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本論文集は 2016 年 9 月 14 日～16 日，工学院大学富士吉田セミナー校舎（山梨県）にて
開催された第 12 回情報科学ワークショップでの発表原稿をまとめたものである． 本ワークショップは，
日本の並列／分散計算の研究者が研究室以上の議論と研究会未満のフォーマルさを目指し，合宿
形式でお互いを徹底的に切りまくる「チャンバラ大会」を目的とし，大阪大学，九州大学，九州工業大
学，京都工芸繊維大学，名古屋工業大学，奈良先端科学技術大学院大学の研究者有志によっ
て 2005 年に始まったものである．第 1 回は 2005 年 9 月に出雲で開催して以来，第 2 回瀬戸，
第 3回門司，第 4回長浜，第 5回広島，第 6回桑名，第 7回福岡，第 8回神戸，第 9回唐
津，第 10回福山，第 11回北名古屋に続き，今回で 12 回目の開催となる． 今回は大阪大学，
名古屋工業大学，九州工業大学，奈良先端科学技術大学院大学，広島大学，東京工業大学，
工学院大学，法政大学から 34 人の参加者があり，25 件の発表が行われた．今回の開催場所は，
山梨県富士吉田市の工学院大学富士吉田セミナー校舎で，富士山のすそ野に位置し夏でも涼しく都
会からは隔絶された研究討論に適した場所である．このような研究討論に適した場所で夜遅くまで活発
な討論が行われ，有意義な時間を共有することができた．2015 年度からは，学生をはじ めとする若
手研究者たちのモチベーションの向上を念頭に，参加した大学教員らの審査により，優れた研究に対し
て優秀研究賞を，さらに素晴らしいプレゼンテーションを行った学生を対象にプレゼンテー ション賞を授与
した．本予稿集に受賞者一覧を掲載している．受賞者らには今後益々の活躍を，そして未受賞者諸
君には次の受賞者を目指して更なる研鑽を積んでいただきたいと思う．なお 2017 年度は大阪大学・
奈良先端科学技術大学院大学を中心とした大阪チームが主担当の予定である． 最後に，今回の開
催にあたりご協力をいただいた皆様，ワークショップ運営にご協力をいただいた参加者の皆様に厚く御礼
申し上げる． 
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Abstract—In this paper, we present a self-optimizing routing
algorithm using local information only, in a three-dimensional
(3D) virtual grid network. A virtual grid network is a well-known
network model for its ease of designing algorithms and saving
energy consumption. We consider a 3D virtual grid network
which is obtained by virtually dividing a network into a set of
unit cubes called cells. There is one specific node named a router
at each cell, and each router is connected with the routers at
adjacent cells. This implies that each router can communicate
with 6 routers.

We suppose one special node (named a source node) and one
moving node (named a destination node) in a 3D virtual grid
networks. We consider maintenance of an inter-cell communica-
tion path to a destination node from a source node. We propose
an optimizing protocol in a 3D virtual grid network, which can
transform an arbitrary given path (from a source node to a
destination node) to the optimal (shortest) path using only local
information (6 hops: 3 hops each back and forward along the
routing path) of each router.

I. INTRODUCTION

Recently, wireless networks, such as MANETs (Mo-
bile Ad-hoc NETworks)[2], [3] or WSNs (Wireless Sensor
Networks)[4], become popular and important in the distributed
systems. In the typical wireless networks, nodes are deployed
on a two-dimensional plane, and each node can directly
communicate only with nodes within its communication range.
If the destination node (the node receives the message) is
outside of the communication range of the source node (the
node sends the message), the message should be relayed to
the destination node. The topology of wireless networks can
be changed frequently because of moving of nodes. Multi-hop
routing algorithms for wireless networks have been proposed
[6], [7], [8], [9], [10], [11].

A virtual grid network is a well-known topology model
for designing algorithms of dynamic networks. A typical
virtual grid network on a two-dimensional plane, which is
obtained by virtually dividing a wireless network into a grid of
geographical square regions are called cells of the same size.
Figure 1 shows an example of the virtual grid network. Note
that the size of the cells is determined by the communication
range of each node.

In this paper, we consider a virtual grid network on three-
dimensional (3D) space. Nodes are deployed in 3D space, each
node can communicate with nodes within its communication

Fig. 1: A typical virtual grid network (on 2D plane)

Fig. 2: A cell (unit cube) in the virtual grid network

range the same as the case of 2D plane. In a 3D virtual grid
network, each cell’s shape becomes a unit cube like Figure
2. Each node in 3D space has a spherical communication
range instead of a circular communication range on a 2D
plane and the size of each cell (unit cube) is determined
by the communication range of each node. A specific single
node called a router is selected at each cell (the marked node
in Figure 2.) and each router communicates with routers at
neighbor cells. Figure 3 illustrates an example of a 3D virtual
grid network.

Each node can communicate with other nodes that exist
outside of the communication range using routers in a 2D/3D
virtual network. We suppose two specific nodes, one named a

Fig. 3: A virtual grid network on 3D space
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source node and the other named a destination node in virtual
grid networks, and we allow that each node can move from
its current cell to the neighbor cell freely. And we assume that
there is a path, which is represented by the sequence of the
routers (details will be introduced in Section 3), from a source
node to a destination node. When a node moves to a neighbor
cell (there are 6 neighbor cells in a 3D virtual grid network),
the path is updated by extending itself to the next (neighbor)
cell.

In this paper, we consider maintenance of the given path
from a source node to a destination node. The power consump-
tion is one of the important issues in wireless sensor networks,
therefore, we consider that our goal is the construction of a
shortest path from a source node to a destination node. Thus
we propose a self-optimizing protocol which can transform
an arbitrary given (initial) path from a source node to a
destination node to a shortest path in a 3D virtual grid network.

The rest of this paper is organized as follows: Section 2
presents related works and we introduce the system model we
consider and explain the definition of the problem in Section
3. Our proposed self-optimizing algorithm for constructing a
shortest path from a source node to a destination node in a
3D virtual grid network is represented in Section 4, and we
conclude our work in Section 5.

II. RELATED WORKS

Xu et al. proposed a routing algorithm which is named
GAF (Geographic Adaptive Fidelity)[5]. GAF reduces energy
consumption in ad hoc wireless networks by identifying nodes
that is necessary for a routing and turning off unnecessary
nodes, keeping a consistent level of routing fidelity. To realize
GAF protocol, each node associates itself with a virtual grid so
that the entire area is divided into several square regions called
cells. When each node has the communication (radio) range
R, the length of each side of each grid r is set as follows:
r ≤ R√

5
. Herewith all nodes in the cell can communicate with

its adjacent cells. In a virtual grid network, a single node is
selected as a router and it has responsibility for communication
with its adjacent cells for routing and the other nodes can
communicate with the router in the same cell when they
need to communicate outside of their communication range
(when no communication is needed, they can sleep for saving
energy). A virtual grid network makes a routing problem
simple because a grid architecture is simple and regular.

Takatsu et al. proposed a local-information-based self-
optimizing routing algorithm in virtual grid networks which is
named Zigzag[1]. Zigzag adopts a simple protocol consisting
of only 3 rules. The system model of Zigzag is as follows:

• Asynchronous Network. Each node in the network can
operate freely at any time.

• No global information. Each node does not know where
a source node and a destination node are. There is no
coordination system, this means that each node does not
have any location information.

• Labeled Links. Each router maintains four communica-
tion links because it communicates with four routers in its

(a) Zigzag Rule 1 : Shortcut1

(b) Zigzag Rule 2 : Shortcut2

(c) Zigzag Rule 3 : ZigZag

Fig. 4: Three rules of Zigzag protocol

adjacent cells. Each router labels its four communication
links as UP, RIGHT, DOWN, and LEFT. All the routers
have a common sense of direction. This means that if a
sender sends a message through the link labeled RIGHT,
a receiver receives it through the link labeled LEFT.

• Local information within constant distance. Each
router maintains the subsequence of the routing path that
contains 6 hops (directions) which consists of 3 hops back
and forward along the path.

Zigzag uses only three rules to locally update a path. When
a router finds a condition of these three rules, it locally update
the subsequence of the path around it. Figure 4 simply shows
the three rules of Zigzag.

Zigzag protocol ensures a construction of the shortest path
within reasonable convergence time (O(|P |), where |P | is the
length of initial given path) using only these three rules. Zigzag
also guarantees the preservation of the connection between a
source node and a destination node.

III. SYSTEM MODEL AND PROBLEM DEFINITION

In this section, we introduce our system model and define
our problem.

A. System Model
We suppose all nodes in the system are deployed in 3D

space. Each node has the sphere-shaped communication range
with radius R, and it can communicate with the nodes within
R. A 3D virtual grid network is obtained by virtually dividing
an entire network into 3D grid (unit cube) cells. One node is
selected as a router in each cell, each router can communicate
with 6 routers in its adjacent cells. This implies that each
vertex has 6 edges in a 3D virtual grid network.

There are two nodes, a source node vs and a destination
node vt, in the system and we assume that some messages are
periodically transferred from vs to vt. A message is sent from
vs to the router ps which is the router in the same cell at the

7
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Fig. 5: A direction label of each link of the router pi

beginning. The message is relayed by some routers to pt which
is the router in the same cell with vt. Finally, the message is
delivered to vt. Note that vs and ps may be the same node,
and vt and pt also may be the same. For ease of designing
algorithms, we consider routers only in the 3D virtual grid
network. The entire 3D virtual grid network is represented as
NG = (PG, EG) (where, PG is a set of routers and EG is set
of links of each pi) which is undirected graph. A Router pj
is neighbor to pi, this implies that pi and pj share a face of
the cell, if and only if a link (pi, pj) ∈ EG.

Each router pi has 6 links because all cells are cube-shaped
in a 3D virtual grid network. Each router has no knowledge
of its global location, e.g. (x, y, z)-coordinates, however all
the routers have a common sense of 6 directions, and they
are labeled on these 6 links of each router. Figure 5 shows
labels of all 6 links of pi. Each router has 6 links which are
labeled with T (Top), B(Bottom), U (Up), D(Down), L(Left) or
R(Right) consistently. For example, if a router sends a message
through the link labeled R, a receiving router receives the
message through the link labeled L, because of common sense
of direction.

A routing path P to a destination node pt from a source
node ps can be represented by the sequence of routers as
follows: P = (ps = p0, p1, p2, · · · , pn = pt). In this case, P
consists of (n + 1) routers and the length of P becomes n.
We represent the length of the routing path with |P |, therefore
|P | = n implies that n-hops are required to deliver a message
from ps to pt and (n − 1) routers exist between ps and pt.
Due to common sense of direction, each edge in P can be
represented by a direction label. For example, if pi sends a

!
!

!
"

!
#

!
$

!
%

!
&

!
'

!
( !

)

Fig. 6: An example of a routing path P

message through its link labeled R, p(i+1) receives it through
its link labeled L inevitably. Therefore we can represent the
edge of P between pi and p(i+1) as a single direction label R
which is pi’s outgoing link’s direction. Thereafter P also can
be represented by the sequence of edges or direction labels
as follows: P = (−−−→p0, p1,−−−→p1, p2,−−−→p2, p3, · · · ,−−−−−−→p(n−1), pn) =
(Out(p0), Out(p1), Out(p2), · · · , Out(p(n−1)) (where
Out(pi) is the direction label of pi’s output edge).

Figure 6 shows an example of the representation of P . In the
case of Figure 6, |P | consists of 10 routers, therefore |P | = 9.
Note that the router p4 and p8 are considered as the different
routers even though p4 and p8 are the same router. P can be
represented by the sequence of the direction labels as follows:
P = (R,U,L, T, U, L,D,R,R). In this paper, we mainly
use this notation (using direction labels) unless specifically
mentioned. In addition, we use the notation Di which means
the direction label of pi’s output edge Out(pi).

Each router which belongs to the routing path from ps to pt
maintains its routing table. A routing table consists of some
records which is notated by the pair of input direction and
output direction like (In,Out). For instance, p2 in Figure 6
has the record (D,L) in its routing table because p2 should
forward a message received through the link labeled D to the
link labeled L in order to transfer a message from a source
node to a destination node. p4(= p8) stores two records in its
routing table, (B,U) for p4 and (L,R) for p8.

We assume that each router knows routing records of
preceding and following 2 routers (total 6 hops). For ex-
ample, a router pi maintains additional routing records of
p(i−2), p(i−1), p(i+1), and p(i+2). A router pi maintains
P pi which is the subsequence of the current routing path
P , P pi = (Out(p(i−3)), Out(p(i−2)), Out(p(i−1)), Out(pi),
Out(p(i+1)), Out(p(i+2))) and |P pi | becomes 6 obviously
(except some routers like ps or pt). Note that Out(p(i−3))
can be derived from p(i−2)’s routing record.

B. Problem Definition
A valid path P from ps to pt is initially given in a 3D

virtual grid network. We say P is valid if and only if P =
(p0, p1, p2, · · · , pn) fulfills the following conditions: (1) p0 is
the router in the same cell with vs (i.e. p0 = ps), (2) pn is
the router in the same cell with vt (i.e. pn = pt), and (3)
Each pi (except p0 and pn) is the router in the neighboring
cell of p(i−1) and p(i+1)’s. These conditions guarantee the
connectivity of the path P .

The path optimization problem is, from any given initial
valid path P in the 3D virtual grid network NG, to construct
the shortest path from ps to pt in NG.

IV. OUR PROPOSED ALGORITHM

In this section, we introduce our algorithm which solves the
path optimization problem, using each router’s local informa-
tion only.

In the previous section, we introduced the nota-
tion of P using each router’s direction label: P =
(Out(p0), Out(p1), Out(p2), · · · , Out(p(n−1))).
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Now we define an operation (⋆) of 6 directions Di =
{U,D,R,L, T,B} (see Figure 5) as follows. For ease of ex-
planation, we call directions {U,D,R,L} the plane direction,
and directions {T,B} the vertical direction. Note that this
operation is not commutative.

1) Straight Line : When Dj is the same direction as Di,
Di ⋆Dj = 1 (e.g. Di = Dj = R).

2) Retrace : When Dj is the opposite direction of Di,
Di ⋆Dj = −1 (e.g. Di = U and Dj = D).

3) Bend on a Plane : When both Di and Dj are the plane
directions and they are orthogonal, Di ⋆ Dj = 0 (e.g.
Di = L and Dj = U ).

4) Horizontal Bend : When Di is the vertical direction and
Dj is the plane direction, Di ⋆ Dj = 2 (e.g. Di = T
and Dj = U ).

5) Null OP : In the other case than listed above, Di⋆Dj =
ø. (e.g. Di = R and Dj = B).

This operation (⋆) is basically the same as inner product of
two vectors when both vectors are on a plane surface. However
in the case of the bending from vertical direction to plane
direction, we assign a new value 2 in our algorithm. Now we
introduce our local update rules in the following subsection.

A. Local Update Rules
Let P = (D0, D1, D2, · · · , D(n−1)) be the path to pt from

ps (Di means Out(pi)). We define four rules of the local
update on each pi from some i as follows.

1) Shortcut1 : If D(i−1) ⋆ Di = −1, D(i−1) and Di are
removed from P .

2) Shortcut2 : If D(i−1) ⋆Di = 0 and D(i−1) ⋆D(i+1) =
−1, D(i−1) and D(i+1) are removed from P .

3) ZigZag : If D(i−1) ⋆Di = 1 and Di ⋆D(i+1) = 0, Di

and D(i+1) are exchanged their sequence in P .
4) V-Shift : If D(i−1) ⋆ Di = 2, D(i−1) and Di are

exchanged their sequence in P .

Figure 7 shows the examples of four local update rules
of our proposed algorithm. Note that Shortcut2 and ZigZag
are updated on a plane surface only. Each router pi always
checks the relation between p(i−1)’s output direction ,which
is the conter direction of pi’s input direction, and its output
direction (i.e. D(i−1) ⋆Di). Figure 8 represents the flow chart
of checking local update rules of pi.

In this paper, we abbreviate how each local update is
implemented. We consider each local update can be executed
pseudo-atomically. To help to design atomicity, our algorithm
ensures that an edge is never targeted by two or more local
updates. This implies that each local update is spared the
intrusion of the other local updates. Details will be mentioned
in the next subsection.

B. Collision Handling of Local Updates
Some edges may be targeted for two local updates at the

same time. Figure 9 shows an example of some local update
rules’ collision.
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Fig. 7: Four rules of our proposed algorithm
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Fig. 8: Flowchart of checking local update rules

In Figure 9, pi detects the local update V-Shift, p(i+1)

detects the local update Shortcut1, and p(i+2) detects the local
update Shortcut2 at the same time. In this case, some edges
may be removed or moved (exchanging its sequence) by two
local updates at the same time. For example, Di is moved
by pi’s local update (V-Shift) and removed by p(i+1)’s local
update (Shortcut1) simultaneously. On the other hand, D(i+1)

is removed by p(i+1)’s local update (Shortcut1) and removed
by p(i+2)’s local update (Shortcut2) simultaneously.

These collision (confliction), which means the situation of
which some edges are targeted by two or more local updates,
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Fig. 10: Examples of confliction between two local updates

may cause the disconnection of the routing path to pt from
ps. Therefore, some exclusion rules are required to avoid
disconnection of the path. A router pi never detects two or
more local update rules at the same time because the definition
of local update rules. As presented in Figure 8, a router pi
detects one local update rule or not (do nothing) at some
instant. Hence we only consider two different routers pi and
pj trying to remove (or move) the same edge. To realize the
mutual exclusion of local update rules, we set one simple rule:
When a router pi detects a local update rules, pi checks some
other update rules including D(i−1). If pi detects some other
local update rules including Di, pi ignores its local update
rule detected. Figure 10 shows some examples of the collision
(confliction) between two local update rules. In Figure 10(a),

Algorithm 1 Pseudocodes for pi: Local-information-based
routing algorithm in a 3D virtual grid network
Require: Subset of P pi = (D(i−3),D(i−2),· · ·,D(i+2))
Ensure: Local update type of pi

1: procedure CHECKLOCAL(pi)
2: var update ← ⊥
3: if D(i−1) ⋆Di = −1 then
4: update ← Shortcut1
5: else if D(i−1) ⋆Di = 0 & D(i−1) ⋆D(i+1) = −1 then
6: update ← Shortcut2
7: else if D(i−1) ⋆Di = 1 & Di ⋆D(i+1) = 0 then
8: update ← ZigZag
9: else D(i−1) ⋆Di = 2

10: update ← V − Shift
11: end if
12: if CheckLocal(p(i−1)) ̸= ⊥ then
13: update ← ⊥
14: else if CheckLocal(p(i−2)) = Shortcut2
15: | CheckLocal(p(i−2)) = ZigZag then
16: update ← ⊥
17: end if
18: if update ̸= ⊥ then
19: Execute Local Update
20: end if
21: end procedure

pi detects a local update Shortcut1 because of D(i−1) = U
and Di = D. However, pi knows D(i−2) = D and it finds
that p(i−1) detects a local update Shortcut1. Thus, pi does
not execute its local update. In a similar fashion, pi in Figure
10(b) and pi in Figure 10(c) do not execute their local update
neither.

Algorithm 1 represents the pseudocodes of our proposed
algorithm with a confliction handling.

Figure 11 show an example of the execution of our proposed
algorithm. Our algorithm can be operated asynchronously, but
this example shows the synchronous execution (each router
which detects a local update rule executes it at the same time)
in order to help to understand.

The initial given path P = (R,R,U, T,D,L, U, U, L,D) is
illustrated in Figure 11(a). And three gray routers in Figure
11(a) detect local update rules by Algorithm 1. p1, p4 and p7
detect ZigZag, V-Shift and ZigZag, respectively. Note that p5
ignores its local update Shortcut2 because p5 knows p4 will
execute the local update V-Shift from its local-information.
Likewise, p8 also ignores its local update.

Figure 11(b) shows the updated path after the executions
of three gray routers. And three new gray routers in Figure
11(b), p2, p5 and p9, execute their local updates.

Finally, our algorithm constructs the shortest path like
Figure 11(f) and is terminated. This implies that there is no
more local update in this path.
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(f) Final Path

Fig. 11: Examples of executions of our algorithm

C. Correctness of Proposed Algorithm

In this section, we discuss the correctness of our proposed
algorithm briefly. We introduce some definitions and we
simply give an explanation that our proposed algorithm can
construct a shortest path from ps to pt.

As we mentioned in the previous section, a routing path
P can be represented by the sequence of each routers output
link’s direction like P = (D0, D1, · · · , D(n−1)) where Di =
Out(pi). Let P be a path from ps to pt and assume two
(relaying) routers pa and pb in P (0 ≤ a ≤ b ≤ n). P can be
divided into 3 parts, the path from p0(= ps) to pa (meaning
(D0, D1, · · · , D(a−1))), from pa to pb, and from pb to pn(=
pt). We notate these parts P sa, P ab, and P bt respectively.
Certainly, P sa, P ab, or P bt can be an empty sequence.

Now we define the converged path P which is constructed
by our proposed algorithm.

Definition 1. Converged Path P of our algorithm. P is the
converged path if and only if:

1) P sa is alternating with two plane directions Di and Dj ,
where Di ⋆Dj = 0.

2) P ab consists of all the same plane direction (a horizontal
line) which appears in P sa.

3) P bt consists of all the same vertical direction (a vertical
line).

Figure 12 shows an example of P . pb becomes the orthogo-
nal projection onto the same plane with ps due to its definition.

Lemma 1. No local update will be executed in converged path
P .
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Fig. 12: An example of converged path

Proof of Lemma 1. At first, at any i (1 ≤ i < a), all D(i−1) ⋆
Di becomes 0 in P sa. However, D(i−1) ⋆ D(i+1) will never
be −1 in P sa. Hence there is no local update in P sa of P .

Secondly, at any i ((a + 1) ≤ i < b), all D(i−1) ⋆ Di

becomes 1 in P sa because P ab consists of only one direction.
Thus there is no local update in P ab of P .

Finally, there is no local update in P bt of P due to the same
reason of P ab.

To prove that our algorithm constructs a converged path,
firstly we present the following Lemmas 2 and 3.

Lemma 2. If there is one or more vertical directions which
precede any plane directions, one or more local updates will
be executed.

Proof of Lemma 2. Assume a vertical direction Di is included
in P , which is the last vertical direction preceding some plane
directions. This implies D(i+1) is a plane direction. Because
of Algorithm 1 (line 9–10), a local update V-Shift is detected

11



by p(i+1). Even though there is some local updates preceding
p(i+1), V-Shift is eventually executed after the other local
updates are terminated.

Lemma 3. If both T and B are included in P , one or more
local updates will be executed.

Proof of Lemma 3. From Lemma 2, no vertical directions
preceding any plane directions. We consider that Di is the last
plane direction in P , thus, D(i+1) becomes the first vertical
direction in P . From the presumption of Lemma 3, there is Dj

in P , where (i+1) < j ≤ n and D(i+1) ̸= Dj . In this case, pj
detects a local update Shortcut1 because of D(j−1)⋆Dj = −1.

Therefore, if there is no more local update’s execution,
either T or B, but not both, is included in P . (or neither
of them).

From Lemmas 2 and 3, we have the following corollary.

Corollary 1. If no more local update is executed in P , the
subsequence P bt = (pb, · · · , pn) = (Db, · · · , D(n−1)) (where
b ≤ n), which consists of either T or B, can be determined
in P (Db is the first vertical direction in P ).

From Corollary 1, pb can be obtained by the orthogonal
projection of pn onto the same plane with ps (refer to Figure
11).

To make it easier to discuss the convergence of our algo-
rithm, now we only consider the subsequence of P , P sb =
(ps(= p0), · · · , pb) = (D0, · · · , D(b−1)) which consists of
only plane directions.

Lemma 4. If 3 or more kinds of directions are included in
P sb, one or more local updates will be executed.

Proof of Lemma 4. Assume Di is the first (plane) direction
with two kinds of different preceding directions in P sb. We
show that pi detects a local updates and eventually executes
it.

As the assumption, D(i−1) has the different directions with
Di. If D(i−1)⋆Di = −1, pi detects a local update Shortcut1.
Thus, we consider D(i−1) ⋆Di = 0.

In this case, D(i−2) has also different direction with Di. If
D(i−2) is the same direction as D(i−1), a local update ZigZag
is detected by pi. If D(i−2) is the opposite direction as Di,
pi detects a local update Shortcut2. If D(i−2) is the opposite
direction as D(i−1), a local update Shortcut1 is detected by
p(i−1).

Therefore, if two kinds of different plane directions precede
Di, p(i−1) or pi detects a local updates thus Lemma 4 hold.

From Lemma 4, if two kinds of directions are in P sb and no
local update is detected, the directions are orthogonal. Because
if not, a local update Shortcut1 is detected.

Before the introduction of the next lemma, we define a
segment representation of P as follows.

Definition 2. Segment representation of P . A segment
representation of P is expressed by the subsequence of P .

Each subsequence Si of P consists of the consecutive same
directions. SR(P ) is a segment representation of P , and
becomes SR(P ) = (S1, S2, · · · , Sm) (1 ≤ m ≤ (n− 1)).

A segment representation combines the consecutive
same directions in P into a subsequence of P named
Si. For example, if P = (U,U,D,L, T, T, T,R),
the segment representation of P becomes SR(P ) =
((U,U), (D), (L), (T, T, T ), (R)). In this example, there are
five segments in P (m = 5), and lengths of segments are
|S1| = 2, |S2| = |S3| = |S5| = 1, and |S4| = 3.

Lemma 5. When a segment representation of P sb =
(S0, S1, · · · , Sm), unless |Si| = 1 at any i (0 ≤ i < m),
one or more local updates will be executed.

Proof of Lemma 5. Lemma 5 implies that only Sm (the last
segment of P sb) has a length of two or more (|Sm| ≥ 2).

Assume |Si| > 1 (0 ≤ i < m) in P sb and no more update
is detected in P sb. There is S(i+1), and the last direction of Si

and the first direction S(i+1) become orthogonal (from Lemma
4). In this case, because |Si| > 1, the last two directions of Si

have the same directions. This causes the first router to detect
a local update ZigZag and this is a contradiction.

From Lemmas 4 and 5, we obtain the following corollary.

Corollary 2. If no more local update is executed in P ,
which consists of only plane directions, P includes only two
directions which are orthogonal. Moreover, |Si| = 1 at any
i (0 ≤ i < m) holds in the segment representations of
P = (S0, S1, · · · , Sm).

From Corollaries 1 and 2, unless P is a converged path,
our algorithm retains to detect local updates and transforms
P . And if P is a converged path, our algorithm stops (is
terminated). Now we show our algorithm eventually makes
P a converged path, this implies that the infinite executions
of our algorithm never occurs. To prove this, we introduce the
following definitions using a segment representation.

Definition 3. Potential function f . Let P be a path
and its segment representation SR(P ) is (S1, S2, · · · , Sm).
The potential function f assigns a sequence f(P ) =

(|Stotal|, |S1|, |S2|, · · · , |Sm|), where |Stotal| =
m∑

i=1

|Si|.

Definition 4. Weighted Potential function fw. Let SR(P ) =
(S1, S2, · · · , Sm) be a segment representation of P . The
weighted potential function fw assigns a sequence fw(P )
which is obtained by changing f(P ) with the follow rules:
If a segment Si consists of vertical directions (T or B) in
SR(P ), a value α (defined later) is added to the length of Si

(|Si|) in fw(P ).

To help to understand f(P ) and fw(P ), we
present the examples of these functions. In the above
case P = (U,U,D,L, T, T, T,R), f(P ) becomes
(|Stotal|, |(U,U)|, |(D)|, |(L)|, |(T, T, T )|, |(R)|) = (8, 2, 1,
1, 3, 1). Note that the first element of f(P ) is equal to
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the length of the path P . However, the weighted potential
function fw(P ) becomes ((8+α), 2, 1, 1, (3+α), 1), because
S4 of SR(P ) consists of vertical directions T .

We consider that the sequences constructed by potential
function are totally ordered by the lexicographic order. In the
case of the weighted potential function, we assume that α is
large enough (e.g. α > |P |). And we call the sequence, con-
structed by (weighted) potential function, (weighted) potential
value.

Now we show that the weighted potential value becomes
the minimum value when P is the converged path. And our
algorithm eventually decreases the weighted potential value of
the given P .

Lemma 6. If P is a converged path, fw(P ) has the minimum
value.

Proof of Lemma 6. Obviously, the minimum weighted poten-
tial value is (|Pmin|, 1, 1, · · · ,m), where |Pmin| is the length
of the shortest path from ps to pt and m ≥ 1 when there is
no vertical directions in P .

In the weighted potential function, each vertical segment is
weighted by α, which is a large value, thus it is important to
reduce the number of the vertical segments for constructing
the minimum weighted potential value, that is, there is only
one vertical segment in SR(P ) when the minimum fw(P ).
More specifically, the vertical segment is positioned as the last
segment of SR(P ).

As a result, the minimum weighted potential value becomes
(|Pmin| + α, 1, 1, · · · , 1,m, v + α), vertical directions are
included the last segment only. And this becomes a converged
path.

Lemma 7. The weighted potential value is eventually de-
creased by our algorithm.

Proof of Lemma 7. Local updates Shortcut1 and Shortcut2
decrease the length of the given P , thus, the weighted po-
tential value is decreased because the first element of fw(P )
decreases.

