. static unsigned D|2][n][2n + 1];
2. int s=0,n2 =n;
3.fori=0ton—1do
4. for j =0to i do

5. Dsij = 0;

6. end for

7. for j=0ton—1do

8. usll tmp = (usll)A; x (usll)B

9. Dyii+j)+ = (unsigned)tmp;

10. Dsi(i+j+l) = (unszgned)(tmp > 32)
+(Dysiit5) < (unsigned)tmp);

11. end for

12. for j=j+1to2n—ido

13. Dsi(i+j) = 0;

14. end for

15. end for

16. while n > 2 do
17. fori=0,7=0
toi=mn2 — 3 step i+ = 3,5+ =2 do

18. unsigned tmp = 0;

19. for k=0to 2n —1do

20. Da—s)jk = Dsit " Dsgiv1yn” Dsit2)ks

21. Da_sy+1)e = tmp > 31;

22. tmp = (Dsir& D (i 4 1)1) (D (i1 1)x&Ds(i12)k)
|(Ds(it2)k&Dsik);

23. Da—s)g+nkl= (tmp < 1);

24. end for

25. end for

26. fori=itony—1 i++,j++ do

27. for k=0to2n—1do

28. Da_gyjk = Dsik;

29. end for

30. end for

31. s=1—s,n2— =na/3;

32. end while

33. C = sum(Dso, Ds1)

0100030000 DO0OO0OO0OO0O A, BOODOOO
00000000000000030150000000 DO
0000160320 0000000000000 Carry-save

e s

adder 00000 3000000 200000000000
0000000000000000000 whiOOOOO
00000000 D[o)[ij0 D[1jj00000000000
00000 2000000000000000000000
0200000000000000000CO00000000
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O0000O0googgon tmpO unsigned long long 00O O
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O000000#d0000000000000000000

tMmp; 1 1iq += A; X By
i=0MEE

By| By| By| Bs

7

Ag| Ap| Az| As

FRERMNOEAEHED
STEEERTITAEL
I 5 1ZET

060000400000 A0100 Ay0O00O0O B
gbooaboabooobooooan

4.2. 30000000000 2000000000000

oooooooood~0D0O0OO0OO0OODODOOOODO
200000000000000000O0 2n0000 10
goboooooooboocooooobooooooooboooon
gobooooooob 2n000000000000DO0 nDO
goooooo 20000 nO000O00000OO0OO0O0O
ooooog

4.3. 0000000DO 20000000000000
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oooog
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goooooobooboobooboboooooooooooooo 200
goboooooobooooboooooboOooooobooDo
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O 1. CPUDO GPUDOOOO

oono
cpuOonong

GpPUOODO

oo
Xeon E3-1220V5
Intel Core i7-6700T
GeForce GTX 1080

oooo
3.0GHz
2.8GHz
1.6GHz

CPU
GPU

02 100000000000000GPUOOO CPU
oobDoooMPIROODOOOOOOOOOODODOO
gooooao

ooooog |MPIR CPU GPU

03 000000D0C0C0O0000DOOOGPUDOOO
ceuOODOOOMPIROOOOOOODOOOOO
gbooooooao

gooogo

MPIR

CPU

GPU

2000

0.000537156

0.000529322

0.51272615

4000

0.001521951

0.001511155

0.510047158

6000

0.00267839

0.002659055

0.52124945

8000

0.003480215

0.003490043

0.518306737

10000

0.003331582

0.003248075

0.5149249

11000

0.003873951

0.003782187

0.510929053
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1.35 x 10~°
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0.4806017
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8.25 x 107°

0.486304526
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0.4731121

1024

0.000244656

0.000479681

0.481087263

6. OOOO

5. ybogobooodg
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O VRAMOOOOOODOOOODO cpUDO GPUODO
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1. 0000

2. GPU O CUDA

goooooooboobbobObO0ooooooooobobooDbooo
gobooooooooooboooobooobobooooooon
gobooobooooooooooooooooboobooon
gobooooooooboooboooobooboooboboooooon
gobooooboooobooooooooboooon

oooocpUOOOOOOOOOOOOCPUOOOOOO
goooooooooooooooooooooos32000

e4dDOOOOOOODOOODOOOOOOODOOODOOO

000032000 CPUOOOOOOOOOo0D2%2-1000
00000 1000000000000000000000
0000000000000 D0D0OOOOO
0000000000000 0000000 CcPUDOO
000000000000000000000000000
0000000000000000000000000OQO
0000000000 0000O0010000000000
00000000000000000000000000nO
U0000000 GMP 100000000000 [2]0
Bellard O O Intel Core i PC OO GMPOOOOO 1310
002700000 0000000000000 0O0O0OO0
0 30000000000 000D0oooooooonoog

goooobooooooooboooooobooboooooobooo

0 O 0 GPU(Graphic Processing Unit) 00000000
Oooo0ooooOoGPUOOOOUOOOODOOOOOOO
0000000000 o0o00ooo0o0ooo0ooogcrPyU
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gobooooooobooobooooobooooboobooooooon
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OO0OIntel 00 64000 CPUOOOODODODOOCOOOOO
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000000 MPIR [4]00000000O0OMPIROOODO
goboooooooooboooooboooobobooooooon
goooooboooboobooo
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000000000000 ooD GeUOOOOOOOOOO
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2.1. GPU

GpUOOOOOOOOOOOOOODOODOOODOODOO
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gobooooooboooboooooooboooooon
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O00000ooo cubAOdOoOoO

2.2. CUDA

CUDACO NVIDIAOOODOOO GpUOCOOOOOOOO
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g0oo0o0o0oo0ooooooooooooo sMooooo
gooooooooooooboooooooooooooon
O00oo0o0ooo0o ceiODOOoOOoOoUooOoSMOOOooOoOg
goobooooooboooooooooooooboooboooo
0000000000000 00O00o0o0OO0o0oooOCUDA
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goboooooboooobooooo
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1. GPUODODOOOODODOD
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ooboooobooooooooboooooobo 3sgoooooon
00o0000ooo GgpUOOOOOODODOOOCOOOOO
ooo

KernelName< < <BlocksO Threads>>>(Arguments)
000000000000 0D0O0O0OBlocksd 300000
OOOO0O0O0OO0OO0OOOThreadsO 300000000000
O000Arguments 000000000000 O0O0OOO0O
gooboooooooboocoooooboooooooobooboon
oooooooboooobooboooobooooooo

2.3. CUDbAOOOOOOO
gobooobooooobooooboooooobooooonon
O0000000000000O0o0ooocubAOODOOOOO
goboooooboooobooooooooboooboooooboooon
goboodoooobooooooobooooooooogoon
oooooooOoOooooGpUOOOOOOOOOOOOO
goboooocobooooooooooooooOoooboobooon
goboodooooboobooooooboboooooooogoon
gooooooobooooooooooooboboooboboon
000000oO00oo0ooooUoooUoooUoo [(bloo
oooood
0100CcubA0OO0OoOoOoOoOoooooooooo

(T/N(R) TR
J0v%(0, 0)
SI7—FAEY |

l LoR% | | LY2% | | LOR% |

|zl/‘yl~‘(o. 0)| |7<l/~y|~‘(1. 0) |7\l/‘y|~°(z. 0)
{ I )
cudaMalloc A—A)L a—AL o—AL

cudaMemcpy *EY FEY AEY

cudaMemset
cudaFree

KA

! JO—/LAEY l
I a2 RAURFEY ]
I FHRF X AEY |

O 1 GPUOOOODOO

24. CUDAODOOOOOOOOODOOOOO
gobooooboooooboocooobobooooooooonn
oboooobooboooooooooboooooooboooon
gobooooobooooboobooooooobooboooooooboboon
goboooobooooooooboooooooo 3ooon
oboodooobooobobooooooobooooooooooon
oo3b0000obooooooooooooooooooon
000 dm3000000000000DO0O02000 100
Odm300000000000O0 20030000000
gobooooboooooboooooobooooooobooDo
ooooooo sMOOO0O000000000000000
oboooboooboooooooooboobooooono