Secondly we consider the local update ZigZag. If ZigZag
is executed by the router pi, Di (output direction of pi) is
included in Si of SR(P ). In this case, |Si| ≥ 2 due to Di ⋆
D(i−1) = 1, and |S(i+1)| ≥ 1. After executing ZigZag on pi,
Si is decreased by 1. Hence, fw(P ) decreases.

However, local update V-Shift sometimes increases fw(P ).
For example, if |Si| = l, |S(i+1)| = 1+α (vertical direction),
and |S(i+2)| = 1 of SR(P ) (refer to Figure 13(a)), local
update V-Shift transforms it to |Si| = l+1 and |S(i+1)| = 1+α
(refer to Figure 13(b)). This causes the increasing of fw(P ).
Though local update V-Shift moves each vertical direction to
backward of the sequence SR(P ), and this shift is required
for constructing the converged path to minimize the weighted
potential value (Lemma 6). There is no local updates moving
vertical directions to forward of the sequence SR(P ), thus,
local update V-Shift is executed finite number of times (no
infinite execution).
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Fig. 13: Example of increasing the weighted potential value

Our algorithm continues to transform P , which is not
converged path, using local update rules, and it convergs
after the construction of the converged path P within finite
executions of local updates (no livelock is guaranteed by
Lemma 7).

We obtain the following theorem using above Lemmas and
Corollaries.

Theorem 1. If P is not a converged path, one or more local
updates will be executed in P . And our algorithm constructs
the converged path from P within finite number of executions.

Finally, we show the converged path P is the shortest path
from ps to pt using the following Lemma.

Lemma 8. A converged path P ensures the shortest path from
ps to pt.

Proof of Lemma 8. We can determine pb which has the first
vertical directions as Db in P . pb becomes the orthogonal pro-
jection onto the same plane with p0, P bt = (pb, p(b+1), · · · , pt)
becomes the shortest path from pt to the plane.

From Lemma 4, P sb = (ps(= p0), p1, · · · , pb) consists
of two directions which are orthogonal, hence there is no
redundancy path in P sb. This also implies the shortest path
from ps to pb.

Therefore a converged path P guarantees the shortest path.
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V. CONCLUSION

In this paper, we proposed a self-optimizing routing algo-
rithm which construct the shortest path in a 3D virtual grid
network. Our algorithm uses each router’s local information
only, and has only four local update rules. We prove that
our algorithm eventually constructs the shortest path from
the source node to the destination node. We are considering
analyzing the time complexity to converge as future work.

To guarantee the correct local updates, we assume that each
router maintains 6 hops of routing information, because some
confliction can occur among local updates. We expect that this
routing problem in a 3D virtual grid network can be resolved
with less routing information (e.g. 4 hops for each router).

Moreover, to make our algorithm a practical protocol, the
design of each local update as the distributed manner is
required.

Acknowledgement
This work was partly supported by JSPS KAKENHI Grant

Number 15K00011.

REFERENCES

[1] S. Takatsu, F. Ooshita, H. Kakugawa, and T. Masuzawa, ʡZigzag: Local-
information-based self-optimizing routing in virtual grid networks,ʡPro-
ceedings of the 33rd International Conference on Distributed Computing
Systems (ICDCS) , pp. 358-368, July, 2013.

[2] Chai-Keong Toh, ”Ad Hoc Mobile Wireless Networks: Protocols and
Systems 1st Edition,” Prentice Hall PTR, 2002.

[3] C. de Morais Cordeiro and D. P. Agrawal, ”Ad Hoc and Sensor
Networks: Theory and Applications (2nd Edition),” World Scientific,
2011.

[4] J. Zheng and A. Jamalipour, ”Wireless Sensor Networks : A Networking
Perspective,” Wiley-IEEE Press, 2009.

[5] Y. Xu, J. Heidemann, and D. Estrin, ”Geography-informed energy
conservation for ad hoc routing,” in Proceedings of the 7th Annual
International Conference on Mobile Computing and Networking (Mo-
biCom’01), pp.70–84, 2001.

[6] W. Dargie and C. Poellabauer, ”Fundamentals of Wireless Sensor
Networks: Theory and Practice,” John Wiley & Sons, Ltd, 2010.

[7] C. Perkins and E. Royer,ʠAd hoc on demand distance vector routing,ʡin
Proceedings of the 2nd IEEE Workshop on Mobile Computing Systems
and Applications (WMCSA ʟ99), 1999, pp. 90100.

[8] J. N. Al-Karaki, A. E. Kamal, ”Routing techniques in wireless sensor
networks: a survey,” IEEE Wireless Communications, Vol. 11, Issue 6,
pp.6–28, 2004.

[9] W. Heinzelman, A. Chandrakasan and H. Balakrishnan, ʡEnergy-
Efficient Communication Protocol for Wireless Microsensor Networks,ʡ
Proceedings of the 33rd Hawaii International Conference on System
Sciences (HICSS ʟ00), 2000.

[10] D. Braginsky and D. Estrin,ʠ Rumor Routing Algorithm for Sensor
Networks,ʡin the Proceedings of the First Workshop on Sensor Networks
and Applications (WSNA), 2002.

[11] F. Ye, H. Luo, J. Cheng, S. Lu, L. Zhang,ʠ A Two-tier data dissemi-
nation model for large-scale wireless sensor networksʡ, Proceedings of
ACM/IEEE MOBICOM, 2002.

14



極大距離k–独立集合問題に対する緩安定個体群プロトコル

清洲星顕 首藤裕一 角川裕次 増澤利光
大阪大学 大学院情報科学研究科 コンピュータサイエンス専攻

概要
個体群プロトコルモデルは，資源の非常に制約された小型デバイスで構成されるモバイルネットワークの抽象モデルである．デバイスが「個
体」に通信が「交流」に対応し，個体間の距離が十分近づいたときに交流が行われる．自己安定とは，システムが任意の初期状況から実行を開
始してもやがて所望の性質を満たす (収束性)ようになり，かつそれ以降，その性質を永遠に維持すること (閉包性)を保証する概念である．自
己安定の閉包性を緩めた緩安定は，短時間（具体的には多項式の交流回数）で所望の状況に収束し，十分に長い間（具体的には指数の交流回
数の間），その状況を維持することを保証する．同モデルにおいて，任意のグラフに対しリーダ選挙問題と極大独立点集合問題を解く緩安定プ
ロトコルが提案されている．本稿では，極大な距離 k–独立集合を求める緩安定プロトコルを提案する．距離 k-独立集合とは，異なるノード間
の距離が k以下とならないようなノードの集合である．極大距離 k–独立集合問題はリーダ選挙問題と極大独立点集合問題の一般化である．

1 はじめに
個体群プロトコルモデル (population protocol)[1]とは，資
源の非常に制約された小型デバイスで構成されるモバイルネッ
トワークの抽象モデルである. デバイスが「個体」に、それら
のネットワークが「個体群」に，通信は「交流」に対応する.

個体間の交流は，互いの物理的距離が十分に近づいたときの
みに発生する．例えば，通信範囲の極めて狭いデバイスを鳥
の群れの一羽一羽に付けることで構成されるモバイルネット
ワークは，個体群プロトコルモデルで表現される．個体群プ
ロトコルモデルは，ノードが個体，辺が交流可能な個体間を
表すグラフで表現できる．確率的個体群プロトコルモデルは，
個体群プロトコルモデルに確率的要素を導入したモデルであ
る．このモデルにおいては，交流し得る全ての個体ペアから，
交流するペアが等確率で選ばれる．
緩安定 [4]とは，自己安定 [2]と同様に，分散システムに耐
故障性を持たせる技法のひとつである．自己安定システムは，
(i)任意の初期状況から実行を開始しても，やがて正当な状況
と呼ばれる状況に達し（収束性），(ii)一度正当な状況に達す
ると，それ以降，システムは永遠に所望の性質を満たし続け
る (閉包性)．いくつかの問題に対しては，自己安定性の実現
が不可能であることが知られており，緩安定はそれを克服す
るために提案された概念のひとつである．緩安定システムは，
(i)任意の初期状況から実行を開始しても，システムは比較的
短時間（例えば，個体数に対して多項式時間）のうちに安全
状況に達し（収束性），(ii)それ以降，システムは非常に長い
間所望の性質を満たし続ける（緩閉包性）．緩安定プロトコル
は，要件 (ii)における，システムが所望の性質を維持する時
間が十分に長いのであれば（例えば，個体数に対して指数時
間であるなど），応用上，自己安定プロトコルと同様の有用性
を持つとみなすことができる．
極大距離 k–独立集合 (k-MIS)問題とは，集合に属する異
なる個体間の距離が k以下とならないような，個体の極大集
合を求める問題である．極大距離 k–独立集合問題は，リーダ

選挙問題 ((n− 1)–MIS)[4, 5, 6, 3]と極大独立点集合 (1–MIS)

の一般化である．個体群プロトコルモデルにおいて，個体数
nが既知でない限り，リーダ選挙問題を解くことができない
ことが知られており [2]，同様の理由により，個体群プロトコ
ル上で k-MIS問題を自己安定的に解くことは不可能である．
そこで本稿では，個体数 nの上限値 N が与えられた上で，

任意のグラフに対して k-MIS問題を解く確率的緩安定個体群
プロトコルを提案する．

2 諸定義
個体群は，単純かつ弱連結有向グラフG(V,E)で表現する．

V (|V | ≥ 2)は個体の集合，E(⊆ V ×V )は有向辺の集合を表す．
各辺は，発生し得る個体間の関係を表す．(u, v) ∈ E のとき，
個体 u，vはそれぞれ呼びかけ側，応答側として交流し得る．
任意の二つの個体u, v ∈ V において，(u, v) ∈ E ⇔ (v, u) ∈ E

を満たす場合，G(V,E)を無向グラフと呼ぶ．本稿では，単
純無向グラフのみを考え，n = |V |，m = |E|と定義する．
個体群プロトコルは，P (Q,Y, I, T,O)と表す．Qは状態の

有限集合，Y は出力シンボルの有限集合を表し，Iは I : V →
I (I は個体が取りうる識別子の集合)となる関数を表す．各
個体 vは固有の識別子 I(v) ∈ I を持つ．I の要素のうち，あ
る個体の識別子に一致するものを真の識別子，そうでないも
のを偽の識別子と呼ぶ．二つの個体間のあいだで交流が発生
するとき，遷移関数 T : (Q× I)× (Q× I)→ Q×Qは二つ
の個体の状態と識別子に基づいて次の状態を決定する．出力
関数 O : Q × I → Y は各個体の出力をその状態と識別子を
もとに定める．すなわち，状態 sの個体 vの出力はO(s, v.id)

となる．
状況は，各個体の状態を特定する写像 C : V → Q であ

る．今後，プロトコル P における状況の集合を Call(P )とす
る．(C ′(u), C ′(v)) = T (C(u), u.id, C(v), v.id)，かつ任意の個
体 w ∈ V \ {u, v}について C ′(w) = C(w)が成り立つとき，
状況 C は交流 e = (u, v)によって状況 C ′ に遷移するといい，
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C
e→ C ′と表す．スケジューラは，各時刻に発生する交流を決定

する．本稿では，一様ランダムなスケジューラ Γ = Γ0,Γ1, . . .

を仮定する．各 Γt ∈ Eは，時刻 tで発生する交流を表現する
確率変数であり，各 (u, v) ∈ Eに対し Pr(Γt = (u, v)) = 1/m

である．
初期状況 C0，スケジューラ Γが与えられたとき，プロトコ
ル P の実行 ΞP (C0,Γ) = C0, C1, . . . (s.t.∀t ≥ 0, Ct

Γt→ Ct+1)

は一意に決まる．今後，誤解がない場合は ΞP (C0,Γ)を単に
ΞP (C0)と表す．
以下の二つの条件を満たす個体の集合 S ⊆ V を極大距離

k–独立集合（k-MIS）と呼び，S の要素を独立個体，それ以
外を従属個体と呼ぶ．

(i)Sに属する全ての個体において，距離 k以内に他の個体が
存在しない．

(ii)Sは (i)を満たす極大集合である．つまり，Sに属さない
任意の個体に対し，Sに属する個体 g距離 k以内に存在
する．

k-MIS問題では，各個体は IAまたはDAを出力する．出力
が IA，DAとなる個体それぞれが独立個体，従属個体を表す．
状況Cから一意に定まる個体の集合 {v ∈ V | O(C)(V ) = IA}
が k-MISであるとき，状況 C が k-MISを満たすという．以
降，k-MISを満たす状況の集合を CkMIS と表す．
EHTP (C, CkMIS)をプロトコルPが状況Cからスケジューラ

Γ = Γ0,Γ1, ...のもとで実行を開始した後に，個体群が k-MIS

を満たす状況を維持する期待交流回数（期待維持時間）とす
る．また，ある状況の集合 C に対し，ECTP (C, C)をプロト
コル P が初期状況 C からスケジューラ Γ = Γ0,Γ1, ...のもと
で実行を開始した後に，個体群が状況 C に到達するまでにか
かる期待交流回数（期待収束時間）と定義する．
ここで，緩安定 k-MISプロトコルについて定義する．直感
的に，緩安定プロトコルは少ない交流回数で所望の（問題の
仕様を満たす）状況に収束し，その後は非常に長い間，所望
の状況を維持する．緩安定 k-MISプロトコルを以下のように
定義する．

定義 2.1. （緩安定 k-MISプロトコル）
maxC∈Call(P ) ECTPkMIS (C,S) ≤ α かつ minC∈S EHTPkMIS

(C, CkMIS) ≥ β を満たすような状況の集合 Sが存在するとき，
個体群プロトコル P (Q,Y, I, T,O)は (α,β)–緩安定 k-MISプ
ロトコルである．

3 プロトコルPkMIS

本節では，個体数 nの上限値 N が与えられたときに，任
意の無向グラフで k-MIS問題を解く緩安定個体群プロトコル
PkMIS (Q, {IA,DA}, I, T,O)を提案する．本プロトコルでは，
各個体は変数 ind，hop，timerを持つ．個体 vの変数 varは
v.varと表す．変数 indは，距離 k 以内の独立個体の idを格

納するための整数型の変数であり，変数 hopはその距離を格
納するための整数型の変数である（独立個体では ind = id，
hop = 0）．変数 timerは，変数 indに記憶された識別子を持
つ個体が距離 k以内に存在しないことを検知するためのカウ
ントダウンタイマであり，[0, tmax]の範囲で値をとる（tmaxに
ついては後述）．各個体 v は，v.ind = v.idのとき IA，そう
でないとき DAと出力する．
以下，PkMIS (Protocol 1)の動きについて，説明する．

本プロトコルの基本方針は，以下の二つである．

(i)各個体は距離 k以内の独立個体を記憶する

(ii)距離 k以内に独立個体が存在しない，もしくは
偽の識別子を ind に持つような従属個体は独立個体に
なる

(i)について，各個体は最も近い独立個体の識別子とその距離
をそれぞれ変数 ind，hopに記憶する．ただし，最も近い独立
個体が複数存在する場合は，その中で識別子が最小の独立個
体の識別子を記憶する．各個体は交流ごとに互いの ind，hop

を比較し，上記のルールによって記憶する値を決定する（9–10

行目）．これらにより，交流を繰り返すことで，各個体は最
も近い独立個体の識別子とその距離を記憶することが可能と
なり，距離 k以内に独立個体が存在する個体は自身から距離
k以内の独立個体を記憶することが可能となる．また，indが
異なり双方の hopの和が k未満となる個体間で交流が発生し
た場合，各個体は識別子が小さい方を優先して ind，hopを更
新する（7–8行目）．これにより，やがて異なる独立個体が距
離 k以内に隣接することがない状況に収束する．(ii)について
は，変数 timerを用いて実現する．各個体 v のタイマは，後
述のタイマリセットと高値伝播，カウントダウンの仕組みに
より，距離 k 以内に存在する独立個体の識別子が v.indに記
憶されていない限り減少し続け，やがて 0になる．タイマの
値が 0になると，個体 vは，v.indに対応する個体が距離 k以
内に存在しない，あるいは独立個体ではないと判断して自信
が独立個体となる（タイムアウト，20–22行目）．独立個体が
交流を行う場合には，自身と交流相手のタイマの値を最大値
tmaxに設定し（タイマリセット，11-15行目），また，交流相
手と自身の indが等しく，かつ，交流相手の hopが自より 1

小さい場合に限り，交流相手のタイマが自信のそれより大き
いのであれば，その値を自身のタイマにコピーする（高値伝
搬，16–17行目）．その後，両個体の状態に関わらず，両個体
のタイマは 1減じられる（カウントダウン，18–19行目）．カ
ウントダウンにより，各個体 v は，距離 k 以内に v.indが存
在しない状況が長期間続くと，タイムアウトが発生して独立
個体となる．高値伝搬及びタイマリセットにより，v.indが独
立個体として距離 k以内に存在する個体 vにおいては，滅多
にタイムアウトが発生しない．
(i)，(ii)の実現により，tmax を適切に設定すれば，個体群

は nに関する多項式回数の交流で k-MISを構成し，nに関す
る指数回の交流の間，その k-MISを維持する．
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Protocol 1 PkMIS

Variables of each agent:

id ∈ I, ind ∈ I, hop ∈ [0, k], timer ∈ [0, tmax]

Output function O:

if u.id = u.ind then O(u) = IA; Otherwise, O(u) = DA;

Interaction between initiator u0 and responder u1:

/* 異常検知・修正処理 */

1: for i ∈ {0, 1} do

2: if ui.id = ui.ind then

3: ui.hop← 0;

4: if ui.hop = 0 then

5: ui.ind← ui.id;

/* ind，hop更新処理 */

6: for i ∈ {0, 1} do

7: if (u0.hop + u1.hop < k) ∧ (ui.ind > u1−i.ind) then

8: (ui.ind, ui.hop)← (u1−i.ind, u1−i.hop + 1);

9: else if (ui.hop > u1−i.hop+1)∨(ui.hop = u1−i.hop+

1 ∧ ui.ind > u1−i.ind) then

10: (ui.ind, ui.hop)← (u1−i.ind, u1−i.hop + 1);

/* タイマリセット処理 */

11: for i ∈ {0, 1} do

12: if ui.ind = ui.id then

13: ui.timer← tmax;

14: if ui.ind = u1−i.ind = u1−i.id then

15: ui.timer← tmax;

/* 高値伝搬処理 */

16: if ∃i, (ui.ind = u1−i.ind) ∧ (ui.hop = u1−i.hop + 1) ∧
(ui.timer < u1−i.timer) then

17: ui.timer← u1−i.timer

/* カウントダウン処理 */

18: for i ∈ {0, 1} do

19: ui.timer← ui.timer− 1;

/* タイムアウト処理 */

20: for i ∈ {0, 1} do

21: if ui.timer = 0 then

22: (ui.ind, ui.hop)← (ui.id, 0);

23: ui.timer← tmax

4 評価
本プロトコルは，首藤らによって提案された収束時間を改

善する手法，the same speed timer[3]を適用することができ
る．
タイマの最大値 tmax を個体数の上階 N にのみに依存して適
切に設定すると，the same speed timerを導入した場合，本
プロトコルは期待収束時間が O(kmN logN)であることを予
想している．一方，期待維持時間が Ω(NeN )であることはす
でに証明できている．

5 終わりに
本稿では，極大距離 k–独立集合問題に対する緩安定個体群

プロトコルを提案した．現在，期待収束時間の解析に取組ん
でいるところである．
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A Fast and Space-Efficient Approximate
Counting in Population Protocol Model

Ryota Eguchi Taisuke Izumi

The population protocol model is known as a model of passively mobile
networks. It consists of n agents and performs some distributed computation
based on pairwise interactions between two agents. In this paper, we consider
the approximate counting problem on the population protocol model, which
requires the system to output an approximate value of n. The main contribu-
tion of this paper is to propose a new algorithm for approximate counting. It
assumes a loose upper bound on n (denoted by N), and for any given ϵ < 1
outputs (1 + ϵ)-approximate value of n within O(n log logN log3N)steps.
Since the proposed algorithm utilizes only O(1/ϵ2 log 1/ϵ + log logN)-bit
memory space per each agent, it achieves the optimal space complexity for
constant ϵ.

1 Introduction

1.1 Background and Motivation

A passively-mobile system is a collection of agents that move in a certain region but
have no control over how they move. Since the communication range of each agent
is limited, two agents can communicate only when they are sufficiently close to each
other. A typical example of passively-mobile systems is the network of smart devices
attached cars or animals. The population protocol is one of the promising models for
such a system, which was initiated by Angluin et al. [4]. A population protocol consists
of n agents, to which some program (algorithm) is deployed. Following the deployed
algorithm, each agent changes its state by pairwise interactions to other agents (that is,
two agents get closer to each other and update their states by exchanging information).
The run of the protocol is a sequence of pairwise interactions, and all the agent must
agree on some consistent outputs specified by the problem definition (e.g., electing a
leader, deciding the majority of opinions, counting the total number of agents, and so
on). In the last few years, the population protocol has received much attention among
the distributed-computing community.

In this paper, we consider the (1 + ϵ)-approximate counting problem in population
protocol models. Our main focus is on the time and space complexity of the (approx-
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imate) counting problem. While the original model by Angluin et al. [4] incurs the
restriction that each agent only equips the memory of O(1) bits, superconstant-size lo-
cal memory is inherently essential to make the counting problem solvable. Assuming
Ω(log n)-bit space, we can construct a simple exact counting problem based on the value
aggregation: Each node initially has value one, and when two agents with values x and
y interacts, one of them takes value x+ y and the others zero. Eventually the maximum
value of all agents converges to n. Unfortunately, under the uniformly-random scheduler,
this algorithm takes Ω(n2) steps to output the correct answer, where the average number
of interactions required by one agent (so-called “parallel time”) becomes linear. In the
environment with a massive number of agents, it is quite inefficient. The primary chal-
lenge is to consider how to accelerate the running time of counting algorithms into o(n2)
steps, hopefully O(npolylog(n)) steps. In addition, yet another challenge also arises in
the case of approximate counting. When considering (1+ ϵ)-approximate case, it suffices
to identify the value i such that (1 + ϵ)i ≤ n ≤ (1 + ϵ)i+1, and thus the information
theoretic bound on the memory space for the counting problem is further reduced to
log log(1+ϵ) n bits. That is, for constant ϵ, we might have an (1 + ϵ)-approximate count-
ing algorithm using O(log log n) bits (actually, there exist sequential algorithms counting
value n approximately using only O(log log n) bits [14, 17]). Overall, the main interest
is summarized as follows: Can we construct a (1 + ϵ)-approximate counting algorithm
achieving both O(npolylog(n)) steps and O(log log n) bits for any constant ϵ? Answering
this question is obviously a non-trivial challenge.

1.2 Our Contribution

Our main contribution is to answer the question above positively. We propose a fast and
small-space algorithm for (1 + ϵ)-approximate counting algorithm under the uniformly-
random scheduler. For any constant ϵ < 1, the space and time complexity of the proposed
algorithm are O(log logN) bits and O(n log logN log3N) steps respectively, where N is
the known (possibly loose) upper bound on n. If N = O(nc) holds for some constant c,
our algorithm attains both the optimal space complexity and polylogarithmic running
time.

1.3 Organization

The paper is organized as follows: In Section 2 we state the related work. Section 3
provides the notations and definitions used in the paper. Section 4 provides the main
result of (1 + ϵ)-approximate counting algorithm. Finally the paper is concluded in
Section 5.

2 Related Work

The population protocol model is initiated by the two seminal papers by Angluin et al. [4]
and Angluin et al. [6], where the main interest was to clarify the class of computable
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predicates with the inputs distributed over all agents. Following the first results on com-
putability, several directions have been considered: Self-stablization [7, 13, 9, 10, 15, 18],
fault-tolerance [11], and space and time complexity [1, 2, 3, 5, 12]. In particular, reveal-
ing the feasibility of fast (i.e., O(npolylog(n)) steps) algorithms under the probabilistic
scheduler is one of the recent trends in the study of population protocol models. The
first result on this direction is a leader-based predicate computation by [5], where the
constant-space population protocols with initial leaders allow faster predicate computa-
tion. The possibility of fast leader election is recentely considered [1, 2, 12]. First, a
faster leader election algorithm using sublogarithmic space is presented by Alistarh and
Gelashvili [2]. An almost quadratic step complexity is also proved by [12] for constant-
space population protocols. Very recently, those two results are extended in the context
of time-space tradeoff [1]. Except for the leader election problem, there are few studies
considering fast algorithms [3]. To the best of our knowledge, this is the first paper
tackling the (approximate) counting problem.

A yet another setting on the counting problem is the one where a spacial agent (called
base station is required to compute the total number of agents. The computability and
space complexity for this setting under the worst-case scheduler is also considered so
far [9, 15, 8].

3 Preliminaries

Population Protocol Model A population protocol consists of n ≤ N agents, each of
which is a state machine having a state in a set Q (whose cardinality can depends on n
and/or N). Agents update their states following a transition function δ : Q×Q→ Q×Q
when an interaction occurs. The possibility of interactions between agents is defined by
an interaction graph G with no self-loops, whose nodes indicate the agents and whose
edges indicate that two agents corresponding to its endpoints can interact. Throughout
this paper, we assume G is complete, that is, any two agents can interact. An execution
of a protocol is a sequence of interactions (say steps. At each step, the scheduler chooses
an edge in G. We also assume the uniformly-random scheduler. That is, eacn edge in G
(i.e., each pair of agents) is selected by the scheduler uniformly at random.

(1 + ϵ)-Approximation Counting The goal of the counting problem in population pro-
tocol models is that each agent outputs (i.e., stores in a special local memory) the exact
value of n eventually. In its approximate version, the problem is parameterized by ϵ,
and allows each agent to output a (1 + ϵ)-approximate value of n, where we define the
(1 + ϵ)-approximate value of n by the value d satisfying (1 + ϵ)d−1 ≤ n ≤ (1 + ϵ)d+1. As
we stated in the introduction, the information-theoretic bound (i.e., the space require-
ment to store the output) on this problem is O(log log(1+ϵ) n). Since this paper considers
randomized Monte-Carlo algorithms, we also allow a sufficiently-small failure probability
that the algorithm outputs incorrect values. We say that a population protocol solves
(1 + ϵ)-approximate counting within k steps with probability p, if all the agents output
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the correct approximate value with probability p at the end of step k.

4 (1 + ϵ)-Approximate Counting Algorithm

In this section, we present our (1 + ϵ)-approximate counting protocol. The key idea
of our algorithm is to construct a subroutine, which tests if the value n is larger than
a given value n̂ or not. The approximate value to be outputted is decided by testing
O(logN) candidates (precisely n̂i = (1 + ϵ)i for all i ∈ [0, logN ]) in the binary-search
manner. We refer this testing algorithm as TestCount(n̂).

4.1 Algorithm TestCount(n̂)

Before looking at the details of that algorithm, we first explain the algorithmic idea
behind it.

We first consider the following simple counting algorithm: (1) Initially, each agent
randomly chooses an O(logN)-bit ID (the hidden coefficient is sufficiently large so that
two processes can take the same ID only with a very small probability). (2) Through
a number of interactions, all-to-all ID exchange is performed. Finally the number of
collected IDs is outputted as the number of agents. Since it is possible to show that
O(n log2 n)-step interactions suffices for successfully achieving all-to-all exchange, this
algorithm is a fast counting protocol. However, the space complexity is obviously high
(i.e. Ω(n logN) bits), which is far from our goal. The key idea of TestCount(n̂) is reduce
the space by local sampling. That is, each agent first decides whether it becomes active
or inactive with some probability p(ϵ, n̂) determined by ϵ and n̂. Then, the only active
agents propagate their IDs. The number of collected IDs is a sort of the estimation of
np(ϵ, n̂) if no collision of IDs occur. The memory space required this mechanism clearly
depends on p(ϵ, n̂) and the size of the ID domain. Taking a small probability saves
much space, but the precision of the estimation decreases. Fortunately, for any ϵ < 1, a
constant-size memory attains the sufficiently accurate decision on the testing of n̂ ≥ n
or not.

Algorithm 1 shows the pseudo-code of the algorithm TestCount(n̂). It works as
follows:

1. Let ϵ′ = ϵ/4 for short. Each agent initially decides whether it will be active or

inactive with probability p(ϵ′)/n̂, where p(ϵ′) = 192(1+ϵ′)4

ϵ′2
.

2. Each active agent (referred as x) takes an integer value uniformly at random from
[1, r(ϵ′)] as its ID, and stores it into the set Sx, where r(ϵ′) = ⌈e4(σ(ϵ′)− 1)2⌉ and
the function σ(ϵ′) is defined later.

3. When an interaction between agents x and y occurs, they updates their own sets
Sx and Sy by those union (i.e. Sx, Sy ← Sx ∪ Sy).

4. The agent x tests the size of set Sx when its interaction occur. If |Sx| is larger than
the threshold σ(ϵ′) = ⌈( 1+2ϵ

1+3ϵ′ )
2p(ϵ′)⌉ then agent x concludes n̂i ≤ n. Otherwise,
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if |Sx| remains under the threshold when the agent interacts Tout = 18σ(ϵ′) log2N
times, then it concludes n̂i > n.

Intuitively, the reason why this strategy works well is understood as follows: In the
step 1, since the expected number of active agents is E[X] = p(ϵ′) · n/n̂i, if n̂i ≤ n then
we could expect to X ≥ p(ϵ′), or if n̂i > n then X < p(ϵ′). In the step 2, if the IDs
which active agents get are all distinct, then the number of IDs is equal to the number of
active agents (and such situation occurs with high constant probability, if the range of
random value is sufficient large). In the execution phase each agent consequently could
determine n̂i ≤ n according to the number of elements in its set. The formal analysis is
presented in the following proof.