oooooboooooooboooooboooooobboooo

3. GMP O MPIR

3.1. GMP

GMPOO GNUOOOODOODOOOOOODODOODOOOO
O000000000000000 GNU Multiple Precision
Arithmetic Library 000000000000 00000O0O
obooboooboooboooooooobooobooooboooon
gobooooobooooboboooooooboobooooooobobooo
gooooo GMPOOOO0OO0O0O000O0O0O0O0O00O0O0O
goboooobooboboooooobooboooooooboooon

oboooobooboobooooooobooooboooooboooon
ooooooo

gobooooboooooboooboboooooooooonon
gobodoooooboboooooobooooboooooboooon
oobooooooo

3.2. MPIR

MPIRODO Intel00 64000 CPUOOOOOOOOO
odoooooooooooo GMPOOOOOOOOODO
00000000 Multiple Precision Integers and Rationals
ooooGMPOOOOODOOOOOOOOOODOOOOODO
0000000000 cOopOoOoooooooooooDooo
0000 cobpoboooooooooooooooooo
odobooo0oboboooobobooooobobooooobo
0dooooooooooooooooooooo

MPIROOOOOOOOOOOODOODOOODOODOOOD
gooooooooboboobobobooboboboboo
000d0oO0bOO0bOO0bOO0bOO0oDOoDoOoooooooaMPIR
JooooDooOooooOoooooDbObooooooooo
OcCcpUOODOOUODOODOODOOOOOOOOOOODO
0o0o0ooooooooooooooobooooooooo
JooboOooDooooooooooo

MPIROOOOOODOOOOOOO C++00000000O
0d0oOO00O0O00ODbOoDOoOobOOo s000 MPIROOODOO
JodoooOoooooooboooooooryobooog
goboodbooboobooboobllooobooboooog
0d0DbOO0D0O0oO0obOo0bOO0rk0kBooooooooo xoo
OyOOOOODOOOmpztOOUOOOODOODOOODOLT
goboobooboobbooboboo2r0boobooooo
00000 (0O cU000bDO srand() D0O0ODO)O230
2400000000 xyOOUoooOooO26000000
gooooo

goooood2e000 40 -00000D00O000O0O

1 #include<iostream>

2

3 using namespace std;

4

5 #include<mpirxx.h>

6

7 #define n 12800000

8 :

9 : int main(){

10: mpz_class x, y, Z;

11:

12: const mpz_ptr mpzpx = x.get_mpz_t();
13: const mpz_ptr mpzpy = y.get_mpz_t();
14:

15: gmp_randstate_t state;

16:

17: gmp_randinit_default(state);

18:

19: mpz_class seed = 1234;

20:

21: gmp_randseed (state, seed.get_mpz_t());
22:

23: mpz_urandomb (mpzpx, state, n);

24: mpz_urandomb (mpzpy, state, n);

25:

26: z =x + y;

27:

28: return O;

29: }
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4. 00000O0DOOO0ODOOO

4.1. 00000
mO00000000000000 O(m)00OO0OOO
gobooooooooboooboooobooboooooooon
goboooboooooooboooooboooboooooboo
0O000000000000000000 Algorithm 1 0
o000O000cary UDOODOOOOOOOOODOODODO
goo

Algorithm 1: 000000 DOOOOO

O0:000 mO unsigned 000 xOOOOOO
n00000000 XO
O00 mO unsigned 000 yOOOGOOO
n00000000Y
000 m+10 unsigned000 200000
On+100000000 X4Y
unsigned carry = 0
:fori=0tondo
zli] = yli] + carry
carry = (z[i] < yli)
z[i] += x[i
carry += (z[i] < x[i])
zli] = carry
carry = carry

oode:

Algorithm 10 000000000000 Algorithm 200
dodoodoboooboobOoobobob1100b0o0oooa
0002000001 000000 «fi<x[j 0000000
00000000000cfi]01000000z[i>x[ij000
00000000o00o0o0oUdcefijbooonoooood
goooooooboboooooDboboooobobooooobo
000000DooooooooooooooO Algorithm
20 GPUOODOODOODOO