Algorithm 1 TestCount(n̂)

Variables of Agent x:
tx: counter of its interactions, initializing to 0
Sx: a set stores IDs
resultx: variable which have the result

Constants:
Tout: timeout value

σ(ϵ′): the threshold(= ⌈192(1+ϵ′)4(1+2ϵ′)2

(1+3ϵ′)2ϵ′2
⌉)

i: candidate of approximationn̂i(= (1 + ϵ)i)
Auxiliary Procedure

coin tosses(i) =

{
SUCCESS (with probability p(ϵ)/n̂i)

FALSE (with probability 1− p(ϵ)/n̂i)

Operation of Agent x:
initialize()
1: if (coin tosses(i) ==SUCCESS) then
2: Sx ← {get id()} //get ID and store in Sx
3: endif

examine n̂i(i)
1: when (x interacts with some y) do
2: tx ← tx + 1; Sx ← Sx ∪ Sy;
3: if (count(Sx) ≥ σ(ϵ′)) then
4: return (resultx ← LESS)
5: endif
6: if (tx ≥ Tout) then
7: return(resultx ← GREATER)
8: endif

4.2 Correctness Proof of TestCount(n̂)

In the proof, we first show that (i) active agents spread their IDs to all other agents in
O(log2N) time with high probability, and that (ii) agents can detect with high probabil-
ity the termination of spreading by counting the number of their local interactions (i.e.
when some agent interacts Tout times, all spreading would finish with high probability).
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The first Lemma 4.1 corresponds to the fact (i).

Lemma 4.1. Suppose that there are ξ(≤ n) distinct IDs in the system at step t0. After
100ξn ln2N -steps, all agents collect all the IDs existing in the system at t0 with probability
1−O(1/N10).

Lemma 4.2 shows that when some agent interacts O(ln2N) times, the number of
overall interactions would be Θ(n ln2N).

Lemma 4.2. For any constants α > 3, from an arbitrary step t0 after 40αn ln2N steps
every agent interacts less than 120α ln2N times, and after 160αn ln2N steps from step t0
every agent interacts more than 120α ln2N times with probability at least 1−O(1/N10).

We next show that the randomized part of this algorithm succeed with a sufficiently-
high constant probability. In order to work TestCount(n̂) correctly, the number of active
agents must be larger than the threshold σ(ϵ) if n̂i ≤ n, and otherwise it must be less
than σ(ϵ). In addition, if n̂i ≤ n the number of distinct IDs of active agents must
be larger than σ(ϵ). Lemma 4.3 handles the event concerning the number of active
agents, and Lemma 4.4 handles the event that active agents get different IDs with a
sufficiently-high constant probability.

Lemma 4.3. With probability at least 1− 1
e4 , if n̂i ≤ n then the number of active agents

will be larger than σ(ϵ) otherwise the number of active agents will be less than σ(ϵ).

Lemma 4.4. If the number of active agents is larger than σ(ϵ), then the number of
distinct IDs will be at least σ(ϵ) with probability at least 1− 1/e4.

We summarize this analysis in Theorem 4.5.

Theorem 4.5. For any i and n̂i = (1+ϵ)i, Testcount(n̂i) decides if the value n̂i is larger
than n or not within at most O(n log2N) steps, with probability at least 1− 1/e2.

4.3 Main Algorithm

The pseudocode of the main algorithm based on TestCount(n̂) is presented inAlgorithm
2. It achieves (1+ϵ)-approximation with high probability. The high-level idea of the main
algorithm is very simple: It tests the values (1+ϵ), (1+ϵ)2, . . . (1+ϵ)i, . . . (1+ϵ)log(1+ϵ) N in
the binary-search manner. It requires O(log log(1+ϵ) n) times of executing TestCount(n̂).
To make whole of the run succeed with high probability, the success probability of each
testing is amplified by O(logN)-time iteration and majority voting.

The algorithm carries out multiple instances of TestCount(n̂) sequentially, which is
crucial to achieve O(log logN)-bit space usage (in each instance, the local memory space
is recycled). However, since population protocols cannot have any global synchronization
mechanism, the sequential composition of multiple instances is generally a non-trivial
task. Fortunately, in our algorithm, the following simple way resolves this matter: (1)
Extend the timeout length of TestCount(n̂) into the twice of the original length, and

6

23



(2) when interacting in k-th instances, propagates the result of (k − 1)-th instance. If
an agent running in (k − 1)-th instance received the result, it immediately adopts the
received result and proceeds to the next instance.

We intuitively explain the outline of the correctness. To make the binary search work
successfully, testing all candidates must return correct answers. Since each instance of
TestCount(n̂) succeeds with probability 2/3, O(logN)-time majority voting achieves the
success probability of 1 − 1/poly(N), which is sufficiently high to make whole of the
algorithm get high success probability. Thus the remaining issue on the correctness
is to see that the synchronization mechanism works correctly. Since the behavior of
TestCount(n̂) is to broadcast several messages in parallel, it works correctly if there
exists an interval of length Tout steps (i.e., the length for which information propagation
correctly finishes) where all agents run the same instance. The point (2) stated above
guarantees that when an agent starts k-th instance at step t0 then every agent goes into
there by t0+Tout, and because of the point (1) all of agents necessarily share the interval
[t0 + Tout, t0 + 2Tout] for processing k-th instance.

We look at the time and space complexity of the algorithm. Since there exists
O(log(1+ϵ)N) candidates (i.e., (1 + ϵ), (1 + ϵ)2, . . . (1 + ϵ)i, . . . (1 + ϵ)log(1+ϵ) N ) in [1, N ]
for testing, the total number of candidates to be tested is O(log logN) for any constant
ϵ. Each testing takes O(logN)-time iteration of TestCount(n̂), the running time of the
whole algorithm is O(n log logN · log3N) steps. For the space complexity, each instance
of TestCount(n̂) takes O(log logN)-bit space, and it is recycled at each iteration. The
extra requirement is the space for counting the number of iterations (and voting), and for
maintaining the range of the binary search. The first part is obviously needs O(log logN)
bits. In the second part, the algorithm stores only the exponent of the the lower and
upper bounds, which results in O(log logN)-bit space usage.

Algorithm 2 The approximation algorithm
variables of agent x:

rx : counter of rounds
lessx, greaterx: counter of results of test count

The modified TestCount(n̂) of Agent x
1: when (x interacts with some y) do
2: if (rx + 1 == ry) then
3: return(resulty) //receives a result from agent y
4: // following the operations of test count(n̂)

The Overall Operation of Agent x
1: while(to finish binary searching) do
2: rx ++
3: if(the modified TestCount(n̂)==LESS) then lessx++
4: else greaterx++
5: endif
6: next round(rx) //initialize variables and if rounds are over go to the next candi-

date
7: endwhile
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Lemma 4.6. For a constant λ ≥ 1, suppose that the system sequentially runs λ instances
of TestCount(n̂) with timeout value T ′

out. Then there exists the value T ′
out that ensures

all λ implements of modified TestCount(n̂) sufficient large time per one implement to
operate correctly with probability at least 1−O(1/N9)

Theorem 4.7. The approximation algorithm returns the (1 + ϵ)-approximation value
for the number n of agents in the system with probability at least 1− 0(1/N).

5 Conclusion

In this paper, we presented a randomized approximation algorithm for the counting
problem, which achieves (1 + ϵ)-approximation for any ϵ < 1, and O(log log n)-bit space
and O(npolylog − n) step complexity. This algorithm uses the assumption that the
system knows the loose upper bound N on the number of the agents n. Since this
assumption is utilized just for each agent to detect the end of information spreading,
we conjecture it is possible to remove it. We also conjecture that it is impossible to
have an exact and space optimal counting algorithm with sub-linear parallel-time (i.e.
o(n2) steps). It would be intriguing to prove the lower bounds of both time and space
complexity for the exact and/or approximate counting problem.
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Ұͭͱͯ͠ɼݸମ܈ϓϩτίϧ্ͰҰൠͷ
ΞϧΰϦζϜΛ؇҆ఆΞϧΰϦζϜʹม
͢Δ͜ͱΛ͑ߟΔɽ
ɹࣗ҆ݾఆมثͰɼΤʔδΣϯτؒͷ
ΠϯλϥΫγϣϯΛಋೖͨ͠ಉظత
εέδϡʔϥΛԾఆ͠ɼͦͷͱͰͷม
Λݕ౼͍ͯ͠Δɽ͜ͷΞϧΰϦζϜͰແ
ΛԾఆ͓ͯ͠Γɼہجͭ࣋ͷϝϞϦྔΛݶ
·ͨͦͷաఔ͕ඞཁͰ͋Δ͜ͱซͤͯࣔ
͞Ε͍ͯΔɽ·ͨมରͷΞϧΰϦζϜ
ͷग़ྗ͕Ұҙͱ͍͏੍͕͋Δɽ͜ͷ੍
ͷͱͰج͔ہΒΞϧΰϦζϜΛ܁Γฦ
Δɽ͢ݱఆԽΛ࣮҆ݾΔ͜ͱͰࣗͤ͞ߦ࣮͠
ɹຊڀݚͰɼࣗ҆ݾఆͰͳ͘؇҆ఆ
ͱ੍Λ؇͘͢Δ͜ͱͰɼجہͷଘࡏͳ
͠ͰมͰ͖ɼΤʔδΣϯτͷϝϞϦྔΛ
༗ݶʹ͑Δ͜ͱ͕Մͱ͍͏͜ͱΛࣔ͠
ͨɽ͜ΕΛग़ྗ͕Ұҙʹܾ·ΔΞϧΰϦζ
Ϝʹର͚ͯͩ͠Ͱͳ͘ɼਖ਼ͳঢ়ଶ͕͍
ͭ͋͘ΔΞϧΰϦζϜʹରͯ͠Ͱ͖Δ͔ɼ
·ͨຊڀݚͰɼϦʔμબڍΛ༻͍ͯϦʔ
μΛܾΊ͔ͯΒ͕ͨͬߦɼͦ ΕΛ༻͍ͣʹͦ
ΕΑΓߴʹͰ͖Δ͔͕ޙࠓͷ՝Ͱ͋Δɽ

ݙจߟࢀ
[1] Joffroy Beauquier, Janna Burman, and

Shay Kutten. A self-stabilizing trans-

former for population protocols with

covering. 2010.
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ϝοηʔδ௨৴ܕࢄΞϧΰϦζϜͷ
ҠಈΤʔδΣϯτʹΑΔނোγϛϡϨʔγϣϯ

†߶ౡɹޒ ࣲాɹক֦† େԼɹਔ†† ֯ɹ༟࣍† ૿ᖒɹརޫ†

† େࡕେֶେֶӃใՊֶڀݚՊɹ˟ 565-0871 େࡕਧాٰాࢁࢢ 1-5
†† ಸྑઌՊֶٕज़େֶӃେֶɹ˟ 630-0192 ಸྑݝੜۨࢁߴࢢொ 8916 ൪ͷ 5

͋Β·͠ ۙɼࢄγεςϜͷେنԽɼෳࡶԽ͕ਐΜͰ͓Γɼͦͷޮͷྑ͍ઃܭख๏ͱͯ͠ϞόΠϧΤʔδΣ

ϯτ͕ΛूΊ͍ͯΔɽҰํɼଟ͘ͷϝοηʔδ௨৴ܕࢄΞϧΰϦζϜ͕༷ʑͳλεΫʹରͯ͠ఏҊ͞Ε͓ͯΓɼ

͜ΕΒΛϞόΠϧΤʔδΣϯτͰγϛϡϨʔτͰ͖ΕɼϞόΠϧΤʔδΣϯτͰ༷ʑͳλεΫΛ࣮ݱͰ͖Δɽຊ

ใࠂͰɼ࠷େ f ମͷΤʔδΣϯτ͕ఀނࢭো͢Δڥʹ͓͍ͯɼ૯ϝοηʔδ M ͷϝοηʔδ௨৴ܕΞϧΰϦζ

ϜΛ૯Ҡಈ O((e + M)f) ͰγϛϡϨʔτ͢ΔΞϧΰϦζϜΛఏҊ͢Δ (e ϦϯΫ)ɽطଘख๏ɼΤʔδΣϯτ

 k ʹର͠ɼ࠷େ k − 1 ମͷΤʔδΣϯτ͕ނো͢Δڥʹ͓͍ͯɼO((e + nM)k) ͷ૯ҠಈͰγϛϡϨʔγϣϯΛ

Δ͍ͯ͠ݱ࣮ (n ϊʔυ)ɽͭ·ΓɼఏҊख๏ɼҎԼͷ 2 ʹ͓͍ͯطଘख๏Λվળ͍ͯ͠ΔɽୈҰʹɼطଘख

๏ͱҟͳΓɼ࠷େނো f ʹԠͯ͡૯ҠಈΛ͢ݮΔ͜ͱ͕Ͱ͖Δɽୈೋʹɼf = k − 1 ͷ߹Ͱɼطଘख๏ΑΓ

૯ҠಈΛ͢ݮΔ͜ͱ͕Ͱ͖Δɽ

Ωʔϫʔυ ࢄγεςϜɼϝοηʔδ௨৴ϞσϧɼϞόΠϧΤʔδΣϯτϞσϧɼނোγϛϡϨʔγϣϯ

Move-Efficient Fault-Tolerant Simulation of Message-Passing Algorithms by
Mobile Agents

Tsuyoshi GOTO†, Masahiro SHIBATA†, Fukuhito OOSHITA††, Hirotsugu KAKUGAWA†, and

Toshimitsu MASUZAWA†

† Graduate School of Information and ScienceɼOsaka University
Yamadaoka 1-5ɼSuita-siɼOsakaɼ565-871 Japan

†† Nara Institute of Science and Technology
takayamacho 8961-5ɼIkoma-siɼNaraɼ630-0192 Japan

1.  ͡ Ί ʹ

ࢄγεςϜͱɼଟͷػࢉܭ (Ҏ߱ɼϊʔυ) ͱͦΕΒΛ

௨৴ϦϯΫ͙ܨ (Ҏ߱ɼϦϯΫ) ͔Βߏ͞ΕͨγεςϜͰ͋

ΔɽۙɼࢄγεςϜେنԽ͕ਐΜͰ͓Γɼࢄγες

Ϝͷઃܭ·͢·͢ࠔʹͳ͍ͬͯΔɽͦͷͨΊɼେنԽɾ

ෳࡶԽ͢ΔࢄγεςϜΛઃ͢ܭΔͨΊͷ༗ޮͳख๏ͱͯ͠ɼ

ϞόΠϧΤʔδΣϯτΛར༻ͨ͠ઃํܭ๏͕ΛूΊ͍ͯΔ

[3]ɽϞόΠϧΤʔδΣϯτ (Ҏ߱ɼΤʔδΣϯτ) ͱɼωο

τϫʔΫதͷػࢉܭΛҠಈ͠ͳ͕Βɼࣗతʹಈ͢࡞Διϑτ

ΣΞͰ͋ΔɽϦʔμʔબڍɼΤʔδΣϯτஔɼू߹ɼࣗݾ

҆ఆɼऴྃݕɼ୳ࡧɼτϙϩδࠪݕɼͳͲɼ༷ʑͳʹର

ͯ͠ɼϞόΠϧΤʔδΣϯτΞϧΰϦζϜ͕ఏҊ͞Ε͍ͯΔɽ

·ͨɼηΩϡϦςΟʹؔ͢Δɼ৵ೖऀݕ [1ɼ2]ɼωοτϫʔ

Ϋড়Խ [10ɼ12] ͳͲͷʹର͢ΔΞϧΰϦζϜఏҊ͞Εͯ

͍Δɽ

ٴΞϧΰϦζϜͰɼͦͷ΄ͱΜͲ͕ɼϊʔυͨ͛ڍͰه্

ͼΤʔδΣϯτ͕ނো͠ͳ͍ͱԾఆ͍ͯ͠Δ͕ɼେنԽ͕ਐ

ΉۙͷࢄγεςϜͰɼϊʔυٴͼΤʔδΣϯτͷނো

ෆՄආͰ͋ΔɽͦΕʹ͍ɼނো͢Δϊʔυ [6ɼ7] ɼ๚

ͨ͠ΤʔδΣϯτΛഁյ͢Δϊʔυ [8ɼ11] ͷଘࡏΛԾఆͨ͠

ΘΕΔΑ͏ʹͳ͍ͬͯΔɽ·ͨɼϊʔυ͚ͩͰͳ͘ɼߦ͕ڀݚ

ΤʔδΣϯτ͕ࣗނো͢Δ͜ͱΛԾఆͨ͠ڀݚߦΘΕ͍ͯ

Δɽྫ͑ɼࡏݱɼγεςϜੈքنʹͳ͍ͬͯͯɼΤʔδΣ

ϯτ͕ཧϦϯΫΛͯͬڑҠಈ͢Δ͜ͱଟ͋͘Δɽ

ཧϦϯΫʹނো͕͜ىΕɼҠಈͷؒʹΤʔδΣϯτ͕ނো͢

Δɽ͕ͨͬͯ͠ɼΤʔδΣϯτͷނোΛ͑ߟΔ͜ͱ͕ཁ͞ٻΕ

͍ͯΔɽ

— 1 —
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ΤʔδΣϯτͰ༷ʑͳλεΫΛ࣮͢ߦΔख๏ͱͯ͠ɼϝο

ηʔδ௨৴ϞσϧͷࢄΞϧΰϦζϜΛγϛϡϨʔτ͢Δํ๏

͕͋Δ [5ɼ13ɼ4]ɽϝοηʔδ௨৴Ϟσϧɼϝοηʔδ௨৴

Λ͏ߦଟͷػࢉܭΛϞσϧԽͨ͠ͷͰɼ͜Ε·Ͱʹଟͷ

ࢄΞϧΰϦζϜ͕ఏҊ͞Ε͍ͯΔ [9]ɽϝοηʔδ௨৴Ϟσϧ

ͷΞϧΰϦζϜΛΤʔδΣϯτ͕ޮΑ͘γϛϡϨʔτ͢Δ͜

ͱͰɼطଘͷࢄΞϧΰϦζϜΛϞόΠϧΤʔδΣϯτγες

ϜͰར༻ՄͱͳΔɽࡏݱఏҊ͞Ε͍ͯΔΤʔδΣϯτނোΛ

Ծఆͨ͠ϝοηʔδ௨৴ΞϧΰϦζϜͷγϛϡϨʔγϣϯɼ

Das et alɽ[5] ʹΑΔͷ͚ͩͰ͋Δɽ[5] ͰɼΤʔδΣϯτ

 k ʹର͠ɼ࠷େ k − 1 ମͷΤʔδΣϯτ͕ఀނࢭো͢ΔͱԾ

ఆͯ͠ɼϝοηʔδ௨৴ϞσϧͷҙͷΞϧΰϦζϜΛγϛϡ

Ϩʔτ͢ΔΞϧΰϦζϜΛ 2 ͭఏҊ͍ͯ͠ΔɽҰͭͷΞϧΰ

ϦζϜɼࣝผࢠͷ͋ΔωοτϫʔΫʹ͓͍ͯɼ૯ϝοηʔδ

 M ͷϝοηʔδ௨৴ΞϧΰϦζϜΛ૯Ҡಈ O((e + nM)k)
ͰγϛϡϨʔτ͢Δ (n ϊʔυɼe ϦϯΫ)ɽ͏Ұͭ

ɼࣝผࢠͷແ͍ωοτϫʔΫʹ͓͍ͯ O((e + nk)M) ͷ૯Ҡ

ಈͰγϛϡϨʔγϣϯΛ࣮͢ݱΔɽ͜ΕΒ 2 ͭͷΞϧΰϦζ

ϜͰɼϝοηʔδΛ 1 ͭૹ৴͢ΔͨΊʹ O(nk) ճͷҠಈ

͕ඞཁͱͳΔɽ

ຊใࠂͰɼ࠷େ f <= k − 1 ମͷΤʔδΣϯτ͕ఀނࢭো͢

Δࣝผࢠͷ͋ΔωοτϫʔΫʹ͓͍ͯϝοηʔδ௨৴ܕΞϧΰ

ϦζϜͷγϛϡϨʔγϣϯΛ࣮͢ݱΔϞόΠϧΤʔδΣϯτΞ

ϧΰϦζϜΛఏҊ͢Δɽͨͩ͠ɼΤʔδΣϯτࣝผࢠΛͪ࣋ɼ

f طͱ͍ͯ͠ΔɽΤʔδΣϯτͷ૯Ҡಈ O((e + M)f)
Ͱ͋Γɼe <= M ͷͱ͖ 1 ϝοηʔδͨΓͷҠಈΛ O(f) Ͱ
͑Δ͜ͱ͕Ͱ͖Δɽ͜Εɼϝοηʔδ 1 ͭʹରͯ͠ඞཁͱ

ͳΔҠಈͱͯ͠ɼ࠷దͳͷͰ͋ΔɽఏҊΞϧΰϦζϜɼ

f = k − 1 ͷ߹Ͱɼطଘख๏ͱൺֱͯ͠૯ҠಈΛݮͰ͖

ΔɽຊΞϧΰϦζϜͰΤʔδΣϯτ͕༻͢ΔϝϞϦɼϝο

ηʔδ௨৴ΞϧΰϦζϜʹ͓͚Δϝοηʔδͷ࠷େαΠζͱಉ

ҰͰ͋Γɼ࠷దͳͷͱͳ͍ͬͯΔɽ

2. ॾ ఆ ٛ

2. 1 ωοτϫʔΫϞσϧ

ωοτϫʔΫແάϥϑ G(V, E, λ) Ͱද͞ΕΔɽV ωο

τϫʔΫͷϊʔυͷू߹ɼE ωοτϫʔΫͷϦϯΫͷू

߹ͱ͢ΔɽωοτϫʔΫͷϊʔυΛ n = |V | ͱ͢ΔɽE ʹଐ

͢ΔϦϯΫ V ʹଐ͢ΔҟͳΔ 2 ͭͷϊʔυΛଓ͍ͯ͠Δɽ

ϊʔυ uɼϊʔυ v ؒͷϦϯΫΛ euvɼ·ͨ evu ͱද͢ɽdegu

Λϊʔυ u ʹଓ͢ΔϦϯΫͷͱ͠ɼu ͷ࣍ͱݺͿɽG ͷ࠷

େ࣍Λ ∆ ͱ͢Δɽϊʔυ u ʹଓ͢ΔϦϯΫͱͭͳ͕ͬ

͍ͯΔϊʔυΛɼϊʔυ u ͷྡϊʔυͱݺͼɼϊʔυ u ͷྡ

ϊʔυͷू߹Λ Nu ͱද͢ɽ֤ϊʔυʹଓ͢ΔϦϯΫϊʔ

υͰϥϕϧؔ λu : {(u, v) : v ∈ Nu} ˠ {1, 2, · · · , degu} ʹ

Αͬͯہॴతʹϥϕϧ͚͞Ε͓ͯΓɼล euvɼeuw(v |= w) ʹ
͍ͭͯ λu(euv) |= λu(euw) ʹ͕Γཱͭɽλu(euv) Λɼϊʔυ

u ʹ͓͚Δ euv ͷϙʔτ൪߸ (·ͨ୯ʹϙʔτ) ͱݺͿɽ

2. 2 ϝοηʔδ௨৴Ϟσϧ

֤ϊʔυϛʔϦʔܕ༗ݶঢ়ଶػց (S, δ) Ͱఆٛ͞ΕΔɽS

ϊʔυͷঢ়ଶू߹Λද͠ɼϊʔυͷঢ়ଶϊʔυ͕อ࣋͢Δ

มʹΑͬͯఆٛ͞ΕΔɽঢ়ଶू߹ S ͷதʹॳظঢ়ଶؚ͕·Ε

Δɽঢ়ଶભҠؔ δ  δ : S × (M ∪ ⊥) × P ˠ S × 2M×P Ͱ

͋Γɼϊʔυͷঢ়ଶɼड৴ϝοηʔδɼड৴ϙʔτ͔Βɼ࣍ͷ

ϊʔυͷঢ়ଶɼ࣍ʹૹ৴͢Δϝοηʔδͱͦͷૹ৴ϙʔτͷର

ͷू߹ΛܾΊΔؔͰ͋ΔɽM Մͳϝοηʔδશͯͷू

߹Λද͢ɽ⊥ ϝοηʔδड৴ͳ͠ʹಈ͢࡞Δ͜ͱΛද͍ͯ͠

Δɽͨͩ͠ɼδ(s, ⊥) ͕ఆٛ͞ΕΔͷ s ͕ॳظঢ়ଶͷͱ͖ͩ

͚Ͱɼঢ়ଶભҠΛҰͰͤ͜ىɼঢ়ଶ͕ॳظঢ়ଶʹͳΔ͜

ͱͳ͍ͷͱ͢ΔɽP ϙʔτ൪߸ͷू߹Λද͢ɽ֤ϊʔυ

ͷঢ়ଶભҠؔಉ͡ͷͱ͢Δɽϊʔυ͕ࣝผࢠΛͭ࣋߹

ͨ࣋ͳ͍߹ఆ͓ͯ͠ΓɼࣝผࢠΛͭ࣋߹ʹɼࣝผ

ঢ়ଶͷҰ෦ʹؚ·Ε͍ͯΔ͕ࢠ (ίʔσΟϯά͞Ε͍ͯΔ) 

ͷͱ͢Δɽ

֤ϊʔυ 1 εςοϓͰɼҎԼͷಈ࡞ΛΞτϛοΫʹ͏ߦɿ

1) ϝοηʔδͷड৴ʹΑΓɼ·ͨɼॳظঢ়͔گΒಈ࡞Λ։

(ɼ2࢝ (ɼ3ߦͷ࣮ࢉܭॴہ ϝοηʔδΛૹ৴ɽωοτϫʔΫ

ʹɼগͳ͘ͱ 1 ͭͷΠχγΤʔλͱݺΕΔϊʔυ͕ଘ

ΕΔɽΠχ࢝͞ΞϧΰϦζϜΠχγΤʔλ͔Β։ࢄɼ͠ࡏ

γΤʔλʹͳΔϊʔυͷू߹ INIT = {v ∈ V ; v ΠχγΤʔ

λ } ॳظঢ়گͰܾఆ͞Ε͍ͯΔͷͱ͢Δɽ͢ͳΘͪɼΠχ

γΤʔλΞϧΰϦζϜ։࢝ͱಉ࣌ʹҰ੪ʹಈ࡞Λ։࢝͢Δɽ

ΠχγΤʔλ͕࠷ॳʹಈ࡞Λ։࢝͢Δ߹Λআ͍ͯɼ֤ϊʔυ

ϝοηʔδΛड৴ͨ͠߹ͷΈಈ͢࡞Δɽ

ϝοηʔδ௨৴৴པੑ͕͋ΔͷͱԾఆ͢Δɽ͢ͳΘͪɼ

ϝοηʔδͷૹड৴ʹ͓͍ͯҎԼཱ͕͢Δɽ

[A1] ϊʔυ v ͕ྡϊʔυ u ʹૹ৴ͨ͠ϝοηʔδɼඞ

ͣҰ͚ͩ u ʹड৴͞ΕΔɽ

[A2] ϊʔυ v ͕ྡϊʔυ u ͔ΒϝοηʔδΛड৴ͨ͠

߹ɼu ͦͷϝοηʔδΛૹ৴͍ͯ͠Δɽ

ωοτϫʔΫͷϦϯΫ FIFO ͱ͢Δɽ͢ͳΘͪɼϊʔυ u

͔Βϊʔυ v ʹૹ৴͞Εͨϝοηʔδɼu ͕ૹ৴ͨ͠ॱʹ v

ʹड৴͞ΕΔɽຊߘͰɼඇಉظγεςϜΛఆ͢Δɽ͢ͳΘ

ͪɼϝοηʔδͷૹ৴͔Βड৴·Ͱͷؒ࣌༗ݶͰ͋Δ্͕ք

ͳ͍ɽ

2. 3 ϞόΠϧΤʔδΣϯτϞσϧ

ωοτϫʔΫதʹΤʔδΣϯτ͕ k ମଘ͠ࡏɼΤʔδΣϯ

τͷू߹Λ A = {a0, a1, · · · , ak−1} ͱ͢ΔɽΤʔδΣϯτࣗ

ͷϝϞϦΛͪ࣋ɼͦͷϝϞϦΛϊʔτϒοΫͱݺͿɽ͜ͷϞ

σϧͰϊʔυϨϙδτϦͷػ͔ͣͨ࣋͠ɼϊʔυͷϝϞ

ϦΛϗϫΠτϘʔυͱݺͿɽ

֤ΤʔδΣϯτ͍ޓʹҟͳΔ ID Λͭ࣋ɽ͜ͷ ID 

O(log k) ϏοτͰද͞ΕΔͷͱ͢Δɽ·ͨɼଞͷΤʔδΣϯ

τͷ IDɼϊʔυ nɼΤʔδΣϯτ k ʹ͍ͭͯͷใΛͨ࣋

ͳ͍ɽ֤ΤʔδΣϯτɼ࠷ॳʹ͍ͣΕ͔ͷϊʔυ v ∈ V ʹଘ

ॳʹҐஔ͍ͯ͠ΔϊʔυΛɼ࠷Δͱ͢ΔɽΤʔδΣϯτ͕͢ࡏ

ͦͷΤʔδΣϯτͷϗʔϜϕʔεͱݺͿɽҟͳΔΤʔδΣϯτ

ͷϗʔϜϕʔεҟͳΔͷͱ͢Δɽ

ΤʔδΣϯτϛʔϦʔܕ༗ݶঢ়ଶػց (S, δ) Ͱఆٛ͞Ε

ΔɽS ΤʔδΣϯτͷঢ়ଶू߹Λද͠ɼΤʔδΣϯτͷঢ়ଶ
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ϊʔτϒοΫͷ༰ͱΤʔδΣϯτͷ ID ʹΑͬͯఆٛ͞Ε

Δɽঢ়ଶू߹ S ͷதʹ֤ΤʔδΣϯτͷॳظঢ়ଶؚ͕·ΕΔɽ

(ΤʔδΣϯτ૬ҟͳΔ ID Λͭ࣋ͷͰɼͦͷॳظঢ়ଶҰൠ

తʹ૬ҟͳΔɽ)
ঢ়ଶભҠؔ δ  δ : S × W × P ˠ S × W × P Ͱ͋ΓɼΤʔ

δΣϯτͷঢ়ଶɼ๚தͷϊʔυͷϗϫΠτϘʔυͷ༰ɼҠ

ಈ͖ͯͨ͠ϙʔτ൪߸͔Βɼ࣍ͷΤʔδΣϯτͷঢ়ଶɼ๚த

ͷϊʔυͷϗϫΠτϘʔυͷߋ৽ޙͷ༰ɼ࣍ʹ௨Δϙʔτ൪

߸ΛܾΊΔؔͰ͋ΔɽW ϗϫΠτϘʔυͷՄͳঢ়ଶશ

ͯͷू߹Λද͢ɽP ϙʔτ൪߸ͷू߹Λද͢ɽҠಈ͖ͯͨ͠

ϙʔτ൪߸ɼ0 ͷ߹ɼϊʔυ্Ͱಈ࡞Λ։ͨ࢝͜͠ͱΛද

͠ɼp > 0 ͷ߹ɼϙʔτ p ͔Βϊʔυʹ౸ணͨ͜͠ͱΛද͢ɽ

͕߸௨Δϙʔτ൪ʹ࣍ 0 ͷ߹ΤʔδΣϯτϊʔυʹͱͲ

·Γɼp > 0 ͷ߹ɼϙʔτ p Λ௨ͬͯ࣍ͷϊʔυʹҠಈ͢

Δɽঢ়ଶʹࣝผؚ͕ࢠ·ΕΔͨΊɼΤʔδΣϯτͷঢ়ଶۭؒ

ૉʹͰ͖Δɽͭ·ΓɼΤʔδΣϯτ͝ͱʹҟͳΔঢ়ଶભʹ͍ޓ

ҠΛ͍ͯ͑ߟΔͷͱಉ͡Ͱ͋Δɽ

֤ΤʔδΣϯτ 1 εςοϓͰɼҎԼͷಈ࡞ΛΞτϛοΫʹ

(ɿ1͏ߦ ϊʔυʹ౸ண͢Δɼ·ͨɼϊʔυ্Ͱಈ࡞Λ։࢝͢

Δ (ϗʔϜϕʔεͷ߹ɼ͋Δ͍ɼϊʔυʹͱͲ·͍ͬͯͨ

߹)ɼ2) ߋɼࣗͷঢ়ଶɼϗϫΠτϘʔυΛ͍ߦΛࢉܭॴہ

৽͢Δɼ3) Ҡಈ͢Δ߹ɼϊʔυ͔Βग़͍ͯ͘ɽ

ΤʔδΣϯτϦϯΫΛҠಈதʹఀނࢭো (ফࣦ) ͢Δ߹͕

͋Δɽͨͩ͠ɼ্هͷ 1 εςοϓΛ࣮͍ͯ͠ߦΔؒނো͠ͳ

͍ͷͱ͢ΔɽΤʔδΣϯτͷނোͷ࠷େ f <= k − 1 Ͱ

͋Γɼ֤ΤʔδΣϯτ f Λ͍ͬͯΔͷͱ͢ΔɽϦϯΫΛ

Ҡಈ͍ͯ͠Δؒʹނো͠ͳ͔ͬͨΤʔδΣϯτɼඞͣ༗࣌ݶ

ؒʹతϊʔυʹ౸ୡ͢Δɽނোͨ͠ΤʔδΣϯτ࠶ͼಈ

ωοτϫʔΫ͔Βফ͑ΔɽʹٱΔ͜ͱͳ͘ɼӬ͢࡞

ωοτϫʔΫͷϦϯΫ FIFO ͱ͢Δɽ͢ͳΘͪɼಉ͡Ϧϯ

ΫΛ௨ΔΤʔδΣϯτɼͦͷϦϯΫʹೖͬͨॱʹతϊʔυ

ʹ౸ୡ͢Δɽ·ͨɼΤʔδΣϯτඇಉظతʹಈ͢࡞Δɽ͢ͳ

ΘͪɼΤʔδΣϯτ͕ϦϯΫͷҠಈʹཁ͢Δؒ࣌ɼ͓ Αͼɼϊʔ

υʹͱͲ·͍ͬͯΔΤʔδΣϯτ͕࣍ͷಈ࡞Λ։࢝͢Δ·Ͱʹ

ཁ͢Δؒ࣌༗ݶͰ͋Δ্͕քͳ͍ɽ

3. ఏҊΞϧΰϦζϜ

ຊઅͰɼϝοηʔδ௨৴ΞϧΰϦζϜΛγϛϡϨʔτ͢Δ

ϞόΠϧΤʔδΣϯτΞϧΰϦζϜΛఏҊ͢Δɽ͜͜Ͱγϛϡ

Ϩʔτ͢Δϝοηʔδ௨৴ΞϧΰϦζϜɼ2. 2 Ͱఆٛ͞Εͨ

Ϟσϧ্Ͱਖ਼͘͠ಈ͢࡞ΔΞϧΰϦζϜͰ͋ΓɼҎ߱ɼγϛϡ

Ϩʔτ͢Δϝοηʔδ௨৴ΞϧΰϦζϜΛ Z ͱද͢ɽ·ͨɼϞ

όΠϧΤʔδΣϯτΞϧΰϦζϜɼ2. 3 Ͱఆٛ͞ΕͨϞσϧ

্Ͱਖ਼͘͠ಈ͢࡞ΔΞϧΰϦζϜͰ͋Δɽ

ఏҊΞϧΰϦζϜͰɼZ ͕ϝοηʔδΛૹ৴͢ΔճΛ༗

Ͱ͋ΔͱԾఆ͢Δɽݶ

ΞϧΰϦζϜҎԼͷٙࣅίʔυͰද͞ΕΔɽ

ఏҊΞϧΰϦζϜʹ͓͍ͯɼΤʔδΣϯτେ͖͚ͯ͘ɼ

1) ΠχγΤʔλͷ୳ࡧɼ2) ΞϧΰϦζϜ Z ͷγϛϡϨʔτɼ2
ͭͷಈ࡞Λ͏ߦɽ

Algorithm 1 Δؔɾม͢༺
1: //ϊʔυ͕ͭ࣋ม

2: array [int] v.agenttransmit, v.agentsearch;//ΤʔδΣϯτͷ໊

લΛهԱ

3: boolean v.init;//ΠχγΤʔλ͔Ͳ͏͔Λผ͢ΔͨΊͷม

4: boolean v.root;//ΠχγΤʔλʹ࠷ॳʹ๚ͨ͠ΤʔδΣϯτ

ͷ ID ΛهԱ

5: queue v.send;//ੜ͞ΕͨϝοηʔδΛهԱ

6: array [int] v.receive;//֤ϙʔτ͔Βड৴ͨ͠࠷৽ͷϝοηʔδ

ΛهԱ

7: array [int] v.parenttransmit, v.parentsearch;//๚࣌ͷϙʔτ

(Δϙʔτ) ΛهԱ

8: array [int] v.port;//௨͍ͬͯͳ͍ (ະ୳ࡧͷ) ϙʔτΛهԱ

9: //ΤʔδΣϯτ͕ͭ࣋ม

10: a.msg;//ϝοηʔδΛهԱ (m, p) m:ϝοηʔδɼp:ਐΉϙʔτ

൪߸

11: a.tree;//ૹϞʔυͷΤʔδΣϯτͷԾ ID
Function: P rocess(m, q)//ΠχγΤʔλͷಈٴ࡞ͼɼϝοηʔδड

৴࣌ͷಈ࡞ΛγϛϡϨʔτ

12: if (v.init = true) then
13: v.init← false;
14: v.root← true;
15: v.tree← a.tree;
16: (s, M)← (v.staten, ∅);
17: v.staten ← s; M Λ v.send ʹΤϯΩϡʔ ;
18: if (m |= ∅) ∧ (m |= v.receive[q]) then
19: v.receive[q]← m;
20: (s, M)← (v.staten, m);
21: v.staten ← s; M Λ v.send ʹΤϯΩϡʔ ;

·ͣɼAlgorithm2 ʹ͍ͭͯઆ໌͢ΔɽAlgorithm2 ʹΑͬͯɼ

ΤʔδΣϯτ 1) ΠχγΤʔλͷ୳ࡧɼΛ͏ߦɽ۩ମతʹɼ

ΠχγΤʔλͰ͋Δϊʔυ v ɼv.init ͕ਅͳͷͰɼv.init ͕

ਅͰ͋ΔϊʔυΛ୳͢ࡧΔɽͨͩ͠ɼv.init ɼΤʔδΣϯτ

͕ 1 ମͰγϛϡϨʔγϣϯΛ։࢝͢ΕِͱͳΔͷͰɼ2 ମ

Ҏ߱ʹ๚ͨ͠ΤʔδΣϯτγϛϡϨʔγϣϯΛ։࢝Ͱ͖

ͳ͍ɽ2 ମ͔Β f + 1 ମʹ๚ͨ͠ΤʔδΣϯτγϛϡ

ϨʔγϣϯΛ։࢝Ͱ͖ΔΑ͏ʹ͢ΔͨΊʹɼv.root Λ༻͢

Δɽv.init ِ͕ʹͳΔͱ͖ʹɼv.root Λਅʹ͢Δ͜ͱͰɼΠχ

γΤʔλͷಈ࡞Ұճ͔͠ߦΘΕͣɼ·ͨɼ2 ମҎ߱ʹͦͷ

ϊʔυʹ๚ΕͨΤʔδΣϯτγϛϡϨʔγϣϯΛ։࢝͢Δ͜

ͱ͕Ͱ͖Δɽv.init ·ͨɼv.root ͕ਅͰ͋ΔϊʔυΛൃ͢ݟ

ΕɼT ransmit() Λ࣮ͯ͠ߦγϛϡϨʔγϣϯΛ։࢝͢Δɽ

T ransmit() ͷৄࡉʹ͍ͭͯޙड़͢Δɻ

୳ࡧਂ͞༏ઌͰߦΘΕΔɽ୳ࡧͷࡍͷΤʔδΣϯτ

ͷܦ࿏ɼv.parentsearch Ա͞ΕΔɽ͢ͳΘͪɼΤʔهʹ

δΣϯτ a ͕ॳΊͯϊʔυ v ʹϙʔτ q ͔Β๚ͨ͠ࡍ

ɼv.parentsearch[a.id] ʹ q ͨ࢝͠Λ։ࡧԱ͞ΕΔɽ୳ه͕

ϊʔυͷ v.parentsearch[a.id] ʹ 0 Ա͞ΕΔɽͭ·Γɼه͕

v.parentsearch[a.id] ͕ 0 ͱͳ͍ͬͯΔϊʔυʹ͖ͬͯͨͱ

͖ɼͦͷϊʔυͷϙʔτ͕શͯ୳͞ࡧΕ͍ͯΕɼΠχγΤʔ

λͷ୳ࡧΛऴྃ͢Δɽ
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Algorithm 2 main
1: a.tree← a.id;
2: v.port[a.id]← {0, · · · , degv − 1}
3: v.parentsearch[a.id]← 0;
4: while (1)
5: if ((v.init = true) ∨ (v.root = true)) then //๚ϊʔυ͕

ΠχγΤʔλ·ͨͷࠜ

6: T ransmit();
7: if (v.port[a.id] |= ∅) then //ະ୳ࡧͷล͕ଘ͢ࡏΕ୳͢ࡧΔ

8: v.port[a.id]← v.port[a.id]/{p};
9: ϙʔτ p Λ௨ΓҠಈ ;

10: ϙʔτ q ͔Β౸ணͨ͠ͱ͢Δ ;
11: if (|v.parentsearch| = f + 1) then //f+1 ମ๚͍ͯͨ͠

ͱ͖

12: ϙʔτ q Λ௨ΓҠಈ (Ҿ͖ฦ͢);
13: else
14: if (v.parentsearch[a.id] |= ⊥) then //ด࿏͕Ͱ͖ͨͱ͖

15: v.portsearch ← v.portsearch/{q}
16: ϙʔτ q Λ௨ΓҠಈ (Ҿ͖ฦ͢);
17: else //ॳΊͯϊʔυ v ʹॳΊͯ๚ͨ͠ͱ͖

18: v.parentsearch[a.id]← q;
19: v.port[a.id]← {0, · · · , degv − 1}/{q}
20: else //ͯ͢ͷล͕୳ࡁࡧΈͳͷͰΔɼ·ͨΞϧΰϦζϜ

ऴྃ

21: p← v.parentsearch[a.id];
22: if (p = 0) then
23: break;
24: else
25: ϙʔτ p Λ௨ΓҠಈ (ਂ͞༏ઌͷΔಈ࡞);
26: end while

୳࣌ࡧʹಉ͡ϊʔυʹ๚ͨ͠ࡍҾ͖ฦ͢ɽ͜ΕʹΑͬͯ

୳࣌ࡧʹΤʔδΣϯτ͕هԱ͢Δܦ࿏ͷ͞Λ࠷େ n − 1 ʹ

͑Δ͜ͱ͕Ͱ͖Δɽ·ͨɼطʹ f + 1 ମͷΤʔδΣϯτ͕๚

͍ͯͨ͠߹ɼಉ༷ʹҾ͖ฦ͢ɽ

Ҏ্ͷಈ࡞ʹΑͬͯɼωοτϫʔΫͷΠχγΤʔλΛ͢

ͯ୳ࡧͰ͖Δ͜ͱޙͰূ໌͢Δɽ

࣍ ʹ Algorithm3 ʹ ͭ ͍ ͯ આ ໌ ͢ Δ ɽAlgorithm3 ͷ

T ransmit() ʹΑͬͯɼΤʔδΣϯτ 2) ΞϧΰϦζϜ Z

ͷγϛϡϨʔτ͢ΔɽT ransmit() ΤʔδΣϯτ͕Πχγ

ΤʔλΛൃͨ͠ݟͱ͖ʹ։࢝͞ΕΔɽT ransmit() Λ࣮ͯ͠ߦ

͍ΔΤʔδΣϯτɼ֤ϊʔυͰɼͦͷಈ࡞ΛγϛϡϨʔτ͠ɼ

ϝοηʔδૹ৴Λଓ͚ΔɽఏҊΞϧΰϦζϜͰɼਂ͞༏ઌత

ʹϝοηʔδૹ৴Λ͍ͯͬߦΔɽ͢ͳΘͪɼϝοηʔδૹ৴ઌ

ϊʔυʹ͓͍ͯɼϝοηʔδ͕ଘ͢ࡏΔ߹ɼٴͼɼϊʔυͷಈ

ϝοηʔδ͕ੜ͞Εͨ߹ɼϝοʹࡍͷγϛϡϨʔγϣϯͷ࡞

ηʔδΛଓ͚ͯૹ৴͠ଓ͚Δɽϝοηʔδૹ৴͕ऴΘΕɼૹ

৴ݩϊʔυʹҾ͖ฦ͢ɽͭ·Γɼނোͤͣʹ T ransmit() Λऴ

ɼΤʔδΣϯτࡍͨྃ͠ T ransmit() Λ։ͨ࢝͠ϊʔυʹ͍

Δɽૹ৴͏͔ʹݩϙʔτΛ͓֮͑ͯͨ͘ΊɼΠχγΤʔλ୳

ͱಉ༷ʹɼΤʔδΣϯτ࣌ࡧ a ͕ϊʔυ v ʹϙʔτ p ͔Βϝο

ηʔδΛૹ৴ͨ͠ࡍɼv.parenttramsmit[a.id] ʹ p ΛهԱ͢

Δɽv.parenttramsmit[a.id] ͕ 0 Ͱ͋Δͱ͖ɼv  T ransmit()

Algorithm 3 ૹϞʔυͷಈ࡞
Function: T ransmit()//ϝοηʔδΛਂ͞༏ઌతʹૹ৴

1: P rocess(∅, ∅);//ΠχγΤʔλ͕ະॲཧͳΒॲཧ

2: a.tree← v.tree;//͕ࣗଐ͢ΔΛܾఆ

3: v.parenttransmit[a.id] = 0;//T ransmit() ͷ։࢝ϊʔυʹ͠Δ

͠Λ͚ͭΔ

4: while (1)
5: if ((v.send |= ∅) ∧ (v.tree = a.tree)) then //ͷ ID ͕ಉ͡

Ͱϝοηʔδ͕ଘ͢ࡏΕૹ৴

6: a.msg ← head(v.send); //ϝοηʔδΛૹ৴ͨ͠ΤʔδΣ

ϯτͷΛཧ

//ૹ৴ͨ͠ΤʔδΣϯτͷ͕ f ະຬͷ߹

7: if (|v.agenttransmit| < f) then
8: v.agenttransmit ← v.agenttransmit ∪ {a.id};

//ૹ৴ͨ͠ΤʔδΣϯτͷ͕ f ͷ߹

9: else
10: v.agenttransmit ← ∅;
11: dequeue(v.send);
12: a.msg = (m, p) ͱ͢Δ ;
13: ϙʔτ p Λ௨ΓҠಈ ;
14: ϙʔτ q ͔Βϊʔυʹ౸ணͨ͠ͱ͢Δ ;
15: P rocess(a.msg, q);
16: if (v.parenttransmit[a.id] |= ⊥) ∧ ((v.tree = a.tree) ∨

(v.tree = ⊥))) then //ͷ ID ͕ಉ͔͡·ͩ ID ͕͚ΒΕͯ

͍ͳ͍ɺ͔ͭด࿏͕Ͱ͖͍ͯͳ͚ΕΒͳ͍

17: v.parenttransmit[a.id]← q;
18: v.tree← a.tree;
19: else //ҧ͏ͷ ID Ε͍ͯΔ͔ɺด࿏͕Ͱ͖·ࠐॻ͖ʹط͕

ΕΔ

20: ϙʔτ q Λ௨ΓҠಈ (Ҿ͖ฦ͢);
21: if (a.id ∈ v.agenttransmit) then //ૹ৴ͨ͠ϝοηʔδ

আআ͞Ε͍ͯͳ͚Ε͕

22: dequeue(v.send);
23: v.agenttransmit ← ∅;
24: else //ϝοηʔδΩϡʔ͕ۭͳͷͰΔɼ·ͨϝοηʔδૹ

৴Λऴྃ

25: v.tree← ⊥;
26: p← v.parenttransmit[a.id];
27: v.parenttransmit[a.id]← ⊥;
28: if (p = 0) then //T ransmit() Λ։ͨ࢝͠ϊʔυͳΒϝο

ηʔδૹ৴Λऴྃ

29: v.root← ⊥;
30: a.tree← a.id;
31: return;
32: else //։࢝ϊʔυͰͳ͚ΕϊʔυʹҠಈ

33: ϙʔτ p Λ௨ΓҠಈ (ਂ͞༏ઌͷΔಈ࡞);
34: if (a.id ∈ v.agenttransmit) then
35: dequeue(v.send);
36: v.agenttransmit ← ∅;
37: end while

Λ։ͨ࢝͠ϊʔυͰ͋Δɽ

ΠχγΤʔλΛ๚ͨ͠࠷ॳͷΤʔδΣϯτɼT ransmit()
։࣌࢝ʹɼࣗͷ ID ΛΠχγΤʔλͷ v.rootɼv.tree ʹॻ͖

Έɼϝοηʔδͷૹ৴ઌʹɼಉ͡ࠐ ID Λॻ͖ࠐΜͰ͍͘ɽΠ
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χγΤʔλΛ 2 ൪Ҏ߱ʹ๚ͨ͠ΤʔδΣϯτɼطʹॻ͔

Ε͍ͯΔ ID ΛࣗͷԾͷ ID ͱͯ͠ a.tree ʹॻ͖ࠐΈɼϝο

ηʔδૹ৴Λଓ͚ΔɽT ransmit() ͷऴྃ࣌ɼa.tree ʹɼ࠶

ͼࣗͷ ID ͕ॻ͖ࠐ·ΕΔɽϝοηʔδૹ৴ઌʹطʹผͷ ID
͕ॻ͖ࠐ·Ε͍ͯΔ߹ɼٴͼɼ͢Ͱʹ͕ࣗ๚͍ͯͨ͠

(v.parenttransmit[a.id] ͕ ⊥ Ͱͳ͍) ߹ɼΤʔδΣϯτɼ

ͦͷϊʔυͷϝοηʔδΛૹ৴ͤͣɼૹ৴ݩϊʔυʹҾ͖ฦ͢ɽ

͜ΕʹΑͬͯɼϝοηʔδૹ৴ͷهʹࡍԱ͞ΕΔΤʔδΣϯτ

ͷܦ࿏ͷ͕͞࠷େ n − 1 ʹ͑ΒΕΔɽ

ϝοηʔδɼf + 1 ମͷΤʔδΣϯτ͕ૹ৴ͨ͠ͱ͖ɼٴ

ͼɼͦͷϝοηʔδΛૹ৴ͨ͠ΤʔδΣϯτ͕͖ͬͯͨͱ͖

ʹΩϡʔ v.send ͔Βআ͞ΕΔɽ

Δಈ࡞ʹΑͬͯ๚ͨ͠ϊʔυʹɼࣗͷ a.tree ͱҟͳ

Δ ID ͕ॻ͖ࠐ·Ε͍ͯͨ߹ɼa.tree ͕ॻ͖ࠐ·Ε͍ͯͨ࣌

ͷϝοηʔδ͕શͯૹ৴͞Εɼ͞ΒʹผͷΠχγΤʔλ͔Β

ͬͯདྷͨΤʔδΣϯτ͕๚͍ͯ͠Δɽ͜ͷ߹ɼผͷΠχ

γΤʔλ͔ΒͬͯདྷͨΤʔδΣϯτ͕ϝοηʔδΛૹ৴͢Δ

ͷͰɼԿͤͣ͞ΒʹΔɽ

ϝοηʔδૹ৴ͷࡍʹɼະॲཧͷΠχγΤʔλΛ๚ͨ͠

߹ɼͦͷΠχγΤʔλʹࣗͷԾ IDa.tree Λॻ͖ࠐΉɽ͢

ͳΘͪɼͦͷΠχγΤʔλͷ v.root ਅʹͳΒͣɼಉ͡Πχ

γΤʔλ͔Βͬͯདྷͨ a.tree Λͭ࣋ΤʔδΣϯτ͕ͦͷΠχ

γΤʔλͷϝοηʔδΛૹ৴͢Δɽ

Ҏ্͕ΞϧΰϦζϜͷಈ࡞ͷ֓ཁͰ͋Δɽ

3. 1 ਖ਼ੑͷূ໌

ఏҊΞϧΰϦζϜʹ͍ͭͯɼҎԼͷఆཧ͕Γཱͭɽ

ʦఆཧ 3.1ʧ ఏҊΞϧΰϦζϜɼߴʑ f ମͷΤʔδΣϯτ͕

ো͢Δͱ͍͏ԾఆͷͱͰɼΞϧΰϦζϜނࢭఀ Z Λγϛϡ

Ϩʔτ͢Δɽ

ఆཧ 3.1 Λূ໌͢ΔͨΊʹɼ͍͔ͭ͘ͷิΛূ໌͢Δɽ

Ҏ߱ͰɼΤʔδΣϯτ a ͕ Algorithm1 ͷ P rocess() ·ͨ

 Algorithm3 ͷ T ransmit() Λ࣮͍ͯ͠ߦΔ߹ʹɼa γ

ϛϡϨʔγϣϯϞʔυͰ͋Δͱ͍͏ɽ·ͨɼa ͕γϛϡϨʔγϣ

ϯϞʔυͰͳ͍߹ɼa ୳ࡧϞʔυͰ͋Δͱ͍͏ɽ

ʦิ 3.1ʧ ɹఏҊΞϧΰϦζϜʹΑͬͯɼ֤ϊʔυগͳ͘

ͱ 1 ମͷނো͠ͳ͍୳ࡧϞʔυͷΤʔδΣϯτʹΑͬͯ๚

͞ΕΔɽ·ͨɼશͯͷΠχγΤʔλΞϧΰϦζϜ Z Λ։࢝

͢Δɽ

ূ໌ɹ୳ࡧϞʔυͷΤʔδΣϯτɼಈ࡞Λ։͍ͯ࢝͠ͳ͍

ΠχγΤʔλΛ๚͢Δͱɼͦͷಈ࡞Λ։ͤ࢝͞ΔɽͦͷͨΊɼ

ͯ͢ͷϊʔυʹނো͠ͳ͍୳ࡧϞʔυͷΤʔδΣϯτ͕গͳ

͘ͱ 1 ମ๚͢Δ͜ͱΛࣔ͢ɽ

എཧ๏Λ༻͍ͯূ໌͢ΔɽఏҊΞϧΰϦζϜऴྃ࣌ʹɼނো

͠ͳ͍୳ࡧϞʔυͷΤʔδΣϯτ͕ɼ1 ମ๚͍ͯ͠ͳ͍ϊʔ

υ͕ଘ͢ࡏΔͱԾఆ͢Δɽf <= k − 1 ΑΓɼগͳ͘ͱ 1 ମͷ

ΤʔδΣϯτނোͤͣ୳ࡧΛ͍ͯͬߦΔͷͰɼωοτϫʔΫ

ʹɼނো͠ͳ͍ΤʔδΣϯτ͕๚ͨ͠ϊʔυͷू߹ͱɼ๚

͍ͯ͠ͳ͍ϊʔυͷू߹͕ଘ͢ࡏΔ͜ͱʹͳΔɽωοτϫʔ

Ϋશମ࿈݁ͳͷͰɼ͜ΕΒͷϊʔυͷू߹Ͳ͔͜Ͱྡ͠

͍ͯΔɽྡ͍ͯ͠Δϊʔυͷ͏ͪɼނো͠ͳ͍ΤʔδΣϯτ

͕๚͍ͯ͠ΔϊʔυΛ v1ɼނো͠ͳ͍ΤʔδΣϯτ͕๚͠

͍ͯͳ͍ϊʔυΛ v2 ͱ͢Δɽ͜͜ͰɼఏҊΞϧΰϦζϜΑΓɼ

ͰωοτϫʔΫશମࡧো͠ͳ͍ΤʔδΣϯτɼਂ͞༏ઌ୳ނ

Λ୳͠ࡧΑ͏ͱ͍ͯͯ͠ɼ͕ࣗ๚ࡁΈ͔ɼ͢Ͱʹ f + 1 ମ

ͷΤʔδΣϯτ͕๚͍ͯ͠Δϊʔυʹ๚ͨ͠߹ʹͷΈԿ

ͤͣҾ͖ฦ͢ɽΑͬͯނো͠ͳ͍ΤʔδΣϯτ v2 Λ๚

͢Δલʹ v1 ͰҾ͖ฦͨ͜͠ͱʹͳΔɽ͔͠͠ɼΤʔδΣϯτ

͕Ҿ͖ฦͨ͠ͱ͍͏͜ͱɼv1 ʹ f + 1 ମͷΤʔδΣϯτ͕

๚͍ͯͨ͠ͱ͍͏͜ͱͳͷͰɼf + 1 ମͷ͏ͪগͳ͘ͱ 1
ମͷΤʔδΣϯτ͕ނোͤͣ v2 Λ๚͢Δɽ͜Ε v2 ͷԾఆ

ʹໃ६͢Δɽैͬͯɼނো͠ͳ͍୳ࡧϞʔυͷΤʔδΣϯτ͕ɼ

ͯ͢ͷϊʔυʹগͳ͘ͱ 1 ମ๚͢Δɽ

ʦิ 3.2ʧ ఏҊΞϧΰϦζϜɼ৴པੑͷ͋Δϝοηʔδ௨

৴ΛγϛϡϨʔτ͢Δɽ

ূ໌ɹ·ͣɼશͯͷϝοηʔδ͕తϊʔυʹड৴͞ΕΔ͜

ͱΛূ໌͢Δɽิ 3.1 ΑΓɼͯ͢ͷΠχγΤʔλʹɼނো

͠ͳ͍ΤʔδΣϯτ͕গͳ͘ͱ 1 ମ๚͢Δɽ·ͨɼఏҊΞ

ϧΰϦζϜΑΓɼϝοηʔδૹ৴ (ΞϧΰϦζϜͷγϛϡϨʔ

γϣϯ) Λ࢝ΊΒΕΔͷɼΠχγΤʔλʹ๚ͨ͠ΤʔδΣ

ϯτ͚ͩͰ͋Δɽ·ͨɼͯ͢ͷϝοηʔδΠχγΤʔλ͔

Βɼత (ΞϧΰϦζϜͷ࣮ߦ։࣌࢝)ɼ·ͨؒత (ϝο

ηʔδ࿈ͷ͋Δϝοηʔδड৴࣌) ʹੜ͞Ε͍ͯΔɽΑͬ

ͯɼϝοηʔδΩϡʔ͕ۭͰͳ͍ϊʔυʹɼΠχγΤʔλಉ

༷ʹɼނো͠ͳ͍ΤʔδΣϯτ͕๚͠ɼϝοηʔδૹ৴Λߦ

͏ɽނো͠ͳ͍ΤʔδΣϯτʹΑͬͯૹ৴͞Εͨϝοηʔδ

ඞͣड৴͞ΕΔɽΑͬͯɼશͯͷϝοηʔδ͕తϊʔυʹड

৴͞ΕΔɽ

·ͨɼΤʔδΣϯτҰͷҠಈͰ 1 ͭͷϝοηʔδ͔͠ӡ

ͣɼࣔ ͞ΕͨϙʔτʹͷΈʹϝοηʔδΛૹ৴͢ΔͷͰɼϝο

ηʔδతϊʔυʹͷΈड৴͞ΕΔɽૹ৴ͨ͠ϝοηʔδ͕

ૹ৴ઌϊʔυͰطʹड৴ࡁΈͰ͋ΕॲཧߦΘͳ͍ɽΑͬͯ

2.2 અͷ݅ [A1] Λຬͨ͢ɽ·ͨɼड৴͞Εͨϝοηʔδɼ

ΤʔδΣϯτʹΑͬͯӡΕͨϝοηʔδͷΈͰ͋ΔɽΑͬͯ

݅ [A2] Λຬͨ͢ɽΑͬͯ৴པੑͷ͋Δϝοηʔδ௨৴ͷ

݅Λຬͨ͢ɽ

ʦิ 3.3ʧ ఏҊΞϧΰϦζϜʹΑΔϝοηʔδ௨৴ɼFIFO
Λຬͨ͢ɽ

ূ໌ɹఏҊΞϧΰϦζϜʹ͓͍ͯɼΤʔδΣϯτ͕͋Δϊʔ

υ v ͷϝοηʔδΩϡʔͷઌ಄ͷϝοηʔδ m Λϙʔτ p ʹ

ૹ৴͢Δͱ͢Δɽ͜ͷͱ͖ɼm ΑΓલʹ v ͔Β p ʹૹ৴͞Εͨ

ϝοηʔδ m′ ͕ଘ͢ࡏΔͱ͢Δɽm ͕ v ͷϝοηʔδΩϡʔ

ͷઌ಄ͩͬͨ͜ͱ͔Βɼm′  v ͷϝοηʔδΩϡʔ͔Βআ

͞Ε͍ͯΔɽm′ ′আ͞ΕΔͷɼm͕ Λૹ৴ͨ͠ΤʔδΣϯ

τ͕͖ͬͯͨͱ͖ɼ·ͨɼf + 1 ମͷΤʔδΣϯτ͕ m′ Λ

ૹ৴ͨ͠ͱ͖ͷΈͰ͋Δɽલऀͷ߹ɼ໌Β͔ʹ m′ ͕ઌʹड

৴͞Ε͍ͯΔɽ·ͨɼऀޙͷ߹ɼm′ ༗ؒ࣌ݶʹඞͣత

ϊʔυʹ౸ண͠ɼΤʔδΣϯτ FIFO ॱͰϦϯΫΛҠಈ͢Δ

ͨΊɼඞͣ m′  m ΑΓઌʹड৴͞ΕΔɽΑͬͯɼϝοηʔδ

ૹ৴͞Εͨॱʹड৴͞ΕΔͷͰɼఏҊख๏ʹΑΔϝοηʔδ

௨৴ FIFO Λຬͨ͢ɽ

— 5 —
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ʦิ 3.4ʧ ఏҊΞϧΰϦζϜʹΑΔΤʔδΣϯτͷಈ࡞ʹ