Algorithm 2: 00000000 OOO0ODOO [3)

O0:000 mO unsigned 000 xOOOOO0O
nd0000000 XO
O00 mO unsigned OO0 yOQO O OOQO
n0O000000gy
000 m+10 unsigned000 200000
On+1000000D00 X4Y
1 z[i|l=x[ij4+y[j0000i00000000000
2. 0000 10000000000000000 clj
01000000000 c¢ijoo0ooooon
goboigoboobooo
3: Max=0
4 0000000
(1) ali] =z[i] + ¢[i-1] 000010000000
googono
(2)(HODOOUDOUDOODOOOOoOOoOO cfijo
1000000000 cij0o000oO0Oouon
goboiggobooboooboo
(3) if(c[ijl=1)Max=10000 10000000
ooog o
4HMax=0000000000OO O
(5) Max=0 [
(6) z[ij0 alij000000O00OODOO0Oi0O0OO
ooooooo)ooo

O0:

4.2. JO00O0OO0O0O0OOO0OOOOCOO
000000000000 000000 20000 x[0
yij0OOOODODOOODoO0oOoooooooooooooo
O0o0oU0ooooOoooUooUoOeijooooooa
gobooooobooooooobobooooooo

X[i]=111.....11
yli] olool - - == 011

z[i]

1 1 1 . . . . . 1 O
SRRV R RV VRV
0

c[i]

0|0

L] L] L} L] - O 1
U200000000000000000000

4.3. 00000
O000000OmO0O00000O0O0O0O0O0000 O(m)
gobooooooooooooooobooooboooooon
gobooooooooboooboooobooobbooooooon
goooooo
00000000 0O00000000 Algorithm 30000
OO0OO0O0Oborrow OO DOOOOOOOCOOOODODOOOOOO

Algorithm 3: 000000 DOOCOOOO

O0:000 mO unsigned 000 xOOOO00O0O
n00000000 XO
O00 m0O unsigned 000 yOOOGOOO
n00000000 YO
000ooxX>Y

000 mO unsigned 000 zO0OOODOOO
n00000000 XY

: unsigned borrow = 0

: fori=0ton-1do

unsigned b=(x[i] < (unsigned long long) yl[i] +

borrow)

zli] = x[i] - y[i] - borrow

5. borrow = b

z[i] = x[i] - y[i] - borrow

oo

> @y

@

00000000000000000000000000
000000 Algorithm 40000000x0 yOOOODO
00D0x000000000000000000x0000
00000x0yO0O00O00O000000000300000
2000000 z[ij>x[] 0000000000000000
OOb[{0 10000002[i<x[j 00000000000
0000000 b0 00000000500000000
0000000000000000000
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Algorithm 4: 0000000000000 [3]

O0:000 mO unsigned 000 xOOOO00O0O
ndO000000g Xd
U000 mO unsigned OO0 yOOOOOO
nJO00oooog Yo
googx>y
:000 mO unsigned 000 zO0OODOODO
ndo000oO0ooo0g XY
1 z[i] =x[i]-y[ij0000i00000000O0OOO
2: 0000 10000000000000000 bfj
010000000000 blj0Do0ooOoOn
oboooboioboboooooo
3: Max =0
4: 0000000
(1) ali] = zl[i] - b[i-1]
(2)(1)00000UD0O0O0DO0OO0O0OO0O bl
010000000000 blijoo0oooO
goboobooiboobobooon
(3) if(cfijl=1)Max=10000 10000000
goog o
(4 Max=00000000000O O
(5) Max =000 O
(6) z[ij0 alij0 00000000000 iIOOO
ooooooo()ooo

oo

44. OO0OO0OOCOOOOOOOOO
000000000000 000000 30000 x[i] 0
yij0O0O0OO00O00000000000000000000
OU00000oU0o0oO0oUoUOoOooObjooooUoo
ooboooobooooooooooooogoa

x[i] = 110l0 - . i . - olo

Vil= tolojo|-|-|-|-| |01
z[i]

1/0{0 ||| =]0]1

UL GO G0

b[i]

5. 0000

Algorithm 2 0 Algorithm 40 i0 GPUOOOOOODO
gbooboboooooooboobouoooboooooboobo
000000 [[0000/32]/256]0000000 25600
OoGpUODOOOODOOODOO

Algorithm 5 0 Algorithm 20 GPUOODOOOOOOO
0000000000 Algorithm 6 O Algorithm 4 0 GPU
gbobobooboooooooooboonb

Algorithm 5: 0000 (00O)

O0:000 mO unsigned 000 xOOOO0O0O
n00000000 XO
O00 mO unsigned 000 yOOOGOOoOad
nd0O0O000000Y
000 m+10 unsigned000 200000
On+100000000 X4Y
1: 000 m0Od unsigned 0 00 dx,d-y,d_z,d_c,d_a
GgpUOOOOOOOO
2. CPUDO x0O yO GPUOO dx0O dyOdO00O0O
gooogod
3: GPUO OO0 duli=dxil+dylij000O0 i00
ooooooooo
4 00003000000000000O0O00O0
dc[ij0 1000000000 dcfij000000
0000 GpUOODOODODiODOODOOO
od
5 GPUOD dMaxDO 0OODO0ODO
6: OO0Ooood
(1) GPUUDOO dali] = dz[i] + dc[i-1] O
ogooiboboooooooooo
(2) (1)0000000000000000 defi]
01000000000 dc[ijOoo0Oooon
000 GpUOOOOOOOIDOOOODO
ooo
(3) if(dc[i]=1)d.Max=10 GPUDOODOOO0OO
idoooooooon
(4) GPU OO dMaxO CPUOO MaxO O OO
oooo g
(5)Max =00000000000 O
(6) d-Max=0 [
(7) dz[i]0 da[ij000000000 GPUD
000000 i00000ooooo() oo
7: cudaDeviceSynchronize(); D0 0000
8 dx,dydzdcdal GPUOODOOODOOOO

g

o olo]-]«]-]-]-]ol1
\VAVAVAVAVAVAVAVAV

U3 gbobobooooboooobobooonog
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Algorithm 6: 0000 (0O)

O0:000 mO unsigned 000 xOOOOO0O

ndO0000000 XO

O00 mO unsigned D00 yOQO O OOQO

n0O0000000 YO

oogogx>y

O00 mO unsigned 000 2000000

ndO0000000 XY

1: 000 mO unsigned 000 dx,d_y,d_z,d_b,d_a
OGpPUDODOODOODO

2. CPUOO x0O yO GPUDOO dxDOdyOdQononoO
gooooo

3: GPUOOOO dulij=dx[i-dy[ij0 000 i00
googoooooo

4. 0000300000000 0O0ODODO0ODOOO
dblij0 1000000000 dDb[ijODo0000
0000 GpUOOOODOODiODODOOOO
RN

5 GPUODO dMaxO 0O00OD0O0ODO

6 DOO0OoOoOon
(1) GPUODOODO dali] = d[i] - d-b[i-1] O

gobibgobooboobon

O0:

(2) (1) 0000000000000000 dbl]

01000000000 db[ijOoo00O0OOO
000 GPpUDOOOOODOiIDODOOOOO
ggd
(3) if(d_bli]=1)d. Max=10 GPUODOOOOOO
ijdooooooooon
(4) GPUDOO d.Max0 CPUOD MaxO OO0
gooo o
(b)) Max =00000000000 O
(6) d_Max=0 O
(7) dz[i] 0 dalj0 00000000 GPUD
000000 i00o0oOoooooo@)ooo
7. cudaDeviceSynchronize(); D 00000
8 dx,dydzdbdal GPUOOOODOOOOO

6. OOOO

6.1. 0000
bebO0O0obOOOO0OOOOOOOODOOODDOO
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2. 00000000 GPUDOOOOOOOO
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4