Αͬͯɼ֤ϊʔυͷಈ࡞ਖ਼͘͠ͰγϛϡϨʔτ͞ΕΔɽ

2. 2 ΑΓɼγϛϡϨʔτ͢Δϝοηʔδ௨৴Ϟσϧʹ͓͍

ͯɼ֤ϊʔυ 1 εςοϓͰɼҎԼͷಈ࡞ΛΞτϛοΫʹߦ

͏ɿ1) ϝοηʔδͷड৴ʹΑΓɼ·ͨɼॳظঢ়͔گΒಈ࡞

Λ։࢝ (receive)ɼ2) ߦͷ࣮ࢉܭॴہ (execute)ɼ3) ϝοηʔ

δΛૹ৴ (send)ɽ͜ͷΞτϛοΫεςοϓ͕࿈ଓ࣮ͯ͠͞ߦ

ΕΔͱ͖ɼ͜ͷಈ࡞Λ֎෦͔Β͢؍Δͱɼ(1) ֤ΞτϛοΫ

εςοϓͷ receiveɼexecuteɼsend ಈ࡞ͷॱংɼ(2) Ξτ

ϛοΫεςοϓؒͷ receive ಈ࡞ͷॱংɼ(3)execute ಈ࡞ͷ

ॱংɼ(4)send ಈ࡞ͷॱংɼ͑͞कΒΕ͍ͯΕɼͲͷΑ͏ʹ

εςοϓ͕࣮͞ߦΕͯྑ͍ɽྫ͑ɼΞτϛοΫεςοϓ

AS1ɼAS2 ͕ଘ͢ࡏΔͱ͢Δɽ͜ͷͱ͖ɼ֤ ΞτϛοΫεςοϓ

ɼAS1−receiveɼAS1−executeɼAS1−sendɼٴͼɼAS2−receiveɼ

AS2−executeɼAS2−sendɼͷεςοϓ͔ΒͳΔɽ͜ΕΒɼϝο

ηʔδ௨৴Ϟσϧʹ͓͍࣮ͯ͞ߦΕΔ߹ɼΞτϛοΫಈ࡞ͷԾ

ఆΑΓɼAS1−receiveɼAS1−executeɼAS1−sendɼAS2−receiveɼ

AS2−executeɼAS2−send ͷॱʹ࣮͞ߦΕΔɽ͔͠͠ɼ͜Ε

ΒɼAS1−receiveɼAS2−receiveɼAS1−executeɼAS2−executeɼ

AS1−sendɼAS2−sendɼͱ͍͏ॱংͰ࣮͞ߦΕ͍ͯͯɼಉ͡

ঢ়گʹ౸ୡ͢ΔͷͰɼಉ͡ಈ࡞Λ͍ͯ͠Δͱͯ͑ߟΑ͍ɽ

͍ͯͭʹ࡞ɼఏҊΞϧΰϦζϜʹΑΔΤʔδΣϯτͷಈʹ࣍

.Δɽ2͑ߟ 3 ΑΓɼ֤ΤʔδΣϯτ 1 εςοϓͰɼҎԼͷಈ

(ɿ1͏ߦʹΛΞτϛοΫ࡞ ϊʔυʹ౸ண͢Δɼ·ͨɼϊʔυ

্Ͱಈ࡞Λ։࢝͢Δ (visit)ɼ2) ɼࣗͷঢ়ଶɼ͍ߦΛࢉܭॴہ

ϗϫΠτϘʔυΛߋ৽͢Δ (execute)ɼ3) Ҡಈ͢Δ߹ɼϊʔ

υ͔Βग़͍ͯ͘ (leave)ɽϊʔυʹ͓͚Δ receiveɼexecute ಈ

ɼΤʔδΣϯτͷ࡞ visitɼexecute ಈ࡞ʹΑͬͯ·ͬͨ͘

ಉ༷ʹߦΘΕΔɽ·ͨɼϝοηʔδૹ৴ͷΛՌͨ͢ leave

ಈ࡞ɼඞͣΤʔδΣϯτͷ execute ಈ࡞ͷߦʹޙΘΕɼΤʔ

δΣϯτͷಈ࡞૬ޓഉଞͰߦΘΕΔͷͰɼ(1)ɼ(2)ɼ(3) ͷ

ॱংຬͨ͞Ε͍ͯΔɽͦͯ͠ɼੜ͞Εͨϝοηʔδ·ͣ

ϝοηʔδΩϡʔʹ֨ೲ͞Εɼੜ͞ΕͨॱʹΤʔδΣϯτʹ

ૹ৴͞ΕΔͷͰɼ(4) ͷॱংຬͨ͞Ε͍ͯΔɽΑͬͯɼఏҊ

ΞϧΰϦζϜͷΤʔδΣϯτͷಈ࡞ʹΑͬͯɼ֤ϊʔυͷಈ࡞

ਖ਼͘͠γϛϡϨʔτ͞ΕΔɽ

ิ 3.1ɼิ 3.2ɼิ 3.3 ΑΓɼఏҊΞϧΰϦζϜʹΑͬ

ͯɼͯ͢ͷΠχγΤʔλͰॲཧ͕։࢝͞Εɼϊʔυͷಈٴ࡞

ͼϦϯΫͷੑ࣭͕ਖ਼͘͠γϛϡϨʔτ͞Ε͍ͯΔɽҎ্ʹΑΓ

ఆཧ 3.1 ͕Γཱͭɽ

3. 2 ධ Ձ

ຊઅͰɼఏҊΞϧΰϦζϜͷ૯ҠಈɼٴͼϝϞϦʹ͍ͭ

ͯͷධՁΛ͏ߦɽఏҊΞϧΰϦζϜϝοηʔδ௨৴Ϟσϧͷ

ΞϧΰϦζϜ Z ΛγϛϡϨʔτ͢ΔͨΊɼ૯ҠಈɼϝϞϦྔ

ΞϧΰϦζϜ Z ʹґଘ͢ΔɽΞϧΰϦζϜ Z ʹ͓͚Δϊʔ

υͷঢ়ଶΛ֨ೲ͢ΔͨΊʹඞཁͳϝϞϦྔΛ Sɼϝοηʔδ

Λ Mɼϝοηʔδͷ࠷େαΠζΛ L ͱ͢Δɽ

ʦఆཧ 3.2ʧ ఏҊΞϧΰϦζϜʹ͓͚ΔΤʔδΣϯτͷ૯Ҡಈ

 O((e+M)f)ɼΤʔδΣϯτͷϝϞϦ O(L+log k)ɼϊʔ

υͷϝϞϦ O(S + ML + (L + f)∆ + M log(n∆)) ͱͳΔɽ

ূ໌ ·ͣɼΤʔδΣϯτͷ૯Ҡಈʹ͍ͭͯධՁ͢Δɽ୳ࡧ

ϞʔυͰɼ֤ϦϯΫͷ֤ํʹ͍ͭͯɼ1 ճਐΜͩΤʔδΣ

ϯτ 1 ճΔɽ֤ํͰߴʑ f + 1 ମͷΤʔδΣϯτ͕୳

ΔͷͰɼ૯Ҡಈ͢ࡧ 2ɾ2ɾeɾ(f + 1) = 4e(f + 1) ͱͳ

ΔɽγϛϡϨʔγϣϯϞʔυͰɼΞϧΰϦζϜ Z Ͱੜ͞

Εͨϝοηʔδ 1 ͭʹ͖ͭɼߴʑ f + 1 ମͷΤʔδΣϯτ͕

ૹ৴ॲཧΛ͏ߦɽ1 ճͷૹ৴ॲཧʹରͯ͠ 1 ճΔॲཧ͕ൃੜ

͢ΔͨΊɼ૯Ҡಈ 2M(f + 1) ͱͳΔɽΑͬͯ૯Ҡಈ

4e(f + 1) + 2M(f + 1) = 2(2e + M)(f + 1) = O((e + M)f)
ͱͳΔɽ

ɼΤʔδΣϯτͷϝϞϦʹ͍ͭͯධՁ͢ΔɽΤʔδΣʹ࣍

ϯτɼΞϧΰϦζϜ Z ʹΑͬͯੜ͞ΕΔϝοηʔδٴͼɼ

ΤʔδΣϯτ ID ΛهԱ͢ΔɽΤʔδΣϯτಉߴʹ࣌ʑ 1 ͭ

ͷϝοηʔδ͔ͣͨ࣋͠ɼ·ͨɼΤʔδΣϯτ ID  O(log k)
Ͱද͞ΕΔ͜ͱ͔ΒɼΤʔδΣϯτͷϝϞϦ O(L + log k) ͱ
ͳΔɽ

Ա͢ΔهϊʔυͷϝϞϦʹ͍ͭͯධՁ͢Δɽϊʔυ͕ʹޙ࠷

ͷɼΞϧΰϦζϜ Z ʹ͓͚Δϊʔυͷঢ়ଶɼٴͼఏҊΞϧ

ΰϦζϜͰ༻͢ΔมͰ͋ΔɽΞϧΰϦζϜ Z ʹ͓͚Δϊʔ

υͷঢ়ଶΛอ࣋͢Δ v.state  O(S) Ͱද͞ΕΔɽϝοηʔδ

Ωϡʔ v.send  v ͕ૹ৴͢Δͯ͢ͷϝοηʔδΛ֨ೲ͢Δ

ͨΊ O(ML) Ͱද͞ΕΔɽ

v.agentsearch ɼ͔͔ͨͩ f ମͷΤʔδΣϯτ͕ ID Λॻ

ΈɼΤʔδΣϯτͷࠐ͖ ID ͷॻ͖ࠐΈʹ O(log k) ͷϝϞ

Ϧ͕ඞཁͰ͋ΔɽΑͬͯඞཁͳϝϞϦ O(f log k) ͱͳΔɽ

v.agenttransmit ɼ࠷େͰ k ମͷΤʔδΣϯτ͕ ID Λॻ͖

ΉͷͰɼv.agentsearchࠐ ͱಉ༷ʹ͑ߟΔͱɼඞཁͳϝϞϦ

O(k log k) ͱͳΔɽv.receive ɼ֤ϙʔτʹରͯ͠࠷৽ͷड৴

ϝοηʔδΛ֨ೲ͢ΔͨΊɼඞཁϝϞϦ O(L∆) ͱͳΔɽม

 v.port ɼv.port ʹ໊લΛॻ͖ࠐΜͩΤʔδΣϯτ 1 ମʹ

͖ͭɼϙʔτඞཁͱͳΔɽϙʔτ͕୳ࡁࡧΈ͔Ͳ͏͔ 1
ϏοτͷϝϞϦͰදݱͰ͖ΔɽΑͬͯɼඞཁͳϝϞϦ O(f∆)
ͱͳΔɽม v.parentsearch ʹඞཁͳཁૉɼf + 1 ͱͳΔɽ

͜Εɼߴʑ f + 1 ମͷ୳ࡧϞʔυͷΤʔδΣϯτͷਂ͞༏ઌ

ͷʹଓ͢ΔϙʔτΛอ࣋͢Εे͔ͩΒͰ͋Δɽ·ͨ

ྻͷ 1 ͭͷཁૉʹ O(log(n∆)) ඞཁͱͳΔɽΑͬͯඞཁͳ

ϝϞϦ O(f log(n∆)) Ͱ͋Δɽม v.parenttransmit ʹඞཁ

ͳཁૉɼ͔͔ͨͩ k Ͱ͋Δɽ·ͨ୳ࡧϞʔυͱಉ༷ʹɼ

ྻͷ 1 ͭͷཁૉʹ O(log(n∆)) ඞཁͱͳΔɽΑͬͯඞཁͳϝ

ϞϦ O(k log(n∆)) Ͱ͋Δɽ

ͯ͢ͷϝϞϦΛՃ͑Δͱɼ

S+ML+f log n+k log n +L∆+f∆+f log(n∆)+k log(n∆)

= O(S+ML+(L+f)∆+(f +k)log(n∆))

ΑͬͯϊʔυʹඞཁͳϝϞϦ O(S + ML + (L + f)∆ +
k log(n∆)) ͱͳΔɽ

4. · ͱ Ί

ຊߘͰɼk ମͷඇಗ໊ΤʔδΣϯτΛ༻͍ͯϝοηʔδ௨

৴ΞϧΰϦζϜΛγϛϡϨʔτ͢ΔΞϧΰϦζϜΛఏҊͨ͠ɽ
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ఏҊख๏ɼ࠷େނো f <= k − 1 ͕༩͑ΒΕͨڥʹ͓͍ͯɼ

૯Ҡಈ͕ O((e + M)f) ͱͳ͍ͬͯΔɽطଘख๏ɼΤʔδΣ

ϯτ k ʹର͠ɼ࠷େ k − 1 ମͷΤʔδΣϯτ͕ނো͢Δڥ

ʹ͓͍ͯɼO((e + nM)k) ͷ૯ҠಈͰγϛϡϨʔγϣϯΛ࣮

ΔɽఏҊख๏Ͱɼf͍ͯ͠ݱ = k − 1 ͷ߹Ͱɼ૯Ҡಈ

 O((e + M)k) ͱͳΓɼطଘख๏ΑΓ૯ҠಈΛ͢ݮΔ͜

ͱ͕Ͱ͖͍ͯΔɽ
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Abstract
Given an undirected and connected graph G = (V, E) and two vertices s, t œ V , a vertex subset
S that separates s and t is called s-t separator, and an s-t separator is called minimal if no
proper set of S separates s and t. In this paper, we consider finding a minimal s-t separator with
maximum weight on a vertex-weighted graph. We first prove this problem is NP-hard. Then, we
propose an twO(tw)n-time deterministic algorithm based on tree decomposition. Moreover, we
also propose an Oú(9tw · W 2)-time randomized algorithm to determine whether there exists a
minimal s-t separator where W is its weight and tw is treewidth of G.

Keywords and phrases parameterized algorithm, minimal separator, treewidth

Digital Object Identifier 10.4230/LIPIcs.CVIT.2016.23

1 Introduction

Given a connected graph G = (V, E) and two vertices s, t œ V , a set S ™ V of vertices is
called an s-t separator if s and t belong to di�erent connected components in G \ S, where
G \ S = (V \ S, E). If a set S is an s-t separator for some s and t, it is simply called a
separator. If an s-t separator S is minimal in terms of set inclusion, that is, no proper subset
of S separates s and t, it is called a minimal s-t separator. Similarly, if a separator is minimal
in terms of set inclusion, it is called a minimal separator.

Separators and minimal separators have been considered important in several contexts
and have been intensively studied indeed. For example, they are obviously related to the
connectivity of graphs, which is an important notion in many practical applications, such as
network design, supply chain analysis and so on. From a theoretical point of view, minimal
separators are related to treewidth or potential maximal cliques, which play key roles in
designing fast algorithms [4, 6].

In this paper, we consider the problem of finding the most important minimal separator of
a given weighted graph. More precisely, the problem is defined as follows: Given a connected
graph G = (V, E), vertices s, t œ V and a weight function w : V æ N+, find a minimal s-t
separator whose weight

q
vœS w(v) is maximum. The decision version of the problem is

to decide the existence of minimal s-t separator with weight W . We name the problems
Maximum Weight Minimal s-t Separator.

This problem is motivated in the context of supply chain network analysis. When a
weighted network represents a supply chain where a vertex represents an industry, s and t are
virtual vertices respectively represents source and sink, and its weight of a vertex represents
its financial importance, the maximum weight minimal s-t separator is interpreted as the set
of industries that is most significant but vulnerable in the supply chain network.
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23:2 Maximum Weight Minimal Separator

Unfortunately, the problem is shown to be NP-hard, and we then design an FPT algorithm
with respect to treewidth. It should be noted that since the condition of s-t connectivity can
be written with Monadic Second Order Logic, it can be solved in f(tw) ·n time by Courcelle’s
meta-theorem, where f is a computable function and tw is treewidth of the graph. However,
the function f forms a tower of exponentials; the existence of an FPT algorithm with better
running time is not obvious.

In this paper, we propose two parameterized algorithm with respect to treewidth. One is a
2O(tw log tw)n-time deterministic algorithm and the other is an Oú(ctw ·W 2)-time randomized
algorithm for the decision version, where c is a constant and Oú is the order notation omitting
the polynomial factor. The former algorithm is based on a standard dynamic programming
approach, whereas the latter utilizes two techniques recently developed. The first technique
is called Cut & Count, and by using this, the running time is bounded by a single exponential
of treewidth. Furthermore, by applying the second technique called fast convolution, we
improve the running time by reducing the base of the exponent from c = 21 to c = 9; the
total running time of the resulting algorithm is Oú(9tw · W 2), which could be much faster if
the graph is unweighted.

1.1 Related work
1.1.1 The number of minimal separators
Minimal separators have been investigated long time from many aspects. As mentioned above,
they are related to treewidth or potential maximal cliques, for example [4, 6]. In general,
a graph has exponentially many minimal separators, and in fact there exists a graph with
�(3n/3)- minimal separators [9]. Recently, it was improved on Ê(1.4521n) [11]. On the other
hand, some graph classes have only polynomially (even linearly) many minimal separators.
For example, Bouchitté showed weakly triangulated(chordal) graph that is superclass of them
also has polynomial number of separators [5]. As other graph class with polynomial minimal
separators, there are circular and circular arc graphs [20, 14], polygon circle graph which
is superclass of circle graph [19]. For such a class of graphs, Maximum Weight Minimal

s-t Separator can be solved in polynomial time, because there exists an O(n3 · Rsep)-time
algorithm enumerating all the minimal separators where Rsep is the number of them and we
just evaluate weights of them [2].

1.1.2 The relationship between minimal separators and treewidth
Minimal separators and treewidth have very important relationship between each other. As
for the number of minimal separators, if a graph has only polynomial minimal separators,
we can compute treewidth in polynomial time [5, 6]. Such graph classes include circular-arc
(O(n2) [13, 14]), polygon circle (O(n2) [19]), weakly triangulated (O(n2) [5]) and so on. On
the other hand, computing treewidth is fixed parameter tractable with respect to maximum
size of minimal separators [18]. It corresponds to a solution size of Maximum Weight

Minimal s-t Separator on unweighted graphs. In the sense, we show that Maximum

Weight Minimal s-t Separator on unweighted graphs is fixed parameter tractable with
respect to treewidth in this paper, conversely.

The remainder of the paper is organized as follows. In Section 2, we first give basic
terminology and basic notions of designing algorithms. In section 3, after mentioning that
our problem is NP-hard, and we then design a standard dynamic programming algorithm.
In Section 4, we propose randomized algorithms based on Cut & Count technique.
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Hanaka et al. 23:3

2 Preliminaries

In this section, we give notations, definitions, and some basic concepts. Let G = (V, E) be
an undirected and vertex-weighted graph. For V Õ ™ V , let G[V Õ] denote a subgraph of G

induced by V Õ. Furthermore, we denote the set of neighbors of v by N(v) for a vertex v. We
define the function [p] such that if p is true, it returns 1, otherwise 0.

2.1 Tree Decomposition
Our algorithms proposed in Sections 4 and 5 are based on dynamic programming on tree
decomposition. In this subsection, we give the definition of tree decomposition.

I Definition 1. A tree decomposition of a graph G = (V, E) is defined as a pair ÈX , T Í, where
X = {X1, X2, . . . , XN ™ V }, and T is a tree whose nodes are labeled by I œ {1, 2, . . . , N},
such that
1.

t
iœI Xi = V .

2. For ’{u, v} œ E, there exists Xi such that {u, v} ™ Xi.
3. For all i, j, k œ I, if j lies on the path from i to k in T , then Xi fl Xk ™ Xj .

In the following, we call T a decomposition tree, and we use term “nodes” (not “vertices”)
for T to avoid a confusion. Moreover, we call a subset of V corresponding to a node i œ I a bag
and denote it by Xi. The width of a tree decomposition ÈX , T Í is defined by maxiœI |Xi| ≠ 1,
and the treewidth of G, denoted by tw(G), is the minimum width over all tree decompositions
of G. We sometimes use the notation tw instead of tw(G) for simplicity.

In general, computing tw(G) of a given G is NP-hard [1], but fixed-parameter tractable
with respect to itself and there exists a linear time algorithm if treewidth is fixed [3]. In the
following, we assume that a decomposition tree with the minimum treewidth is given.

Kloks introduced a very useful tree decomposition for some algorithms, called nice tree
decomposition[13]. In the sense, it is a special binary tree decomposition which has four
types of nodes, named leaf , introduce vertex , forget and join. Moreover, Cygan et al. added
a new type of node named introduce edge [7].

I Definition 2. A tree decomposition ÈX , T Í is called nice tree decomposition if it satisfies
the following:
1. T is rooted at a designated node Xr œ X , called root node.
2. Every node of the tree T has at most two children nodes.
3. The nodes of T hold one of the following five node types:

A leaf node i which has no children and whose bag Xi satisfies |Xi| = 0.
An introduce vertex node i which has one child j with Xi = Xj fi {v} for a vertex
v œ V .
An introduce edge node i which has one child j and labeled with an edge (u, v) œ E

where u, v œ Xi = Xj .
A forget node i which has one child j and satisfies Xi = Xj \ {v} for a vertex v œ V .
A join node i which has two children nodes j1, j2 and satisfies Xi = Xj1 = Xj2 .

We can transform any tree decomposition to a nice tree decomposition in polynomial
time [8]. Here, given a tree decomposition ÈX , T Í, we define a subgraph Gt = (Vt, Et) for
each node t where Vt is the set of vertices added in each introduce vertex node and Et is the
set of edges added in each introduce edge node until node t on a decomposition tree.
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23:4 Maximum Weight Minimal Separator

Figure 1 Connection between vertex sets

3 A standard dynamic programming algorithm based on tree
decomposition

In this section, we propose an FPT algorithm that solves Maximum Weight Minimal s-t

Separator. Before explaining the algorithm, we first mention that Maximum Weight

Minimal s-t Separator is NP-hard even for unweighted graphs. The omitted proof is
shown in Appendix.

I Theorem 3. Maximum Weight Minimal s-t Separator is NP-hard even if all the
vertex weights are identical.

From here, we show how we design an FPT algorithm with respect to treewidth. It is a
standard dynamic programming algorithm based on tree decomposition, and the running
time is twO(tw)-time. The running time twO(tw) appears in some connectivity problems, for
example Steiner Tree, Feedback Vertex Set and Connected Vertex Cover [7, 8].

We first show that Maximum Weight Minimal s-t Separator is considered a
connectivity problem. To show this, we define partitioned solution for Maximum Weight

Minimal s-t Separator.

I Definition 4. A partitioned solution of weight W is a partition (S, A, B, Q) of V such that:
(1) s œ A, t œ B, (2) G[A] is connected, (3) G[B] is connected, (4)

q
vœS w(v) = W , (5) for

’v œ S, there exist vertices a œ A, b œ B such that (a, v) œ E, (v, b) œ E and (6) for sets
A, B, Q, there does not exist an edge (u, v) such that u and v are in di�erent sets.

If a partitioned solution is equivalent to a solution of Maximum Weight Minimal s-t

Separator, then we can consider it as a kind of connectivity problem. In fact, we have the
following theorem.

I Theorem 5. There exists a minimal s-t separator of weight W if and only if there exists
a partitioned solution (S, A, B, Q) of weight W .

Using partitioned solutions, we design an twO(tw)-time algorithm for Maximum Weight

Minimal s-t Separator. First, we partition S into Sÿ, SA, SB and SAB(See Figure 1).
They are needed for updating process on the dynamic programming. Set Sÿ is the one of
vertices in S that have no neighbor of A and B, but may have neighbors in SA, SB , SAB , Q.
Set SA (resp., SB) is the one of vertices in S that has at least one neighbor of A (resp., B),
but no neighbor of B (resp., A). They may have neighbors of SA, SB , SAB , Q. Set SAB is
the one of vertices in S that have neighbors of both A and B and may have neighbors of
SA, SB , SAB , Q. From these sets, we define partial solution as follows.

I Definition 6. Given a node t of the tree decomposition of G, a partial solution for node t

is a partition (Sÿ, SA, SB , SAB , A, B, Q), such that:
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Vt = Sÿ fi SA fi SA fi SAB fi A fi B fi Q,
’v œ Sÿ, N(v) fl (A fi B) = ÿ,
’v œ SA, N(v) fl B = ÿ and N(v) fl A ”= ÿ,
’v œ SB , N(v) fl B ”= ÿ and N(v) fl A = ÿ and
’v œ SAB , N(v) fl B ”= ÿ and N(v) fl A ”= ÿ
s œ Vt ∆ s œ A

t œ Vt ∆ t œ B.

We design DP tables in each node. For a representation of the state of v, we define
two functions: the coloring function c : V æ {sÿ, sA, sB , sAB , a, b, q} and the group coloring
g : V æ {1, 2, . . . , tw}. Each element of {sÿ, sA, sB , sAB , a, b, q} and {1, 2, . . . , tw} is called
state. For colorings c, g, we denote the state of coloring of v by c(v) and the state of group
coloring by g(v). The states of a coloring c represent which set a vertex is in, for example,
v is in Sÿ if c(v) = sÿ. The group coloring is needed to confirm connectivity of A and B.
We consider all partitions of vertices in a bag and there are |Xi||Xi| partitions. The group
coloring indicates a connected component where each vertex exists on updating process.
Intuitively, connected components of G[A](resp., G[B]) are merged on updating process and
all vertices in A(resp., B) form one connected component in a root node if this partition is
a partitioned solution. Note that we only use |Xi| states of group coloring for each vertex
in Xi since we only check partitions of vertices in Xi. Therefore, the size of DP table is
(7|Xi|)|Xi| ◊ |Xi| in each node.