5

.ceUDOOOCOOOOOOOO
. 00000000 GeUDOOOOOOOO
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gs000oooonbo 2030000000
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ooobOooooobObOoOoooobooonooo 1280000
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Ul1bdobdobooboooooooooooooooboooo
OO000o0 128000012800000 128000000 128000000 O O O
oobooooboono 2000000

6.2. JO0O0O
gooboooooooooooo
CPU Intel Core i7-6700T(2.8GHz)

GPU GeForce GTX 1080
CUDA OO 256000
VRAM 8GB

OS Windows Server 2012 R2
CUDAOODOOOO O CUDAT7.5
00000 O Visual Studio 2012

6.3. DO00O0ODOO

040000 600000000D0000000000O
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goboooooooooobooobo400000000D
gooooooon
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goooobooooooobooooooboboooooboobooooo
gooo12s50000000000000000 voooon
oooooooo0o0o 128000000 00000000 MPIRO
gobooooooooooboooobooosboooooon
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ol1oboo0ooooooooooooooboooooooo
goooooooboObObOO0b00o0ooooooooooooon
O MPIROOOOOODOOOOOOOODOOODOODDOO
goboooo200000000000000000000
goboooooooooobooooobooooboboooooon
ooooOMPIROOOOOOOOOOOOOODOODODOOO
gobooooooboboobooooboobooooooon
gobooooooobooobooooooooboboooooon
gobooooboooboooooo
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£y
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= 128000

we

4 1280000
< 12800000
+ 128000000

e 0l Bl /d1d W

256000000
384000000
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200,000,000

400,000,000

Ewb
07 00000MPIROODOODO (0DO)

600,000,000

O200000000000000MPIROOOOO
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ERT7IL3) ERT7IL3)
ZLOME MPIROINIE IBEFED ZLOME MPIROINIE IBEFED
Evhk RS (s) RFRE(s) |ALERRFRAE(s) Evh RS (s) BFfEl(s) | ALERRFRE(s)
128000 0.00000893 0.00000641 0.139 128000 0.00000777 0.00000286  0.493
1280000/ 0.0000923 | 0.0000465 |  1.551 1280000/ 0.0000812 | 0.0000179 | 4.639
12800000 0.00110 0.000915 28.515 12800000 0.000913 | 0.000517 67.419
128000000/ 0.0102 0.00483 1718.580 128000000 0.00852 0.00443 2819.052
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7. 0000

goboooooooooboocoooboooobooooooo
cooooooooboooooboooobooOoOOObOOOO0 MPIR
goboooooooobooooooobooobooooobooon
goboooooooboocooooobooooboooooooon
gooooooboobooooobooooooobooooboooon
gobooooooooboooooooboooboooooboooon
goboooooooboocobooooboooboooooooon
dbdddodotodooooooouooouooooooogo
gobooooooooboooooooboboooboooooooon
goboooooooboocooooobooooboooooboooon
oooood

ooooooooooo s120000000000000000
goboooooooboobooooboooboooooboooon
goboooooobooboooobooobooooooon
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ooboooboooooobooooboooooooonon
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[1] Free Software Foundation. The GNU Multiple Preci-
sion Arithmetic Library. https://gmplib.org/, 1991.

[2] F.Bellard. Computation of 2700 billion decimal digits
of pi using a desktop computer. 2010.

[3] D.Takahashi. Parallel Implementation of Multiple-
Precision Arithmetic and 2,576,980,370,000 Decimal
Digits of 7 Calculation. Parallel Comput., 36(8):439—
448, 2010.

[4] W. Hart. MPIR:Multiple Precision Integers and Ratio-
nals. http://mpir.org/links.html, 2015.