Suppose that introduce vertex nodes, introduce edge nodes and forget nodes have one
child node j respectively, and join nodes have two children nodes j1, j2. Let ci be the coloring
in node i and gi be the group coloring in node i. Moreover, let ci(v) be the state of coloring
of v and gi(v) be the state of group coloring. Here, we transform a nice tree decomposition
by adding {s, t} to all bags and suppose that the root bag Xr contains only two vertices
s, t. The width of this tree decomposition is at most tw + 2. We can transform any tree
decomposition into such a tree decomposition in polynomial time. Then we define the value
function fi : {sÿ, sA, sB , sAB , a, b, q}|Vi| ◊ {1, 2, . . . , |Xi|}|Vi| æ N fi {≠Œ} for a node i, a
coloring c and a group coloring g as follows:

fi(c, g) :=
ÿ

vœ(SÿfiSAfiSBfiSAB)flVi

w(v).

This represents the weight of a partial solution.

We then define recursive formulas for each node. For a vertex v, we sometimes denote
fi(c ◊ {c(v)}, g ◊ {g(v)}) to emphasize the state of v. In a root node, maxgr fr({a} ◊ {b}, gr)
is an optimal value because Xr = {s, t}. Let an index i be a parent node’s index and an
index j be a child node’s index.

Leaf node:

In leaf nodes, we define fi({a} ◊ {b}, gi) := 0, otherwise fi(ci, gi) := ≠Œ since there are only
two vertices s, t in Xi.

Introduce vertex v node:

In introduce vertex nodes, we consider three cases. If c(v) = sÿ, we add w(v) to fj(c, g)
because v is added in S. If c(v) œ {a, b, q}, the value of fi does not change since v /œ S.
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23:6 Maximum Weight Minimal Separator

Finally, if ci(v) œ {sA, sB , sAB}, a partial solution is invalid by the definition because v has
no edge and hence no neighbor in A and B. Therefore, we define fi as follows:

fi(c ◊ {ci(v)}, g ◊ {gi(v)}) :=

Y
__]

__[

fj(c, g) + w(v) if ci(v) = sÿ

fj(c, g) if ci(v) = a, b, q

≠Œ if ci(v) = sA, sB , sAB .

Introduce edge (u, v) node:

In introduce edge nodes, we define fi for some cases of colorings. Here, we denote the state
of v in a node i by (ci(v), gi(v)).

Let gÕ œ gi be a state of the group coloring. If (ci(u), gi(u)) = (a, gÕ) and (ci(v), gi(v)) =
(a, gÕ), or ((ci(u), gi(u)) = (b, gÕ) and (ci(v), gi(v)) = (b, gÕ)), u, v is in A(resp., B) and
the same connected component in G[A](resp., G[B]). Because a connected component
containing u and another one containing v are connected each other by adding edge (u, v),
we choose maximum fj(cj , gj) such that after two connected component are merged by
adding (u, v), gj correspond with gi. Therefore, if there is no grouping color satisfying
these conditions, we define fi(c, gi) := ≠Œ. Otherwise, let D be the set of grouping
colorings satisfying these conditions. Thus, we define fi as follows:

fi(c, gi) := max
gú

yœD
fj(c, gú

y).

If (ci(u), gi(u)) = (sÿ, ú), (sA, ú), (sB , ú), (sAB , ú), (q, ú) and (ci(v), gi(v)) = (sÿ, ú),
(sA, ú), (sB , ú), (sAB , ú), (q, ú) where ú means arbitrary group state, the value fi(c, g)
equals to fj(c, g) for all combinations of (ci(u), gi(u)) and (ci(v), gi(v)), because this case
is indi�erent from A, B and connected components in A and B are not merged. Hence,
we define fi as follows:

fi(c, g) := fj(c, g).

If (ci(u), gi(u)) = (sA, ú) and (ci(v), gi(v)) = (a, ú), or (ci(u), gi(u)) = (a, ú) and
(ci(v), gi(v)) = (sA, ú), we consider two cases. One case is that u œ SA and v œ A

in a children node and another case is u œ Sÿ and v œ A in a children node. In the latter
case, u is moved from Sÿ into SA by adding (u, v), because u has a neighbor v in A. Thus,
we define fi as follows:

fi(c ◊ {sA} ◊ {a}, g) := max{fj(c ◊ {sA} ◊ {a}, g), fj(c ◊ {sÿ} ◊ {a}, g)}.

If (ci(u), gi(u)) = (sA, ú) and (ci(v), gi(v)) = (a, ú), or (ci(u), gi(u)) = (a, ú) and
(ci(v), gi(v)) = (sA, ú), we consider almost the same cases as above ones, that is, u œ SB ,
v œ B and u œ Sÿ and v œ B in a children node.

fi(c ◊ {sB} ◊ {b}, g) := max{fj(c ◊ {sB} ◊ {b}, g), fj(c ◊ {sÿ} ◊ {b}, g)}.

If (ci(u), gi(u)) = (sAB , ú) and (ci(v), gi(v)) = (a, ú), or (ci(u), gi(u)) = (a, ú) and
(ci(v), gi(v)) = (sAB , ú), there are two cases that u œ SAB and v œ A in a children node
and that u œ SB and v œ A in a children node. In the latter case, u is moved from SB to
SAB by adding (u, v), because u has a neighbor v in B. Therefore, we define fi as follows:

fi(c ◊ {sAB} ◊ {a}, g) := max{fj(c ◊ {sAB} ◊ {a}, g), fj(c ◊ {sB} ◊ {b}, g)}.
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If (ci(u), gi(u)) = (sAB , ú) and (ci(v), gi(v)) = (b, ú), or (ci(u), gi(u)) = (b, ú) and
(ci(v), gi(v)) = (sAB , ú), we consider almost the same cases as above ones, that is,
u œ SAB , v œ B and u œ SA and v œ B in a children node.

fi(c ◊ {sAB} ◊ {b}, g) := max{fj(c ◊ {sAB} ◊ {b}, g), fj(c ◊ {sA} ◊ {b}, g)}.

Otherwise, we define fi(c, g) := ≠Œ because the rest of cases is invalid. Recall the
definition of partitioned solution and the meaning of states.

Forget v node:

In a forget v node, if cj(v) = a, there exists at least one vertex u in A such that gj(u) = gj(v).
Otherwise, a connected component in G[A] containing u would not connect to other connected
components in G[A]. Thus this is not a partitioned solution. The case that cj(v) = b is
almost the same. We define the subset of tuples of (cj , gj) that satisfies these and denote it
by D. We then define fi as follows:

fi(c, g) :=
I

max(c◊cj(v),g◊gj(v))œD fj(c ◊ cj(v), g ◊ gj(v)) if D ”= ÿ
≠Œ if D = ÿ

Join node:

For i, j1, j2, we denote each coloring by ci, cj1 , cj2 . We then define the subset D of tuples of
((cj1 , gj1), (cj2 , gj2)) as the combinations of colorings for cj1 , cj2 such that (See Table 1):

’v œ c≠1
i ({sÿ, al, ar, bl, br, q}), (cj1(v), cj2(v)) = (ci(v), ci(v)),

’v œ c≠1
i ({sA}, (cj1(v), cj2(v)) = (sA, sÿ), (sÿ, sA), (sA, sA),

’v œ c≠1
i ({sB}), cj1(v), cj2(v)) = (sB , sÿ), (sÿ, sB), (sB , sB), and

’v œ c≠1
i ({sAB}), (cj1(v), cj2(v)) = (sAB , sÿ), (sAB , sA), (sAB , sB), (sAB , sAB), (sÿ, sAB),

(sA, sAB), (sB , sAB), (sA, sB), (sB , sA) and
two grouping colorings gj1 , gj2 correspond with gi after they are merged.

If ci(v) œ {sÿ, a, b, q}, cj1(v) = ci(v) and cj2(v) = ci(v). If ci(v) = sA, there are three com-
binations such that (cj1(v), cj2(v)) = (sA, a), (cj1(v), cj2(v)) = (a, sA) and (cj1(v), cj2(v)) =
(sA, sA). For gi, gj1 , gj2 correspond to gi after they are merged in a join node. Let Sú be the
vertex subset c≠1

i ({sÿ, sA, sB , sAB}). We then define fi as follows:

fi(ci, gi) :=
I

max((cú
j1

,gú
j1

),(cú
j2

,gú
j2

))œD{fj1(cú
j1 , gú

j1) + fj2(cú
j2 , gú

j2) ≠ w(Sú)} if D ”= ÿ
≠Œ if D = ÿ

.

We recursively calculate fi on decomposition tree. Note that all bags have |Xi|’s vertices
and the number of colorings (c, g) in each node is 7|Xi||Xi||Xi| = twO(tw). The running time
to compute all fi’s in Xi is dominated by join nodes and it is roughly (twO(tw))3 = twO(tw)

since we scan every coloring in two children nodes Xj1 and Xj1 for each coloring ci. Therefore,
total running time is twO(tw)n and we conclude with the following theorem.

I Theorem 7. For graphs of treewidth at most tw, there exists an algorithm that solves
Maximum Weight Minimal s-t Separator in time twO(tw)n.
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sÿ sA sB sAB a b q

sÿ sÿ sA sB sAB

sA sA sA sAB sAB

sB sB sAB sB sAB

sAB sAB sAB sAB sAB

a a

b b

q q

Table 1 This table represents combinations of states of two children nodes j1, j2 for each vertex

in Xi = Xj1 = Xj2 . The row and column correspond to states of j1, j2 respectively and inner

elements correspond to states of x. For example, if ci(v) = sA, there are three combinations such

that (cj1 (v), cj2 (v)) = (sA, a), (cj1 (v), cj2 (v)) = (a, sA) and (cj1 (v), cj2 (v)) = (sA, sA).

4 Algorithms using Cut & Count

In this section, we give an algorithm that solves decision version Maximum Weight Minimal

s-t Separator to decide the existence of minimal s-t separator with weight W in time
Oú(9tw · W 2) for graphs of treewidth at most tw. This algorithm is based on the Cut &
Count technique.

4.1 Isolation Lemma
In this subsection, we explain the Isolation lemma introduced by Mulmuley et al.[16]. On
the Cut & Count technique, it is used for obtaining a single solution with high probability.
Therefore, the Isolation lemma allows us to count objects modulo 2.

I Definition 8 ([16]). A function w’ : U æ Z isolates a set family F ™ 2U if there is a
unique SÕ œ F with wÕ(SÕ) = minSœF wÕ(S) where wÕ(X) =

q
uœX wÕ(u).

I Lemma 9 (Isolation Lemma[16]). Let F ™ 2U be a set family over a universe U with
|F | > 0. For each u œ U , choose a weight wÕ(u) œ {1, 2, . . . N} uniformly and independently
at random. Then

Pr[wÕ isolate F ] Ø 1 ≠ |U |
N

.

4.2 Cut & Count
The Cut & Count technique was introduced by Cygan et al. for solving connectivity
problems[7]. The concept of Cut & Count is counting the number of relaxed solutions such
that we do not consider whether they are connected or disconnected. Then we compute the
number of relaxed solutions modulo 2 and we determine whether there exists a connected
solution by cancellation tricks. Now, we define a consistent cut to explain the detail of Cut
& Count.

First, we explain a consistent cut.

I Definition 10 ([7]). A cut (V1, V2) of V Õ ™ V such that V1 fi V2 = V Õ and V1 fl V2 = ÿ is
consistent if v1 œ V1 and v2 œ V2 implies (v1, v2) /œ E.

This means that consistent cut (V1, V2) of V Õ has no edge between V1 and V2. We fix an
arbitrary vertex v in V1. Then, if G[V ] is connected, then there only exists one consistent
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cut, that is, (V1, V2) = (V, ÿ). Therefore, the number of consistent cuts is odd. By this fact,
we only compute the number of consistent cuts modulo 2 on decomposition tree and return
yes if the number of consistent cuts is odd, otherwise no in a root node. The Isolation lemma
is useful for us to consider only an unique solution, and hence we can use the modulo 2 trick.

Let S ™ 2U be a set of solutions. According to [7, 8], the Cut & Count is divided into
two parts as follows.

The Cut part : Relax the connectivity requirement by considering the set R ´ S of
possibly connected or disconnected candidate solutions. Moreover, consider the set C of
pairs (X; C) whereX œ R and C is a consistent cut of X.
The Count part : Isolate a single solution by sampling weights of all elements in
U with high probability by the isolation lemma. Then, compute |C| modulo 2 using
a sub-procedure. Disconnected candidate solutions X œ R \ S cancel since they are
consistent with an even number of cuts. If the only connected candidate x œ S exists, we
obtain the odd number of cuts .

Given a set U and a tree decomposition ÈX , T Í, the general scheme of Cut & Count is as
follows:
Step 1. Set the integer weight for every vertex uniformly and independently at random by

wÕ : U æ {1, . . . , 2|U |}.
Step 2. For each integer weight 0 Æ W Õ Æ 2|U |2, compute the number of relaxed solutions

of weight W Õ with consistent cuts modulo 2 on a decomposition tree. Then return yes if
it is odd, otherwise no in the root node.

To determine whether there exists a partitioned solution (S, A, B, Q) of weight W so
that A and B are connected, we use a variation on the Cut & Count technique. Required
connectedness of both A and B, we consider consistent cuts of A and B.

I Definition 11. Given a node t of the tree decomposition of G, a partial solution for that
node is a tuple (Sÿ, SA, SB , SAB , Al, Ar, Bl, Br, Q, w), such that:

Vt = Sÿ fi SA fi SA fi SAB fi Al fi Ar fi Bl fi Br fi Q,
(Al, Ar) is a consistent cut: there exists no edge (u, v) œ E such that u œ Al and v œ Ar,
(Bl, Br) is a consistent cut: there exists no edge (u, v) œ E such that u œ Bl and v œ Br,
w = �vœSw(v),
’v œ Sÿ, N(v) fl (Al fi Ar fi Bl fi Br) = ÿ,
’v œ SA, N(v) fl (Bl fi Br) = ÿ and N(v) fl (Al fi Ar) ”= ÿ,
’v œ SB , N(v) fl (Bl fi Br) ”= ÿ and N(v) fl (Al fi Ar) = ÿ and
’v œ SAB , N(v) fl (Bl fi Br) ”= ÿ and N(v) fl (Al fi Ar) ”= ÿ.
s œ Vt ∆ s œ Al

t œ Vt ∆ t œ Bl

Here, we set another weight wÕ(v) for each vertex by choosing from {1, . . . , 2|V |}
uniformly and independently at random for the Isolation lemma. We also set the col-
oring c : V æ {sÿ, sA, sB , sAB , al, ar, bl, br, q}. Then we give a dynamic programming
algorithm that computes the number of partial solutions. To count the number of re-
laxed solutions with consistent cuts, for each c, w and wÕ we define the counting function
hi : {sÿ, sA, sB , sAB , al, ar, bl, br, q}|Xi| ◊N◊N æ N in each node i on a nice tree decompos-
ition as follows.
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Leaf node:

In a leaf node, we define hi(ÿ, 0, 0) = 1, if Sÿ = SA = SB = SAB = Al = Ar = Bl = Br = ÿ
and w, wÕ = 0. Otherwise, hi(c, w, wÕ) = 0.

Introduce vertex v node:

The function hi has five cases in introduce vertex nodes. Note that we only add one vertex v

without edges. Thus, if c(v) œ {sA, sB , sAB}, a partial solution is invalid by the definition
because v has no neighbor. If c(v) = sÿ, vertex v is chosen as a vertex of S, and we hence
add each weight w(v), wÕ(v) to w, wÕ, respectively. Moreover, v must not be s, t because
s(resp., t) should be in Al(resp., Bl). If not so, it is not a partitioned solution. Similarly,
if c(v) = al(resp., bl), we check whether v is not t(resp., s). As for c(v) œ {ar, br, q}, we
also check whether v is neither s nor t. Therefore, we define hi in introduce vertex nodes as
follows:

hi(c ◊ {c(v)}, w, wÕ) :=

Y
_______]

_______[

[v ”= s, t]hj(c, w ≠ w(v), wÕ ≠ wÕ(v)) if c(v) = sÿ

[v ”= t]hj(c, w, wÕ) if c(v) = al

[v ”= s]hj(c, w, wÕ) if c(v) = bl

[v ”= s, t]hj(c, w, wÕ) if c(v) œ {ar, br, q}
0 otherwise.

Introduce edge (u, v) node:

In introduce edge nodes, we check each state of endpoints of edge (u, v) and define fi for
some cases.

If c(u) = sÿ, vertex u has no vertices in A, B. Hence, we define the function hi in this
case as follows:

hi(c ◊ {c(u)} ◊ {c(v)}, w, wÕ) := [c(v) /œ {al, ar, bl, br}]hj(c ◊ {sÿ} ◊ {c(v)}, w, wÕ).

If c(u) = sA, vertex u has neighbors of A but no neighbor of B. In this case, we have
two cases. One case is that u œ Sÿ and v œ A in a children node, because adding
edge (u, v) in the introduce edge (u, v) node, vertex u is moved from Sÿ to SA. One
case is that u œ SA and v /œ B in a children node. If v œ B, vertex u is in SAB

in the parent node. We define hi as follows. Note that only if c(v) œ {al, ar}, we
sum up two cases. If c(v) œ {bl, br}, hi(c ◊ {c(u)} ◊ {c(v)}, w, wÕ) := 0, otherwise
hi(c ◊ {c(u)} ◊ {c(v)}, w, wÕ) := hj(c ◊ {sA} ◊ {c(v)}, w, wÕ).

hi(c ◊ {c(u)} ◊ {c(v)}, w, wÕ) := [c(v) œ {al, ar}]hj(c ◊ {sÿ} ◊ {c(v)}, w, wÕ)
+ [c(v) /œ {bl, br}]hj(c ◊ {sA} ◊ {c(v)}, w, wÕ).

If c(u) = sB is almost the same as above case, that is, we replace A(resp., B) to B(resp.,
A).

hi(c ◊ {c(u)} ◊ {c(v)}, w, wÕ) := [c(v) œ {bl, br}]hj(c ◊ {sÿ} ◊ {c(v)}, w, wÕ)
+ [c(v) /œ {al, ar}]hj(c ◊ {sB} ◊ {c(v)}, w, wÕ).
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If c(u) = sAB, we consider three cases: u œ SA and v œ B, u œ SB and v œ A, and
u œ SAB and v is in arbitrary set in the children node. For first and second cases, vertex
u is moved from SA(SB) into SAB by adding edge (u, v). If u œ SAB , v is allowed to be
in any set because a vertex in SAB could connect to all sets. Therefore, we define fi as
follows:

hi(c ◊ {c(u)} ◊ {c(v)}, w, wÕ) := [c(v) œ {bl, br}]hj(c ◊ {sA} ◊ {c(v)}, w, wÕ)
+ [c(v) œ {al, ar}]hj(c ◊ {sB} ◊ {c(v)}, w, wÕ)
+ hj(c ◊ {sAB} ◊ {c(v)}, w, wÕ).

If c(u) œ {al, ar}, c(v) /œ {bl, br, q} since there is no edge between A, B and Q by the
definition of partitioned solution. There is also no edge between Al and Ar because
(Al, Ar) is a consistent cut. Therefore, if u is in al(ar), then v are in the same set of u or
separator sets SA, SAB . Note that because u is in A, v is not in Sÿ, SB .

hi(c ◊ {c(u)} ◊ {c(v)}, w, wÕ) := [c(v) = c(u)]hj(c ◊ {c(u)} ◊ {c(v)}, w, wÕ)
+ [c(v) œ {sA, sAB}]hj(c ◊ {c(u)} ◊ {c(v)}, w, wÕ).

The case that c(u) œ {bl, br} is almost the same as above case, that is, we replace A to B.

hi(c ◊ {c(u)} ◊ {c(v)}, w, wÕ) := [c(v) = c(u)]hj(c ◊ {c(u)} ◊ {c(v)}, w, wÕ)
+ [c(v) œ {sB , sAB}]hj(c ◊ {c(u)} ◊ {c(v)}, w, wÕ).

If c(u) = q, vertex u is in Q. Hence, v must be in Sÿ, SA, SB , SAB , or Q because a vertex
in Q has no neighbor of A and B by the definition of partitioned solution.
hi(c ◊ {c(u)} ◊ {c(v)}, w, wÕ) := [c(v) œ {sÿ, aA, sB , sAB , q}]hj(c ◊ {c(u)} ◊ {c(v)}, w, wÕ).

Forget v node:

For forget nodes, the state of v would never change forward. Thus, if c(v) œ {sÿ, sA, sB},
a partial solution does not satisfy the condition of partitioned solution because any v œ S

must have neighbors of both A and B. For this reason, we only sum up for each state
c(v) œ {sAB , al, ar, bl, br, q}. The function hi in forget nodes is defined as follows:

hi(c, w, wÕ) :=
ÿ

c(v)œ{sAB ,al,ar,bl,br,q}

hj(c ◊ {c(v)}, w, wÕ).

Join node:

We denote each coloring by ci, cj1 , cj2 and weights of partial solutions in i, j1, j2 by wi, wj1 ,
wj2 , wÕ

i, wÕ
j1 , wÕ

j2 . Moreover, for a state subset L ™ {sÿ, sA, sB , sAB , al, ar, bl, br, q}, we define
c≠1(L) as the vertex set such that all vertices satisfy c(v) œ L. For a coloring ci, we also
define the subset D of tuples of (cj1 , cj2) as the combinations of colorings of cj1 , cj2 like
Section 4 such that (See Table 2):

’v œ c≠1
i ({sÿ, al, ar, bl, br, q}), (cj1(v), cj2(v)) = (ci(v), ci(v)),

’v œ c≠1
i ({sA}, (cj1(v), cj2(v)) = (sA, sÿ), (sÿ, sA), (sA, sA),

’v œ c≠1
i ({sB}), cj1(v), cj2(v)) = (sB , sÿ), (sÿ, sB), (sB , sB), and

’v œ c≠1
i ({sAB}), (cj1(v), cj2(v)) = (sAB , sÿ), (sAB , sA), (sAB , sB), (sAB , sAB), (sÿ, sAB),

(sA, sAB), (sB , sAB), (sA, sB), (sB , sA).
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Let Sú be the vertex subset c≠1
i ({sÿ, sA, sB , sAB}). To sum up all combinations of

vertex states and weights for counting, we define the function hi. If D = ÿ, we define
hi(ci, wi, wÕ

i) := 0. Otherwise,

hi(ci, wi, wÕ
i) :=

ÿ

wj1 +wj2
=wi+w(Sú)

ÿ

wÕ
j1

+wÕ
j2

=wÕ
i

+wÕ(Sú)

ÿ

(cú
j1

,cú
j2

)œD

hj1(cú
j1 , wj1 , wÕ

j1)hj2(cú
j2 , wj2 , wÕ

j2).

From now, we analyze the running time of this algorithm. In leaf, introduce vertex,
introduce edge, and forget nodes, we can compute fi for each coloring c and weight w, wÕ in
O(1)-time because we only use O(1)-operations. Therefore, Total running time in them is
Oú(9tw · W · W Õ). However, in join nodes, we sum up all weight combinations and coloring
combinations satisfying some conditions. There are 21 coloring’s combinations for each vertex
according to Table 2, and W , W Õ weight’s combinations. Therefore, we compute all fi’s in a
join node in time Oú(21tw · W 2). Note that by the definition, O(W Õ2) is polynomial factor.

I Theorem 12. For graphs of treewidth at most tw, there exists a Monte-Carlo algorithm that
solves decision version Maximum Weight Minimal s-t Separator in time Oú(21tw ·W 2).
It cannot give false positives and may give false negatives with probability at most 1/2.

Moreover, we show that there exists a Monte-Carlo algorithm that solves Maximum

Weight Minimal s-t Separator in time Oú(9tw ·W 2) using the convolution technique[17].
For the detailed explanation, see Appendix.

I Theorem 13. For graphs of treewidth at most tw, there exists a Monte-Carlo algorithm that
solves decision version Maximum Weight Minimal s-t Separator in time Oú(9tw · W 2).
It cannot give false positives and may give false negatives with probability at most 1/2. If the
input graph is unweighted, the running time is 9tw · |V |O(1).
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23:14 Maximum Weight Minimal Separator

Appendix
A Proof of Thorem 3

Proof. We show the reduction from a well-known NP-hard problem, MAX CUT ([10])
of unweighted graph G = (V, E), which asks the existence of cut (C, V \ C) whose value
|{(u, v) œ E | u œ C, v œ V \ C}| is at least k.

In the following, we construct an instance of Maximum Weight Minimal s-t Separator

from G = (V, E) and positive integer k. Although the instance is weighted, the proof can be
easily modified to an unweighted case. Let p = (3n+1)k and GÕ = (V fiEfiV ÕfiV ÕÕfi{s, t}, E1fi
E2), where n = |V |, V Õ = {vÕ | v œ V }, V ÕÕ = {vÕÕ | v œ V }, E1 =

t
e=(u,v)œE{(u, e), (v, e)}

and E2 =
t

uœV {(s, uÕ), (uÕ, u)}fi
t

uœV {(t, uÕÕ), (uÕÕ, u)}. The vertex weights of GÕ are defined
by wv = 3n + 1 for v œ E and 1 otherwise.

We now show that if G has a cut C of weight at least k, GÕ has a minimal s-t separator
S whose weight is at least p = (3n + 1)k. We define S = {uÕÕ œ V ÕÕ | u œ V fl C} fi {vÕ œ V Õ |
v œ V \ C} fi {e = (u, v) œ E | u œ C, v œ V \ C}. The weight of S is at least (3n + 1)k by
|{e = (u, v) œ E | u œ C, v œ V \ C}| Ø k. We can see that S is a s-t separator, since any
u œ C is reachable from s even after removing S from GÕ but not reachable from t. The
minimality also holds because by adding any vertex in S we obtain a path from s to t.

We next show that if GÕ has a minimal s-t separator S whose weight is at least p = (3n+1)k,
G has a cut C of weight at least k. By the weighting, S contains at least k vertices in E.
Note that for any v œ V (G), at least one of v, vÕ, vÕÕ is included in S, otherwise S does not
separate s and t. If S does not contain any v œ V , let C be vertices in V that are reachable
from s after removing S; C is actually a cut, and its weight is k. Otherwise, S contains a
vertex v œ V . In this case, S does not contain any e forming e = (v, x) because otherwise it
contradicts the minimality. Then, we construct SÕ := S \ {v} fi {vÕ} fi {e = (v, x) œ E}. By
repeating this procedure, we obtain S that does not contain any v œ V . This completes the
correctness of the reduction.

As mentioned above, this reduction can be modified to an unweighted case. In the
modification, we construct graph GÕ = (V fi EÕ fi V Õ fi V ÕÕ fi {s, t}, EÕ

1 fi E2) instead of
GÕ = (V fi E fi V Õ fi V ÕÕ fi {s, t}, E1 fi E2), where EÕ = {e(1), . . . , e(3n+1) | e œ E} and
EÕ

1 =
t

e=(u,v)œE

t3n+1
i=1 {(u, e(i)), (v, e(i))}. The weight of every vertex is one. In the new

reduction, to block the path between u and v, we need to remove 3n + 1 copies of e(= (u, v)),
which plays the same role of weight 3n + 1. J

B Proof of Theorem 5

To prove Theorem 5, we use the following lemma. This lemma appears in many papers and
books, for example, an exercise in [12].

I Lemma 14. Let S be a minimal s-tseparator and A, B be the connected components of
G[V \ S] containing s and t, respectively. Then every vertex of S has a neighbor in A and a
neighbor in B.

By using this lemma, we can prove Theorem 5.

Proof. (∆) Let S be a minimal s-t separator of weight W . Let A be the set of vertices of
V \ S such that G[A] is the connected component containing s and B be the set of vertices
such that G[B] is the connected component containing t. Moreover, let Q = V \ A \ B \ S.
Note that S fl A fl B fl Q = ÿ and there is no edge between A, B and Q. By lemma 14,
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all vertices in S have both neighbors of vertices in A and B. Therefore, (S, A, B, Q) is a
partitioned solution of weight W .
(≈) Suppose that (S, A, B, Q) is a partitioned solution of weight W such that A and B are
connected. We claim that S is a minimal s-t separator. To show this by contradiction, we
suppose that there exists a vertex v œ S such that S \ {v} separates s and t. Then there
exist vertices a œ A, b œ B so that (a, v) œ E, (v, b) œ E. Since G[A] is connected, there exist
a path (in G[A]) from s to a. Similarly, there exist a path (in G[B]) from b to t. By joining
these paths with the edges (a, v) and (v, b), we obtain a path from s to t, which contradicts
that S \ {v} is a separator. Hence S is a minimal s-t separator, and by definition it is of
weight W . J

C Fast Convolution

First, we set the new coloring ĉ : V æ {sĀB̄ , sĀ, sB̄ , sall, al, ar, bl, br, q}. The state sĀB̄

represents that a vertex v is in S and has no neighbor of A and B. The state sĀ(resp., sB̄)
represents a vertex v is in S and has no neighbor of A(resp., B), respectively. Finally, the
state sall represents a vertex v is in S without constraints.

Then, we show the following lemma to transform between c and ĉ.

I Lemma 15. Let x be a node of a tree decomposition and hi(c, w, wÕ) be a counting function
to count the number of partial solutions of Maximum Weighted Minimal s-t Separator

of each weight w, wÕ, corresponding to each coloring c, ĉ of a node x. Then we can transform
from one coloring to another coloring for each function without loss of information. Moreover,
it is computed in O(W · W Õ · 9tw · |Xi|).