[5] J. Cheng, M. Grossman, T. McKercher. CUDA C 0O
ooooooo ooooooo.oooob,0b000
gooao, 2015.
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CUDA 00U00oobobobbuoouoooobobobbbooooon

1. 000040

cepuOO0O0OOO0OOO0OOCODOOOOOOOOODOO
O0O0o0DO0000O00O00O0b0COO0000000Oint
0000000 CPUDOOOOOOOODOOOODODOO32bit
O CPUDDO 2% =4294967296 0 000000000000
gooooooboooboobobooooooooooooooooo
goooooboobobobooooooodoooooooooooon
goooooDboOOOO000o0o0o0ooooooooooDooDDbD
0000000000000 D000Goldschmidt O [1]000
O000000000000000000000ONVIDIAOO
0000 GpUDOOOOOOOODOOODOOODOOOOOOO
000 CUDA(Compute Unified Device Architecture)[2] O
000O00oocCcpUOOO0O0O0O00000O00O0OO0OO0OO
000000000 MPIR(Multiple Precision Integers and
Rationals)[3] 000000000000 OO0OOOO

2. Goldschmidt O
0000D00000oo0ooo0o0ooooooooOonooonog
0ooDOoooooooooo

2.1. Goldschmidt 000000
ao/bo UOOOOODO

ao o a0Y0...Yi_1 o a; _

ao ai _ aYi _ Qi1
bo  boYo..Yi1 b bY:  bia

ocoooooooo b, OOD 10D0ODOObOOOODbOO0a, O
ooooooooooooooog Yo, yh,...ooooooo
000003/4<Yobo<3/20000 1/bo 00000 YoO

001/6 000000 0000 (e= 129200 = 1—bo¥,)0

i=1,2,... (1)

i

= (e¥)(e*) )
i+l i i )
[T =1]v+]]% ) (3)
k=0 k=0 k=0

D0000000000000000000000 ¢ 0 1/bo
000000000000 e 00000 ao/bo 00000
ooo

2.2. Goldschmidt 000000000
Vo OOOODOODO

i+l

by = boYEY2.. Y2, (4)
00000b, 000100000000

Yn = YoVi.. Y 1 = 1/1/bo (5)
gn = boYoY1..Yao1 = \/bo (6)

000000000000 Yo,Y.,..0000001/2 <
boY¢ <3/20000 1/vbo 0000 Yo OO OO Oyo = Yo
g():boyol]ho:yo/QDDD

,—\
-
3

ri—1 = 0.5 —gi—1hi—1

—
oo
~—

gi = gi—1 + Gi—1Ti—1
hi =hi—1+ hi—17mi—1

fl00D000 00000000 00000000 00000
ooo

—~
Ne)
~

oooo,0o000,0000 M

00000000000 v OOO g, 000000000
ooo

3. CUDA 0000 Goldschmidt 0O OO

gooooooooooooooooboo0ooboboboo
0”cuda-mpf_class”[4] 00000 [5|000000 [6]000
0000000 GpUOOOOOCOOOOOOOOOOOOO
oobooooooooooobooooooooo1oo0o00 2
goooGcpUOOOOOOOOODOCPUOO GPUOODOO
O00000000000000”cudampf_class” 00000
ocooooooooooooooooooooooooon
O000000000OD00D000000000 do-while O
0000 CcpUDO GPUDOODOOOOOOOOOOOODO
O0o0o0o0oO0o0ooooooo GgpUOOOOOOOOO
gboboboboboboboooooo

4. 0Oooooo

CUDAODDOOO Goldschmidt 00O OO0O0O0O0O0OOO
CPUOOO0OO0O0O0O0OMPIROOOOOO00 sqrt000
gboobooobooooooboobooooobOooobb
Digits 0000000 «O0b0000050 < Digits < 3000
000 Digeits 000000000 DegitsO0O0OD0O 20000
tddodoodoooooooooooboooObO 30ooOo 40
goooooooobobobobobobooooo 100 20000004d
ceuOO000O0DODOODOOCOO MPIROODODOOOODODO
000000073.0GHz Xeon E3-1220V5”0 O 00 CUDA
O00000000000000000CPU O ”Intel Core i7-
6700T(2.8GHz)”0 GPU O ”GeForce GTX 1080 O 2560 O
OO0 VRAMSGBO” OOOO