Proof. This proof scheme follows [17]. We consider an immediate i-th step in the transforma-
tion. For hi(c ◊ {c(v)} ◊ ĉ, w, wÕ), v is a vertex which turns into the state of another coloring
in i-th step and c is a partial coloring of size i ≠ 1 and ĉ is also a partial coloring of size
|Xi| ≠ i. Here, for simplicity, we denote hi(c ◊ {c(v)} ◊ ĉ, w, wÕ) and hi(c ◊ {ĉ(v)} ◊ ĉ, w, wÕ)
by hi(c(v)) and hi(ĉ(v)).

Since hi is the number of partial solutions with consistent cuts, the transformation from
c to ĉ of hi in i-th step is as follows:
- hi(sĀB̄) = hi(sÿ)
- hi(sĀ) = hi(sÿ) + hi(sB)
- hi(sB̄) = hi(sÿ) + hi(sA)
- hi(sall) = hi(sÿ) + hi(sA) + hi(sB) + hi(sAB).

Conversely, we can transform from ĉ to c as follows:
- hi(sÿ) = hi(sĀB̄)
- hi(sA) = hi(sB̄) ≠ hi(sĀB̄)
- hi(sB) = hi(sĀ) ≠ hi(sĀB̄)
- hi(sAB) = hi(sall) ≠ hi(sĀ) ≠ hi(sB̄) + hi(sĀB̄).

These equations follow from equations of transformation from c to ĉ. For each colorings
c, ĉ, each transformation can be performed in |Xi|-step. Thus, total running time of each
direction is O(W · W Õ · 9tw · |Xi|)-time. J

Therefore, we firstly transform from the original coloring to the new coloring in O(W ·
W Õ · 9tw · |Xi|)-time. Then we compute the following function hi for the new coloring ĉ in
O(9tw · W 2)-time:

hi(ĉ, w,w
Õ
i) :=

ÿ

wj1 +wj2 =wi+w(Ŝú)

ÿ

wÕ
j1

+wÕ
j2

=wÕ
i+wÕ(Ŝú)

hj1(ĉ, wj1 , wÕ
j1)hj2(ĉ, wj2 , wÕ

j2)
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23:16 Maximum Weight Minimal Separator

sÿ sA sB sAB al ar bl br q

sÿ sÿ sA sB sAB

sA sA sA sAB sAB

sB sB sAB sB sAB

sAB sAB sAB sAB sAB

ar ar

al al

br br

bl bl

q q

Table 2 Combinations of the original col-

oring in join node

sall sĀ sB̄ sĀB̄ al ar bl br q

sall sall

sĀ sĀ

sB̄ sB̄

sĀB̄ sĀB̄

ar ar

al al

br br

bl bl

q q

Table 3 Combinations of the new coloring

in join node

where Ŝú = ĉ≠1({sÿ, sA, sB , sAB}) ™ V . Note that ĉi, ĉj1 , ĉj2 are the same coloring. Finally,
we transform the coloring conversely. Thus, total running time of this algorithm is Oú(9tw ·
W 2).

78



ׂෆՄͳࡒͷΦϯϥΠϯํࣜ
An Online Allocation Algorithm of Indivisible Goods

ਗ਼ਫ ฏߤ
Kohei Shimizu

ਅು ٛจ
Yoshifumi Manabe

ӃେֶେֶӃֶ Պڀݚֶ ใֶઐ߈
Department of Computer Science, Graduate School of Informatics, Kogakuin University

֓ ཁ

ຊจͰɺׂෆՄͳࡒͷΦϯϥΠϯํࣜΛ
ఏҊ͢Δɻ͜͜Ͱ͏ݴΦϯϥΠϯΞϧΰϦζϜͱɺࢀ
Ճऀ͕Ͳͷ͔ࠁ࣌ΒͰࢀՃ͢Δ͜ͱ͕ՄͰ͋Γɺࡒ
ׂ͕ΓͯΒΕͨ࣌ʹୀग़͢ΔͷͰ͋ΔɻࢀՃऀͷ֤
ಉ͡Ͱ͋ΔͱԾఆ͢ΔɻׂՄܭ߹ΔՁͷ͡ײʹࡒ
ͳࡒʹର͢ΔͰ͋ΔΦϯϥΠϯέʔΩׂ
ʹ͓͍ͯɺͦͷʹ͍ΔଞͷࢀՃऀʹରͯࣧ͠ౄ͕
ൃੜ͠ͳ͍ঢ়ଶΛҙຯ͢Δ Immediately Envy-freeͱ͍
ର͢ΔʹࡒΔ͕ɺׂෆՄͳ͢ࡏಛੑ͕ଘ͍͠·͏
ΦϯϥΠϯΞϧΰϦζϜʹ͓͍ͯ͜ͷಛੑΛຬͨ
͢͜ͱࠔͰ͋Δɻͦ͜Ͱͦͷʹ͍ΔࣗΑΓ͔ޙ
ΒདྷͨࢀՃऀʹରͯࣧ͠ౄ͕ൃੜ͠ͳ͍ঢ়ଶΛҙຯ͢Δ
Weakly Immediately Envy-freeͱ͍͏ಛੑΛఏҊ͢Δɻ
ఏҊΞϧΰϦζϜɺͦͷಛੑΛຬͨͭͭ͠ɺׂΓͯ
ΒΕͨࡒͷՁͷ߹͕ܭશࢀՃऀͷதͰ࠷গͳ͍ࢀՃ
ऀͷ֫ಘͨ͠ࡒͷ߹ܭՁΛ࠷େԽ͢Δ͜ͱΛඪͱ͢
Δɻ͜ͷ NP ணՄؼશͰ͋Δׂ͔Β
ͳ༰ΛؚΜͰ͍ΔҝɺNPࠔͰ͋Δ͜ͱΛূ໌ͯ͠
͍ΔɻैͬͯɺຊߘͰ͜ͷʹର͢ΔۙࣅղΛٻΊ
ΔΞϧΰϦζϜΛఏҊ͠ɺಉࣅۙʹ࣌ʹؔ͢Δূ໌Λ
ɻ͏ߦ
Keywords - allocation; envy-free; algorithm; indivis-

ible goods

1 ͡Ίʹ

ෳͷࢀՃऀؒͰෳͷࡒΛ͚߹͏ެฏׂɺ
ͦͷதͰύʔςΟͰͷϓϨθϯτɺಉ༷ͷߦಈ
ʹର͢ΔͰͷใुڅࢧͷ༷ͳ߹ʹద༻Մͳ
ׂෆՄͳࡒͷΦϯϥΠϯׂΛ͢ߟΔɻຊߘ
Ͱɺͦͷʹ͍ΔࣗΑΓ͔ޙΒདྷͨࢀՃऀʹରͯ͠
ࣧౄ͕ൃੜ͠ͳ͍ঢ়ଶΛҙຯ͢ΔWeakly Immediately
Envy-freeͱ͍͏ಛੑΛఏҊ͠ɺͦͷಛੑΛຬͨͭͭ͠ɺ
ׂΓͯΒΕͨࡒͷՁͷ߹͕ܭશࢀՃऀͷதͰ࠷গ
ͳ͍ࢀՃऀͷ֫ಘͨ͠ࡒͷ߹ܭՁΛ࠷େԽ͢Δ͜ͱΛ
ඪͱ͢ΔɻׂෆՄͳࡒʹର͢Δํࣜͱͯ͠ɺ
maximin share guarantee[2][3][4]ͷ༷ʹ͍͔ͭ͘ͷۙࣅ
ΞϧΰϦζϜ͕͢ͰʹఏҊ͞Ε͍ͯΔͷͷɺ֤ࢀՃऀ
͕֫ಘͨ͠ࡒͷՁͷ߹ܭͷ૯ܭΛ࠷େԽ͢Δ͜ͱʹয
Λஔ͍͓ͯΓɺ·ͨΦϑϥΠϯׂͷΞϧΰϦζ
ϜͰ͋ΔɻΦϯϥΠϯέʔΩׂʹؔ͢ΔΞϧΰϦ
ζϜఏҊ͞Ε͍ͯΔ [1]͕ɺզʑͷΔݶΓͰׂ
ෆՄͳࡒʹର͢ΔΦϯϥΠϯํࣜଘ͍ͯ͠ࡏͳ
͍ɻ͜ͷNPશͰ͋Δׂ͔ΒؼணՄͳ

༰ΛؚΜͰ͓ΓNPࠔͰ͋ΔɻैͬͯɺຊߘͰ͜
ͷʹର͢ΔۙࣅղΛٻΊΔΞϧΰϦζϜΛఏҊ͠ɺ
ಉࣅۙʹ࣌ʹؔ͢Δূ໌Λ͏ߦɻ·ͨίϯϐϡʔλγ
ϛϡϨʔγϣϯʹΑͬͯۙࣅͷূݕ͏ߦɻ

2 ఆٛ
ׂෆՄͳࡒͷΦϯϥΠϯҎԼͷΑ͏ʹ

ఆٛ͢Δɻ

Ճऀͷू߹:Xࢀ = {x1, x2, . . . , xn}.
ͷू߹:Vࡒ = {v1, v2, . . . , vm}.
ՃऀͷධՁؔࢀର͢Δ֤ʹࡒ Pi : V ˠ N, ͨͩ͠
∀i, j(1 ≤ i ≤ n, 1 ≤ j ≤ m)Pi(vj) ≥ 1,∑m

j=1 Pi(vj) = P (i = 1, . . . , n).
ಉҰɻ֤ܭ߹ͷՁͷࡒՃऀʹͱͬͯɺͯ͢ͷࢀ֤
ΒͳݶΔՁಉ͡ͱ͡ײʹࡒՃऀ͕ͦΕͧΕͷࢀ
͍ɻຊߘͰࡒʹର͢ΔධՁؔͷ࠷খ୯ҐΛ PʢϙΠ
ϯτʣͱݺͿɻͲͷࢀՃऀɺͲͷࡒʹ͓͍ͯແՁͰ
͋Δࡒଘ͠ࡏͳ͍ͱ͢Δɻ·ͨࢀՃऀϦεΫճආܕ
ϓϨΠϠʔͱ͢Δɻ֤ࢀՃऀɺࢀՃऀશମͰԿਓͰ
͋Δ͔ɺׂΓ͕ͯऴ͍ྃͯ͠ͳ͍ࢀՃऀࡏݱԿਓͰ
͋Δ͔Δ͜ͱ͕ग़དྷΔͷͱ͢Δɻ
ׂΓͯ A→ 2V (V ͷ෦ू߹Λ༩͑Δ).
ׂΓͯ A ʹ͓͍ͯ xi ʹׂΓͯΒΕͨࡒͷ߹ܭ
Point:ui(A(xi)) =

∑
vi∈A(xi)

Pi(vi).
ׂΓͯ Aͷ ui ͷ࠷খ:u(A) = minxi∈X ui(A(xi)).
u(A)Λ࠷େʹ͢ΔׂΓͯ:Ã

ຊߘͰɺ࠷·ׂ͍͠ΓͯҎԼͷঢ়ଶͰ͋Δ
ͱ͢Δɻ(1)ׂΓͯɺͦͷʹ͍ΔࣗΑΓ͔ޙΒདྷ
Ճऀʹରͯࣧ͠ౄ͕ൃੜ͠ͳ͍ঢ়ଶͰ͋ΔWeaklyࢀͨ
Immediately Envy-freeΛඞͣຬͨ͢ͷͰ͋Δɻ(2)(1)
Λຬׂͨ͢Γ͕ͯෳଘ͢ࡏΔͳΒɺͦͷதͰ
u(A)͕࠷େͱͳΔͷɻ

ଟ͘ͷΦϯϥΠϯʹ͓͍ͯɺ࣍ͷࢀՃऀ͕౸
ண͢ΔલʹׂΓͯΛୀग़͢ΔઌͷࢀՃऀΞϧΰϦζ
Ϝʹѱ͍ӨڹΛ͢΅ٴ [1]͕͋ΔɻͦͷҝຊߘͰϖ
φϧςΟʔͱͯ͠ɺͦ ͷΑ͏ͳࢀՃऀʹରͯ͠Weakly
Immediately Envy-freeΛྀ͠ߟͳ͍͜ͱͱ͢Δɻ

3 NPશੑ
ΛׂࡒՃऀ͕ͲͷΑ͏ʹ౸ண͢Δ͔ʹؔΘΒͣະͩࢀ

ΓͯΒΕ͍ͯͳ͍ࢀՃऀ͕ 2ਓͱͳΔॠ͕ؒଘ͠ࡏɺ
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ҎԼͰࣔ͢௨Γ͜ͷNPશͰ͋ΔࢉܭΛ͢
Δඞཁ͕͋Δέʔεؚ͕·Ε͍ͯΔɻ

NP Δ͑ߟશੑͷূ໌ͷҝɺҎԼͷܾఆΛ
[5][6][7]ɻ

ॳظঢ়ଶ: X,V, Piɺ k
࣭: u(A) ≥ kͱͳΔΑ͏ͳ Aଘ͢ࡏΔ͔ʁ

͜ͷܾఆ͕NPʹଐ͢Δ͜ͱ໌നͰ͋Δɻׂ
ʹؔ͢ΔܾఆͷؐݩʹΑΓɺNPࠔੑΛূ໌
͢Δ͜ͱ͕ग़དྷΔɻ

ॳظঢ়ଶ:
∑

si∈χ si = 2LΛຬͨ͢ͷू߹
χ = {s1, s2, . . . , sp}

࣭: χ = χ1 ∪ χ2,χ1 ∩ χ2 = ∅͔ͭ∑
si∈χ1

si =
∑

si∈χ2
si Λຬͨ͢Α͏ͳ (χ1,χ2)
ଘ͢ࡏΔ͔ʁ

n = 2, m = p, P1 = P2 ͔ͭ k = L
ͷ ͱ ͖ ɺ    ͕ ղ Λ ࣋ ͭ ͱ ͖ ͷ Έ  ׂ
ղΛͭ࣋ɻྫͱͯ͠ɺׂ (χ =
{3, 8, 4, 12, 5, 9, 1, 2, 2, 6}, 2L = 52)  (n = 2, m =
10, P = 52, P1 = {3, 8, 4, 12, 5, 9, 1, 2, 2, 6}, P2 =
{3, 8, 4, 12, 5, 9, 1, 2, 2, 6}, k = 2L/2 = 26) ͱ͍
͏ʹஔ͖͑Δ͜ͱ͕ग़དྷΔɻ͜ͷ
߹ɺ࣍ͷΑ͏ͳ A ͕ଘ͢ࡏΔɻA(x1) =
{v1, v3, v4, v7, v10}, A(x2) = {v2, v5, v6, v8, v9}, u(A) =
26,χ1 = {3, 4, 12, 1, 6}, χ2 = {8, 5, 9, 2, 2}
ରԠ͢Δ͕ղΛͭ࣋ͱ͖ͷΈׂ͕ղΛ
શͰ͋Δ͜ͱͱ໌നͰ͋Δɻׂ͕NPͭ࣋͜
͔Βɺ NP ඞཁͳ߹ΛؚΜ͕ࢉܭશͳ
Ͱ͍ΔɻNPશੑΑΓɺຊߘͰ࠷దղʹग़དྷΔ͚ͩ
ۙͮ͘Α͏ͳۙࣅղΛٻΊΔΞϧΰϦζϜΛ͢ߟΔɻ

4 ఏҊΞϧΰϦζϜ
͜ͷNPࠔͰ͋ΔͨΊɺۙࣅΞϧΰϦζϜΛ
ఏҊ͢Δɻ֤ࢀՃऀఆٛΛຬͨ͢ Pi ͱ͍͏ධՁ
ؔΛॴ͍ͯ࣋͠Δɻ

1. ࢀɺ࢝͠Ճऀ͕ೋਓҎ্ଗͬͨ߹ʹׂΓͯΛ։ࢀ
Ճऀ͕ଗ͏લʹୀग़͢Δ߹ࡒͷத͔ΒҰͭͷΈ
ΛબΜͰऔಘ͠ୀग़͢Δɻ

2. Λ֬ೝ͠ɺຬͰ͖ΔࡒΔ͍ͯͬࡏݱՃऀࢀ֤
Λऔಘ͢ΔͨΊʹ࠷Կ͕ࡒݸඞཁ͔Λఏࣔ͢
Δɻ (શͯͷࢀՃऀ T Λ͑ΔݸΛఏࣔͯ͠
ͳΒͳ͍ɻT ΓͷࡒͷݸΛΓͷࢀՃऀͷ
ਓͰׂͬͨΛɺখҎԼ܁Γ্͛ͨ͠ͷͰ
͋Δɻ)

3. ఏࣔ͞ΕͨΛ֬ೝ͠ɺ࠷গͳ͍ݸΛఏࣔͨ͠
ݸՃऀ͕ɺͦͷࢀՃऀͷதͰઌʹ౸ண͍ͯͨ͠ࢀ
͚͖ͩͳࡒΛऔಘ͠ୀग़͢Δɻ

4. Ճऀ͕ҰਓʹͳΔ·ͰࢀΛׂΓͯΒΕ͍ͯͳ͍ࡒ
Step1,2,3Λ܁Γฦ͢ɻ

5. Λऔಘ͠ୀग़͢Δɻࡒͯͷͨͬ͢Ճऀ͕ࢀͷޙ࠷

ఏҊΞϧΰϦζϜɺະͩ౸ண͍ͯ͠ͳ͍ࢀՃऀͷҝ
ʹग़དྷΔ͚ͩଟ͘ͷࡒΛ͏ͦͱ͢ΔΞϧΰϦζϜͰ͋
Δɻະͩ౸ண͍ͯ͠ͳ͍ࢀՃऀͷ Pi ΛΔ͜ͱෆՄ
Ͱ͋Γɺ·ͨՁ͕ 0ͷࡒଘ͠ࡏͳ͍ҝɺଟ͘ͷࡒ
Λ͏ͦͱ͢Δಇ͖ΑΓྑׂ͍ΓͯΛಋ͘͜ͱͷͰ
͖Δ͕͋Δɻ
ଞऀͷධՁؔΛΔ͜ͱग़དྷͳ͍ͨΊɺِڏͷਃ

ΑΓࡒՃऀຊདྷऔಘͰ͖Δͣͩͬͨࢀ߹Λͨ͠ࠂ
͍ՁͷࡒΛऔಘ͢Δ͜ͱʹͳΔՄੑ͕͋Δɻগ
ͳ͘ਃ͢Εͦͷ··ຬͰ͖ΔྔΑΓগͳ͍ࡒΛ
औಘ͠ୀग़͢Δ͜ͱʹͳΔՄੑ͕͋Γɺଟ͘ਃ͢Ε
ຊདྷ͕ࣗຬग़དྷͨྔҎ্ͷࡒΛଞͷࢀՃऀʹऔಘ
͞ΕΓͷࡒͷՁΛ͘͢ΔՄੑ͕͋ΔɻΑͬͯϦ
εΫճආܕϓϨΠϠʔͰ͋ΔࢀՃऀɺِڏͷਃࠂΛ͢
Δ͜ͱͳ͍ɻ
͠ఏҊΞϧΰϦζϜ͕Weakly Immediately Envy-

freeͰͳ͍ͱͨ͠߹ɺࣗΑΓ͔ޙΒདྷͨࢀՃऀͷׂ
ΓͯΛ͍ͬͯΔࢀՃऀ͕ɺͦͷࢀՃऀʹରͯࣧ͠ౄ
͕ൃੜ͍ͯ͠Δঢ়ଶͰ͋ΔɻStep2ͱ Step3ͷಇ͖ʹΑ
ΓɺఏҊΞϧΰϦζϜͰׂΓͯ։࣌࢝ʹͦͷʹ͍
ΔࢀՃऀͷதͰ࠷ઌʹ౸ண͍ͯ͠ΔࢀՃऀඞͣຬ
Ͱ͖ΔྔҎ্ͷࡒΛऔಘ͢Δ͜ͱ͕ग़དྷΔɻͦ͠ͷࢀ
Ճऀ͕࠷খͷݸΛఏࣔͨ͠߹ຬͰ͖ΔྔҎ্ͷ
ΑΓগͳ͍ΛఏݸՃऀ͕ͦͷࢀΛऔಘ͠ɺଞͷࡒ
ࣔͨ͠ͳΒઌʹ౸ணͨ͠ࢀՃऀʹͱͬͯຬͰ͖Δྔ
ΑΓগͳ͍ࡒΛऔಘ͠ୀग़͢ΔɻΑͬͯ͜ͷΞϧΰϦζ
ϜৗʹWeakly Immediately Envy-freeΛຬׂͨ͢Γ
ͯΛಋ͕͘ࣄՄͰ͋Δɻ
ઌʹ౸ண͍ͯͨ͠ࢀՃऀɺఏҊΞϧΰϦζϜͷStep3

ͷ݅ΑΓɺ࣍ͷׂΓͯʹ͓͍ͯࡒ 1ͭͰ͋Εඞͣ
ͦͷࡒΛऔಘ͢Δ͜ͱ͕ग़དྷΔɻͦͷͨΊ్தୀࣨͰͷ
ͷத͔ΒҰͭͷΈΛબΜͰୀग़Մͱ͢Δ༰ɺଞࡒ
ऀͷׂΓͯʹෆརӹΛٴ΅͢͜ͱͳ͍ɻ

5 ఏҊΞϧΰϦζϜ࣮ྫߦ
5.1 ྫߦ࣮ 1

ॳظঢ়ଶ: n = 3, m = 4, P = 100,
P1 = {30, 30, 20, 20}, P2 = {80, 10, 5, 5}, P3 =
{30, 10, 20, 40}.
શ୳ࡧΛ༻͍ͯٻΊͨ͜ͷྫʹ͓͚Δ࠷దղҎԼͷͱ
͓ΓͰ͋ΔɻÃ(x1) = {v2, v3}, Ã(x2) = {v1}, Ã(x3) =
{v4}, u1(Ã) = 50, u2(Ã) = 80, u3(Ã) = 40, u(Ã) = 40.

Ճऀࢀॳͷ࠷ x1ͱೋ൪ͷࢀՃऀ x2͕౸ண͢Δɻׂ
Γͯ͞Ε͍ͯͳ͍ࢀՃऀͷਓ࣌ݱͰΓ 3ਓ
Ͱ͋Δɻx1 ʹͱͬͯͷΓͷࡒʹର͢ΔՁͷ߹ܭ
100Ͱ͋Γɺx1 100

3 ϙΠϯτҎ্ͷࡒΛ֫ಘ͢Εຬ
Ͱ͖ΔɻΑͬͯ x1ࡒ 2ͭͰຬͰ͖Δͱఏࣔ͢Δɻ
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ྫͱͯ͠ɺA(x1) = {v1, v2}ͱͳΔɻx2ʹͱͬͯͷ
Γͷࡒʹର͢ΔՁͷ߹ܭ 100Ͱ͋Γɺx2 100

3 ϙΠ
ϯτҎ্ͷࡒΛ֫ಘ͢ΕຬͰ͖ΔɻΑͬͯ x2ࡒ 1
ͭͰຬͰ͖Δͱఏࣔ͢Δɻྫͱͯ͠ɺA(x2) = {v1}
ͱͳΔɻ x2͕ x1ΑΓগͳ͍ݸΛఏࣔͨͨ͠Ίɺx2

͕ Λऔಘ͠ୀग़͢Δɻx2ࡒͳ͖1ͭ v1Λऔಘ͠ୀ
ग़͢Δɻx2 ͷୀग़ޙɺࡾ൪ͷࢀՃऀ x3 ͕౸ண͢Δɻ
ׂΓͯ͞Ε͍ͯͳ͍ࢀՃऀͷਓ࣌ݱͰΓ 2
ਓͰ͋Δɻx1 ʹͱͬͯͷΓͷࡒʹର͢ΔՁͷ߹ܭ
 70Ͱ͋Γɺx1 70

2 ϙΠϯτҎ্ͷࡒΛ֫ಘ͢Εຬ
Ͱ͖ΔɻΑͬͯ x1ࡒ 2ͭͰຬͰ͖Δͱఏࣔ͢Δɻ
ྫͱͯ͠ɺA(x1) = {v2, v3}ͱͳΔɻx3ʹͱͬͯͷ
Γͷࡒʹର͢ΔՁͷ߹ܭ 70Ͱ͋Γɺx3  70

2 ϙΠ
ϯτҎ্ͷࡒΛ֫ಘ͢ΕຬͰ͖Δɻx3 ࡒ 1ͭͰ
ຬͰ͖Δͱఏࣔ͢Δɻྫͱͯ͠ɺA(x3) = {v4}ͱ
ͳΔɻx3͕ x1ΑΓগͳ͍ݸΛఏࣔͨͨ͠Ίɺx3͕
Λऔಘ͠ୀग़͢Δɻx3ࡒͳ͖1ͭ  v4 Λऔಘ͠ୀग़
͢ΔɻׂΓͯ͞Ε͍ͯͳ͍ࢀՃऀͷਓ࣌ݱͰ
Γ 1ਓͰ͋Δɻx1 Γͷࡒ v2 ͱ v3 Λऔಘ͠ୀग़
͢Δɻ

A(x1) = {v2, v3}, A(x2) = {v1}, A(x3) = {v4},
u1(A) = 50, u2(A) = 80, u3(A) = 40, u(A) = 40 ͱ
ͳΔɻ͜ͷྫͰɺఏҊΞϧΰϦζϜ࠷దղΛಋ͍ͯ
͍Δɻ

5.2 ྫߦ࣮ 2

ॳظঢ়ଶ: n = 4, m = 8, P =
100, P1 = {50, 20, 20, 2, 2, 2, 2, 2},
P2 = {10, 20, 20, 10, 10, 10, 10, 10},
P3 = {20, 20, 10, 10, 10, 10, 10, 10}, P4 =
{5, 5, 5, 5, 10, 20, 30, 20}.
શ୳ࡧΛ༻͍ͯٻΊͨ͜ͷྫʹ͓͚Δ࠷దղҎԼ
ͷͱ͓ΓͰ͋ΔɻÃ(x1) = {v1}, Ã(x2) = {v2, v3},
Ã(x3) = {v4, v5, v8}, Ã(x4) = {v6, v7}, u1(Ã) = 50,
u2(Ã) = 40, u3(Ã) = 30, u4(Ã) = 50, u(Ã) = 30.