5. 00

O00o0o0oOooooooOoo cubADOOooOooO MPIR
gobodooooboobooooooobooooooooboooon
0000000000000000 Yo(OODOOOO 1/b0 O
0000000000000 1//b0000000)000
OO0 doubleDOOOO0OOOOODODO 1000 300000
0oooooooooooooo GpUDOOOOCOOOOO
goboooooooboocoooooboooooooboooon
oooooboooooooooooob YoOOODOOO
goboooooooobooooooobooboooooooboon
gooooooo

oogoo

[1] P. Markstein Software  Division and Square
Root Using Goldschmidt’s Algorithms, CiteSeerX
10.1.1.85.96480 2004

[2] NVIDIA Corporationdd CUDA Zonel

https://developer.nvidia.com/cuda-zonel 2017

[3] B. GladmanOW. Hart and J. MoxhamOet al.O
MPIR: Multiple Precision Integers and Rationals[]
http://mpir.org/0 2015

(4] OODOO0O0O0OO0OO0OO0OO0ODOOOOODOOOOUOODOO
0000000000 MPIROOO CUDAOOOOO
oooooooob 1300000000000002017
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[p) DO0OO0O0O0OO0OO0OOOOOOOOOCUDAOOOOOO
ooooooooooboobD kBooooooooooooo
2017

[() D0ODOO0OO0O0ODOOCUDADODOOOOOODOOD
ooboooobD B3ooooooooooooo2o01y

cuda_mpf_class operator /
(const cuda_mpf_class& a,
const cuda_mpf_class& b)
{
if (b.sign == 0)
throw std::out_of_range("division by zero");
if (a.sign == 0)
return O;

cuda_mpf_class
y=1/Db.get_d(), e
cuda_mpf_class
epsilon(2,-nap_int::default_prec);

1-bx*xy;

do {

y =y *e;

e *x= g;

} while (e > epsilon);

return a * y;

}

U1 0b00b0o00ob0o0ood

cuda_mpf_class sqrt
(const cuda_mpf_class& b0)
{
if (bO.sign < 0)
throw std::out_of_range
("sqrt for a negative value");

cuda_mpf_class

y =1/ sqrt(b0.get_d0), g, h, r, g0;
cuda_mpf_class
epsilon(2,-nap_int::default_prec);

b0 * y;
y / 2;

g
h

do {

g0 = g;

= 0.5 - g * h;

+= g *x r;

+= h * r;

} while(abs( g - g0) > epsilon);

r
g
h
return g;

}

0 2000000000000000

0.016
0.014

itz 0.004
0.002
0

e CUDA
CPU

4 MPIR

0 50 100

150 200
g

250

300 350

0300000 «00000000000000 a/b

oood

0@)

54 ©
R 9 N
v N Un

HesE®)
o

o
o
a

o

100

150 200 250
g

 CUDA
cPU
! 4 MPIR

300 350

04 00000b000000000000 V600
ooo (o)

0100000 «00b000000000000 a/b

ooooooo (o)

Digits CUDA CPU MPIR
50 |4.86550 x 1072 |3.54986 x 1076 |3.24266 x 10~7
100 |6.64827 x 1073 |2.79893 x 1075 |5.12000 x 10~
150 |19.37594 x 1073 |4.28373 x 1075 |6.82666 x 10~7
200 ||8.67085 x 10~ |3.48160 x 10-¢|9.38666 x 10~7
250 {|9.79568 x 10~ |6.02453 x 10-6|1.14347 x 10~
300 |[1.11313 x 1072 [3.53280 x 10-¢|1.58720 x 10~

02 00000,000000000000 600

ooooo (0d)

Digits CUDA CPU MPIR
50 |/3.63659 x 1072 |1.90805 x 107°|5.11999 x 107
100 || 1.96853 x 1072 |6.86079 x 1076 |1.02400 x 106
150 || 1.08312 x 1071 [5.39477 x 107° | 1.29707 x 106
200 ||2.48594 x 1072 4.43733 x 1076]1.41653 x 10~°
250 ||1.69199 x 1071 [7.43936 x 107°|1.72373 x 1076
300 |4.65398 x 1072 |1.67253 x 107°|2.25280 x 10~
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