Ճऀࢀॳͷ࠷ x1ͱೋ൪ͷࢀՃऀ x2͕౸ண͢Δɻׂ
Γͯ͞Ε͍ͯͳ͍ࢀՃऀͷਓ࣌ݱͰΓ 4ਓ
Ͱ͋Δɻx1 ʹͱͬͯͷΓͷࡒʹର͢ΔՁͷ߹ܭ
100Ͱ͋Γɺx1 100

4 ϙΠϯτҎ্ͷࡒΛ֫ಘ͢Εຬ
Ͱ͖ΔɻΑͬͯ x1ࡒ 1ͭͰຬͰ͖Δͱఏࣔ͢Δɻ
ྫͱͯ͠ɺA(x1) = {v1}ͱͳΔɻx2ʹͱͬͯͷΓͷ
ܭ߹ର͢ΔՁͷʹࡒ 100Ͱ͋Γɺx2 100

4 ϙΠϯτ
Ҏ্ͷࡒΛ֫ಘ͢ΕຬͰ͖ΔɻΑͬͯ x2ࡒ 2ͭͰ
ຬͰ͖Δͱఏࣔ͢Δɻྫͱͯ͠ɺA(x2) = {v2, v3}
ͱͳΔɻ x1 ͕ x2 ΑΓগͳ͍ݸΛఏࣔͨͨ͠Ίɺ
x1 ͕ Λऔಘ͠ୀग़͢Δɻx1ࡒͳ͖1ͭ  v1 Λऔಘ
͠ୀग़͢Δɻx1ͷୀग़ޙɺࡾ൪ͷࢀՃऀ x3͕౸ண͢
ΔɻׂΓͯ͞Ε͍ͯͳ͍ࢀՃऀͷਓ࣌ݱͰ
Γ 3ਓͰ͋Δɻx2 ʹͱͬͯͷΓͷࡒʹର͢ΔՁͷ

ܭ߹ 90Ͱ͋Γɺx2  90
3 ϙΠϯτҎ্ͷࡒΛ֫ಘ͢

ΕຬͰ͖ΔɻΑͬͯ x2 ࡒ 2ͭͰຬͰ͖Δͱఏ
ࣔ͢Δɻྫͱͯ͠ɺA(x2) = {v2, v3} ͱͳΔɻx3 ʹ
ͱͬͯͷΓͷࡒʹର͢ΔՁͷ߹ܭ 80Ͱ͋Γɺx3
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3 ϙΠϯτҎ্ͷࡒΛ֫ಘ͢ΕຬͰ͖ΔɻΑͬ

ͯ x3 ࡒ 2ͭͰຬͰ͖Δͱఏࣔ͢Δɻྫͱͯ͠ɺ
A(x3) = {v2, v3}ͱͳΔɻx2 ͱ x3 ಉΛఏࣔ͠ʹڞ͕
ͨͨΊɺઌʹ౸ணͨ͠ࢀՃऀͰ͋Δ x2 ͕ ࡒͳ͖2ͭ
Λऔಘ͠ୀग़͢Δɻx1 v1Λऔಘ͠ୀग़͢Δɻx2 v2
ͱ v3Λऔಘ͠ୀग़͢Δɻx2ͷୀग़ޙɺ࢛൪ͷࢀՃऀ
x4 ͕౸ண͢ΔɻׂΓͯ͞Ε͍ͯͳ͍ࢀՃऀͷਓ
ΓͰ࣌ݱ 2ਓͰ͋Δɻx3ʹͱͬͯͷΓͷࡒʹର
͢ΔՁͷ߹ܭ 50Ͱ͋Γɺx2  50

2 ϙΠϯτҎ্ͷ
Λ֫ಘ͢ΕຬͰ͖ΔɻΑͬͯࡒ x3 ࡒ 3ͭͰຬ
Ͱ͖Δͱఏࣔ͢Δɻྫͱͯ͠ɺA(x3) = {v4, v5, v6}ͱ
ͳΔɻx4 ʹͱͬͯͷΓͷࡒʹର͢ΔՁͷ߹ܭ 85
Ͱ͋Γɺx4 85

2 ϙΠϯτҎ্ͷࡒΛ֫ಘ͢ΕຬͰ
͖ΔɻΑͬͯ x4 ࡒ 2ͭͰຬͰ͖Δͱఏࣔ͢Δɻྫ
ͱͯ͠ɺA(x4) = {v6, v7}ͱͳΔɻx4 ͕ x3 ΑΓগ
ͳ͍ݸΛఏࣔͨͨ͠Ίɺx4 ͕ Λऔಘ͠ࡒͳ͖2ͭ
ୀग़͢Δɻx4 v6ͱ v7Λऔಘ͠ୀग़͢ΔɻׂΓͯ͞
Ε͍ͯͳ͍ࢀՃऀͷਓ࣌ݱͰΓ 1ਓͰ͋Δɻ
x3 Γͷࡒ v4 ͱ v5 ͱ v8 Λऔಘ͠ୀग़͢Δɻ

A(x1) = {v1}, A(x2) = {v2, v3}, A(x3) =
{v4, v5, v8}, A(x4) = {v6, v7}, u1(A) = 50, u2(A) = 40,
u3(A) = 30, u4(A) = 50, u(A) = 30 ͱͳΔɻ͜ͷ
ྫͰɺx1  A(x1) ͔͔͠Βͳ͍ɻΑͬͯ x1 Ͳ
ͷࢀՃऀʹରͯࣧ͠ౄΛ͡ײΔ͜ͱͳ͍ɻx2 ࣗ
ͷׂΓͯͷ΄͔ʹ A(x1)ΛΔ͜ͱ͕ग़དྷΔɻ ͠
͔͠ u2(A) = 40ɺu2(A(x1)) = 10Ͱ͋ΔͨΊɺx2 
x1 ʹରͯࣧ͠ౄΛ͡ײΔ͜ͱͳ͍ɻx3 ࣗͷ
ׂΓͯͷ΄͔ʹ A(x4) ΛΔ͜ͱ͕ग़དྷΔɻ͔͠͠
u3(A) = 30ɺu3(A(x4)) = 30Ͱ͋ΔͨΊɺx3 x4ʹର
ͯࣧ͠ౄΛ͡ײΔ͜ͱͳ͍ɻx4ୀग़࣌ͷঢ়͔گΒ
A(x3)Λਪଌ͢Δ͜ͱ͕ՄͰ͋Δɻ͠ ͔͠u4(A) = 50ɺ
u4(A(x3)) = 35Ͱ͋ΔͨΊɺx4  x3 ʹରͯࣧ͠ౄ
Λ͡ײΔ͜ͱͳ͍ɻ͜ͷྫʹ͓͍ͯɺx3 ࣗΑΓ
ՃऀͷׂΓͯA(x4)ΛΔ͜ͱ͕ग़དྷࢀΒདྷ͔ͨޙ
Δɻ͠ x3͕ x4ʹରͯࣧ͠ౄΛ͡ײΔΑ͏ͳ߹Ͱ͋
ΕɺͦΕWeakly Immediately Envy-freeΛຬͨ͠
͍ͯͳ͍͜ͱʹͳΔɻ͔͠͠ͳ͕Β x3 x4ʹରͯࣧ͠
ౄΛ͍ͯ͡ײͳ͍ɻΑͬͯఏҊΞϧΰϦζϜWeakly
Immediately Envy-freeΛຬͨ͢࠷దղΛಋ͍͍ͯΔɻ

6 ࣅۙ

ຊߘͰۙࣅΛɺఏҊΞϧΰϦζϜʹΑͬͯٻΊͨ
u(A)ΛΦϑϥΠϯશ୳ࡧʹΑͬͯٻΊͨ u(Ã)Ͱׂͬ
ͨͰ͋Δͱఆٛ͢Δɻͦͷۙࣅʹ͍ͭͯɺn = mɺ
2n ≤ mɺn+ 1 ≤ m ≤ 2n− 1ͷ 3ͭͷ߹ʹ͚ͯূ
໌Λ͏ߦɻ
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6.1 n = m

n = mͰ͋ΔͳΒɺશͯͷࢀՃऀࡒ 1ͭͰຬͰ
͖Δͱఏࣔ͢Δɻͯ͢ͷࢀՃऀ͕ͦΕͧΕͷ࠷Ή
Λऔಘͨ͠߹ʹ͓͍ͯɺu(Ã)ࡒ P

2 Ҏ্ͱͳΓಘΔɻ
֤͠ࢀՃऀͷ࠷Ή͕ࡒҟͳΔͷͰ͋ΔͳΒɺ
ఏҊΞϧΰϦζϜͷ Step2 ͱ Step3 ͷಇ͖ʹΑΓɺશ
Λऔಘ͢Δ͜ͱ͕ՄͰ͋Δɻ͠ࡒΉ࠷Ճऀࢀ
߹ɺগͳ͘ͱͨ͠ࡏՃऀ͕ଘࢀඃ͕ͬͨࡒΉ࠷
ҰਓͷࢀՃऀ͕࠷ΉࡒΛऔಘ͢Δ͜ͱ͕ग़དྷͳ͍ɻ
Αͬͯͦͷ߹ u(Ã) ≤ P

2 ͱͳΔɻ֤ࢀՃऀ 1ͭͷࡒ
ΛऔಘՄͰ͋ΓແՁͷࡒଘ͠ࡏͳ͍ͨΊ u(A) ≥ 1
Ͱ͋ΔɻҎ্ΑΓɺn = mʹ͓͍ͯۙࣅ 1

P
2
= 2

P Ҏ

্Ͱ͋Δͱূ໌͞ΕΔɻ

6.2 2n ≤ m

ఏҊΞϧΰϦζϜʹఏࣔݸͷ্ݶͰ͋Δ T ͕ଘ
ͷಇ͖ʹΑΓɺ2nݶΔɻ͜ͷ্͢ࡏ ≤ mʹ͓͍֤ͯࢀ
Ճऀ࠷·ͳ͍ࡒ 2ͭͷՁҎ্ͷࡒΛඞͣऔಘ͢
Δ͜ͱ͕ग़དྷΔɻΑ֤ͬͯࢀՃऀগͳ͘ͱ 2ϙΠϯ
τҎ্ͷՁͷࡒΛऔಘ͢Δ͜ͱ͕ग़དྷΔɻu(Ã) P
ҎԼͰ͋Δ͜ͱࣗ໌Ͱ͋ΔɻҎ্ΑΓɺ2n ≤ mʹ͓
ࣅ͍ۙͯ 1

P
2
= 2

P Ҏ্Ͱ͋Δͱূ໌͞ΕΔɻ

6.3 n+ 1 ≤ m ≤ 2n− 1

ఏҊΞϧΰϦζϜʹɺͦͷ࣌Ͱ࠷ઌʹ౸ணͨ͠
ΛऔಘͰ͖ࡒՃऀඞͣຬͰ͖ΔྔҎ্ͷՁͷࢀ
Δಇ͖͕͋Δɻ͠ u(A) = 1Ͱ͋ΔͳΒɺࡒΛҰͭ
͔͠औಘͰ͖ͳ͔ͬͨࢀՃऀ͕ଘ͢ࡏΔɻͦͷΑ͏ͳ
߹ɺෳͷࢀՃऀ͕رݸ 2ͭͱಉΛఏࣔ͠ɺ୭͔
Λࡒ͕ 2ͭऔಘͨ͠ϥϯυ͕ඞͣଘ͢ࡏΔɻࢀՃऀ͕
ݸر ′ͱఏࣔ͢ΔΑ͏ͳ߹ɺnݸ2 ͦͷ࣌
Ͱ·ͩࡒΛׂΓͯΒΕ͍ͯͳ͍ࢀՃऀͷਓͱͨ͠ͱ
͖ɺ͍ͯͬΔͯ͢ͷࡒʹରͯ͠͡ײΔՁ͕ͦΕͧ
Ε P

n′ ΑΓগͳ͍߹Ͱ͋Δɻn′ = 2ͱͳͬͨͱ͖ɺ3
ͭͷέʔε͕ଘ͢ࡏΔɻ1ͭͷέʔε͍ͯͬΔࡒ
ͷ͕ 2ͭͷ߹Ͱ͋Δɻ͜ͷέʔεͰɺෳͷࢀՃ
ݸر͕ऀ 2ͭͱಉΛఏࣔ͠ɺ୭͔͕ࡒΛ 2ͭऔಘ
ͨ͠ϥϯυ͕ඞͣଘ͢ࡏΔɻͦͷࡍ 3 ≤ n′ Ͱ͋Δ
ͨΊɺu(Ã)࠷େͰ P

n′ ∗ 2 = 2P
3 ͱͳΔɻ2ͭͷέʔ

ε͍ͯͬΔࡒͷ͕ 3ͭͷ߹Ͱ͋Δɻn+ 1 = m
Ͱ͋ΔͳΒɺෳͷࢀՃऀ͕رݸ 2ͭͱಉΛఏ
ࣔ͠ɺ୭͔͕ࡒΛ 2ͭऔಘͨ͠ϥϯυଘ͠ࡏͳ͍ɻ
͜ͷ߹ఏҊΞϧΰϦζϜͷ u(A)͕ 1ͱͳΔͳΒɺ
ࡒՃऀ͕ಉ͡ࢀՃऀͱ͏Ұਓͷࢀͷޙ࠷ 1ͭΛر͢
Δ߹Ͱ͋Δɻ͜ͷ߹ʹ͓͍ͯ n = mʹؔ͢Δূ
໌ͷ༰ΑΓɺu(Ã) ≤ P

2 ͱͳΔɻn + 2 ≤ m Ͱ͋Δ
ͳΒɺෳͷࢀՃऀ͕رݸ 2ͭͱಉΛఏࣔ͠ɺ
୭͔͕ࡒΛ 2ͭऔಘͨ͠ϥϯυ͕ඞͣଘ͢ࡏΔɻΑͬ
ͯ u(Ã)࠷େͰ 2P

3 ͱͳΔɻ3ͭͷέʔε͍ͯͬ
Δࡒͷ͕ 4ͭҎ্ͷ߹Ͱ͋Δɻ͜ͷ߹ 2n ≤ m
Ͱূ໌͞Ε͍ͯΔͱ͓Γɺগͳ͘ͱ 2ϙΠϯτҎ্ͷ

ՁͷࡒΛऔಘ͢Δ͜ͱ͕ग़དྷΔɻશͯͷ߹ʹ͓͍ͯ
u(Ã) ≤ P Ͱ͋ΔͨΊɺu(A)͕ 2Ҏ্Ͱ͋ΔͳΒۙࣅ
 2

P Ҏ্ͱͳΔɻҎ্ΑΓɺn + 1 = mʹ͓͍ͯۙ
ࣅ 1

P
2
= 2

P Ҏ্ɺn+2 ≤ m ≤ 2n− ࣅ͍͓ۙͯʹ1

 1
2P
3

= 3
2P Ҏ্ͱূ໌͞ΕΔɻ

7 Ռ݁ূݕ
ఏҊΞϧΰϦζϜʹ͓͍ͯɺ֤ 1000 ύλʔϯͷϥ

ϯμϜͳධՁؔΛ༻͍ͯɺn = 3, 4, 5 ͱ m =
3, 4, 5, 6, 7, 8, 9, 10ͷൣғͰ P = 100ͱͯ͠ίϯϐϡʔ
λγϛϡϨʔγϣϯʹΑΓূݕΛ݁ͨͬߦՌ͕ҎԼͷද
ͷͱ͓ΓͰ͋ΔɻදͷۙࣅͷฏۉͰ͋Δɻ

ද 1 Ռ݁ূݕ

n = 3 n = 4 n = 5

m = 3 0.7498 none none

m = 4 0.7440 0.5716 none

m = 5 0.7494 0.5611 0.4146

m = 6 0.7177 0.5623 0.4187

m = 7 0.7340 0.5534 0.4279

m = 8 0.7203 0.5520 0.4470

m = 9 0.7188 0.5830 0.4972

m = 10 0.7375 0.6013 0.5145

දΛಡΈऔΔͱɺnͷ͕૿͑Δ΄Ͳۙࣅͷ͕ݮ
গ͢Δ͕͋Δɻ͜ΕΦϯϥΠϯͰ͋Δ͕
Ώ͑ʹɺࢀՃਓ͕૿͑Δ΄ͲޙͷࢀՃऀͷධՁ͕ؔ
ະͷ··ׂΓͯΛ࣮͠ߦͳ͚ΕͳΒͳ͍ճ͕૿
͑ΔҝͰ͋ΔɻఏҊΞϧΰϦζϜͱൺֱΛ͍ͯͬߦΔ
Weakly Immediately Envy-freeΛແͨ͠ࢹΦϑϥΠ
ϯશ୳ࡧʹΑͬͯಋ͍ͨͰ͋Δ͜ͱΛ͑ߟΔͱɺఏҊ
ΞϧΰϦζϜྑ͍݁ՌΛग़͢͜ͱ͕ग़དྷ͍ͯΔͱ͑ߟ
ΒΕΔɻ

ँࣙ
͜ͷڀݚ JSPSՊݚඅ JP26330019 ͷॿΛड͚ͨ

ͷͰ͢ɻ
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Ұ༷ͳΛͭ࣋ύνϯίͷఝஔ

ଜथ , ༞, ઘ ହհ

2016 7݄ 1

ύνϯίɼຊͰ͠·Ε͍ͯΔΪϟϯϒϧήʔϜͰ͋ΔɽຊڀݚͰɼύνϯίΛֶతͳ

Ϟσϧͱͯ͠औΓѻ͏ɽAkiyamaɼRuizΒ [1]ʹΑֶͬͯతͳύνϯίͷϞσϧ͕ఏএ͞Εɼ࠷

৽ͷڀݚͰɼAkitayaΒ [2]ʹΑͬͯൃలత༰͕औΓѻΘΕ͍ͯΔɽ

ઃఆͱͯ͠ɼਖ਼͕ܗ֯ࡾෑ͖٧ΊΒΕͨάϦουͷ֨ࢠ্ʹఝΛஔ͠ɼ൫໘ͷதԝ্෦͔

ΒϘʔϧΛೖ͢ΔͱԾఆ͢ΔɽϘʔϧ͕ఝʹͨΔͱɼࠨӈʹ֬ͰϘʔϧ͕ܗ֯ࡾͷลʹ

ԊͬͯҠಈ͢ΔɽྫΛਤ 1ʹࣔ͢ɽ͜ͷͷతɼ൫໘্ʹఝΛஔ͢Δ͜ͱʹΑͬͯ൫໘ͷ

Լʹ͓͚ΔϘʔϧͷམԼҐஔͷ֬ΛҰ༷ʹ͢Δ͜ͱͰ͋Δɽ࠷

ਤ 1: ύνϯίͷֶతͳϞσϧ

AkitayaΒͷڀݚ [2]Ͱɼখ͞ͳࠩޡΛؚΉҙͷ֬ͷҰ༷Λߏ͢ΔΞϧΰϦζϜ͕

ଘ͢ࡏΔ͜ͱ͕໌Β͔ʹ͞Ε͍ͯΔɽ·ͨಉڀݚʹ͓͍ͯɼn = 1, 2, 3, 4ͷ߹ʹ͓͚Δ 1
2n ͷҰ

༷֬ΛߏͰ͖Δ͜ͱ͕໌Β͔ʹ͞Ε͍ͯΔɽ

ຊڀݚͰɼҙͷ n ≥ 1ʹ͓͍ͯɼ 1
2n ͷҰ༷֬ٴͼͦΕΛߏ͢ΔΞϧΰϦζϜ

͕ଘ͢ࡏΔ͜ͱΛൃͨ͠ݟɽզʑ͕ఏҊ͢ΔΞϧΰϦζϜͰɼ n ≥ 5ͷ߹ʹ͓͚Δ 1
2n ͷ

Ұ༷֬ʹ͍ͭͯɼ 1
2n−1 ͷҰ༷͔֬Βߏ͢Δɽઌڀݚߦ [2]ʹ͓͍ͯ n ≤ 4ͷ߹ʹ

͍ͭͯߏͰ͖Δ͜ͱ͕໌Β͔ʹͳ͍ͬͯΔͨΊɼΞϧΰϦζϜΛؼ࠶తʹ࣮͢ߦΔ͜ͱͰత

ͷ݁ՌΛಘΒΕΔɽ

ݙจߟࢀ
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ൟ৩ઓུղੳͷͨΊͷߟ
Consideration for the breeding strategy analysis

ᬑ ໜ ਅು ٛจ
Shigekazu Kawabe Yoshinumi Manabe

ՊڀݚֶӃେֶେֶӃɹֶ ใֶઐ߈
Department of Computer Science, Faculty of Informatics, Kogakuin University

1 ͋Β·͠
ԠݸମΛ༻ҙ͠,ͦͷதͰ͖ىΔԽֶԠͷ͖ߦண͍ͨঢ়ଶ͔Β͋ΔಛఆͷԠݸମ͕ଘ͢ࡏΔ͔͠ͳ͍͔ͱ͍

͏͜ͱΛԽֶԠͷ͖ߦண͍ͨঢ়ଶ͔Βผ͢Δ CRD(chemical reaction decider)[1]ͱ͍͏ϓϩτίϧ͕͋Δ.͜ͷ
ϓϩτίϧͰԽֶԠͷΈΛѻ͍ͬͯͨͷͰଞͷݱʹ͍ͭͯѻ͏͜ͱͰ͖ͳ͍ͷ͔ͱͨ͑ߟ.ຊߘͰ, ਐ
ԽήʔϜʹର͢Δ CRDͱಉ༷ͳఆࣜԽͱੳͷՄੑʹ͍ͭͯ͢ߟΔ.ຊߘͰҰྫͱͯ͠,ൟ৩ઓུΛͭ࣋ௗΛ
ࡐͱͯ͠ϞσϧԽΛࢼΈͨ݁ՌΛࣔ͢.

2 CRD

ɹCRDCRN(chemical reaction networks)ʹର͢Δఆͱͯ͠ఆٛ͞Ε͍ͯΔ.CRNN = (Λ, R)Ͱఆٛ
͞ΕΔ.ΛΛ = {A,B,C}ͷΑ͏ʹද͞ΕͲͷΑ͏ͳछྨͷԽֶ͕ࣜ͋Δ͔Λ͍ࣔͯ͠Δ.RA+2B → A+3Cͷ
߹ ⟨(1, 2, 0)(1, 0, 3)⟩ͷΑ͏ʹද͢Α͏ͳԽֶ࣭ͷू߹Ͱ͋Δ.CRDD = (Λ, R,Σ,Υ,φ, s)Ͱఆٛ͞ΕΔ.k = |Σ|
Ͱ͋Δ.sNk Ͱ͋Γ,ॳظঢ়ଶͰ Σͷ֤Խֶ࣭͕Կ୯Ґଘ͢ࡏΔͷ͔Λද͢.Σ Λͷ෦ू߹Ͱ,ೖྗͱ͢ΔԽ
ֶ࣭ͷू߹Ͱ͋Δ.Υ Λͷ෦ू߹Ͱ,Ԡऴྃ࣌Ͱͷଘࡏ,ඇଘࡏΛఆ͢ΔԽֶ࣭ͷू߹Ͱ͋Δ.φԠ
ऴྃ࣌ͰͷԽֶ࣭ͷଘࡏ,ඇଘࡏΛ YES,NOͰฦؔ͢Ͱ͋Δ.

3 ൟ৩ઓུ
ɹൟ৩ઓུͷྫͱͯ͠δϡζΧέότͷ͕͍ͭΛ࡞Δ͕ුؾΛ͏ߦͱ͍͏ൟ৩ͷಈ͖ [2]Λߟࢀʹ͓ͯ͠ΓϞσϧ

Խ͢Δʹ͋ͨͬͯΛఆࣜԽ͢ΔͨΊʹຊষͷԾఆΛ͓͍ͨ.ൟ৩ઓུͰ,δϡζΧέότ͕ 2ճൟ৩Λ͏ߦ
ͨΊൟ৩ϑΣʔζΛ 2ճࢮʹ࣍,͏ߦ໓ϑΣʔζΛޙ࠷͍ߦʹఆϑΣʔζΛ͏ߦͱ͍͏ྲྀΕΛ 1ϧʔϓͱ͠,݅
͕ຬͨ͞ΕΔ·Ͱϧʔϓ͠ଓ͚Δ. ͕͍ͭҎ֎ͷϝεʹൟ৩Λ͚͔ͪ࣋ΔҰఆͷ֬Λද͢ O(%), T (%)͕͋Δ.ઓ
ུ A֬O,ઓུB֬ Tʹैͬͯൟ৩Λ͢Δ.ઓུA,BͷݸମͦΕͧΕ an,m, bn,mͷΑ͏ʹද͞Ε,nੑ
ผΛද͠ 1ͷ߹Φε,2ͷ߹ϝε,m͕͍ͭͷϥϕϧͱ͍͏Α͏ʹද͢.্هͷΑ͏ͳҰఆͷઓུΛͭ࣋ A,BͰ
.ൟ৩ϑΣʔζͰҎԼͷΑ͏ͳ݅ʹै͏͜ͱʹͳΔ͏ߦ

1. શΦε͕͍ͭ·͕͍ͨͭҎ֎ʹൟ৩Λ͚͔ͪ࣋Δ.

2. ൟ৩Λ͚͔ͨͪ࣋૬ख͕͕͍ͭͷ߹ൟ৩͕ඞͣޭ͢Δ.

3. ൟ৩Λ͚͔ͨͪ࣋૬ख͕͕͍ͭҎ֎ͷ߹ʹൟ৩Ͱ͖Δ͔Ͳ͏͔,͕͍ͭҎ֎ʹൟ৩Λࣦ͚͔ͪ࣋ഊ͢Δ֬
 R(%)ʹΑͬͯఆ͢Δ.

4. ൟ৩ͷ͕͚͔ͪ࣋ޭͨ͠߹,ࢠΛͳ͔ͨ͠Ͳ͏͔֬ P (%)ʹΑͬͯࢠΛͳ͢.

5. .͙ܧΦε,ϝε̍Ӌͣͭੜ·Ε,ൟ৩Λͨ͠ΦεͷํͷઓུΛҾ͖ࢠ

ൟ৩ϑΣʔζͰͳͨ͠ࢠ,ͳ͞Εͨஈ֊ͷ 3ϧʔϓ͔ޙΒൟ৩ϑΣʔζʹՃΘΔ.
ମݸମͱಉʹͳΔΑ͏ʹશମ͔Β௨ৗݸͷશମͷ࣌ͨ࢝͠໓ϑΣʔζͰ,ൟ৩ઓུΛ։ࢮ ମݸͷࢠ,4 6ͷׂ

߹ͰϥϯμϜʹݸମΛࢮ໓͍ͤͯ͘͞.
ఆϑΣʔζͰ A͘͠ BͲͪΒ͔ͷઓུͷݸମ͕ͯ͢ࢮ໓͍ͯ͠Δ͔Ͳ͏͔Λఆ͠ࢮ໓͍ͯ͠Δ߹

ϧʔϓΛऴ͑,ࢮ໓͍ͯ͠ͳ͍߹ʹ࠶ൟ৩ϑΣʔζ͔Β࢝ΊΔ.
O,T,R,PͷΛมͯ͠ߋγϛϡϨʔγϣϯΛ࣮݁ͨ͠ߦՌ,ઓུ Aͷݸମ͕ 1000ϧʔϓҎʹશͯࢮ໓͢Δ݅

ͷҰͭͱͯ͠ҎԼͷͷ͕ٻΊΒΕͨ.

• O ≥ T

• O − T ≥ 44

• R ≥ 70

• P ≥ 70
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Θͣʹઓུͷ݅ʹैͬͨൟ৩ઓུͰ͋ΕγϛϡϨʔγϣϯΛه্ OΛݸͭ࣋ମ͕౫ଡ͞ΕΔͱ͍͏͜ͱ͕ࣜ
͔ΒఆͰ͖Δ.͔͠͠ O = 60, T = 10, R ≥ 70, P ≥ 70ͱ͍͏্هͷ݅ʹԊͬͨঢ়گͰɺA,B֤Φεϝεͷݸମ
Λ 10ମͷঢ়ଶͰ݁ͨ͠ࢉܭՌ 0.34ͷ֬Ͱ 1ճͷൟ৩ϑΣʔζΛऴ͑ͨࡍʹ Aͷͳͨ͠ࢠͷํ͕ଟ͍ͱ͍͏ঢ়
ʹͳΔͱ͍͏͕͋Δ.CRDͰ͜ͷΑ͏ͳ֬ѻΘͳ͍ͷͰࣜʹͲͷΑ͏ʹͯΊ͍͔ͯ͘,·ͨ݅ʹگ
ԊͬͨଞͷͰͨ͠ࢉܭ߹֬มΘΔͷ͔ͱ͍͏͜ͱʹ͍͍ͭͯͯ͑͘ߟ.

4 ͓ΘΓʹ
ຊߘͰ,ൟ৩ઓུͱͲͷΑ͏ͳઓུϞσϧͳͷ͔,ൟ৩ઓུͰยํͷઓུ͕ࢮ໓͢ΔͷͲͷΑ͏ͳ݅ͳͷ

͔ͱ͍͏͜ͱʹ͍ͭͯޙࠓ.ͨ͠ߟൟ৩ઓུΛ CRDͷΑ͏ͳఆͱͯ͠ղ͘߹ʹ,ൟ৩ઓུ֬తͳڍ
ಈΛͨͭ࣋Ί,ͲͷΑ͏ͳ֬Ͱൃੜ͢Δઈ໓Λͬͯʮઈ໓͕͖ىΔʯͱఆ͢Δ͖Ͱ͋Δ͔Λ͑ߟΔඞཁ͕͋
Δ.·ͨ,ൟ৩ઓུΛ CRDͷΑ͏ͳఆͱͯ͠ղ͘߹ʹ,Aͷઓུ͕ઈ໓͢Δ݅Ͱ Aͷͳͨ͠ࢠͷํ͕ଟ͍
ͱ͍͏ྫ֎͕ͲΕ΄ͲӨڹΛٴ΅͢ͷ͔ͱ͍͏͜ͱΛ͍ͯ͑͘͜ߟͱ͕՝ͱͳΔ.

ݙจߟࢀ
[1] Ho-Lin Chen,Rachel Cummings,and David Doty,:pp.16-30“Speed faults in computation by chemical reaction

networks,” DISCɽ2014,LNCS 8784
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gakugei.ac.jp/gp/pdf/H18/report/p166-169.pdf⟩ (2016/9/10ΞΫηε)
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1

単貧民における最適戦略
と必勝戦略に関する考察

九州大学経済学部経済工学科4年
木谷 裕紀

九州大学大学院経済学研究院
小野 廣隆

今日の流れ
1.大貧民と単貧民
2.単貧民における必勝手順
3.本研究
4.今後の展望

2

今日の流れ
1.大貧民と単貧民
2.単貧民における必勝手順
3.本研究
4.今後の展望

3

大貧民について

・大貧民はトランプで遊ぶカードゲームのひとつ.
「大富豪」,「階級闘争」などとも呼ばれる.
海外にも類似した遊びがある.

・カードを参加者にすべて配り,
手持ちのカードを順番に場に出して
早く手札をなくすことを競うゲーム.

・不完全情報多人数ゲーム
・電通大で毎年コンピューター大貧民大会が開催.

4

特殊ルールが一切なし.
１枚出しのみ.
手札は公開で行われる.

単貧民とは（1）

単貧民とは大貧民と類似した完全情報ゲーム.
西野（2007）が定義.
大貧民との主な違いは以下の三つ.

5

単貧民とは（2）
ゲームの開始 各プレイヤーに手札を与える.
各手番の行動 各手番のときに各プレイヤーは

一枚のみ場に札を出す.
又はパスを選択することができる.

場に出せる札 場に出せるカードは
既に場に札がおかれている場合,
その札より強くなければならない.

勝利条件 手札が先になくなった方が勝利.

6
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2

本研究
本研究では

必勝判定問題…単貧民がどのプレイヤーが勝利
することができるのか判定する問題
必勝戦略…勝つことのできるプレイヤーが必ず
勝つための戦略

と定義.

7

本研究と単貧民
単貧民の必勝戦略,必勝判定に関しては
手札が10枚以下の場合（西野 2007）
互いの手札が同一で且つ同じ強さの札が２枚以下
（木谷 小野 2016）のみ.

より一般の手札における最適アルゴリズムを
本研究では考察.

8

今日の流れ
1.大貧民と単貧民
2.単貧民における必勝手順
3.本研究
4.今後の展望

9

今日の流れ
1.大貧民と単貧民
2.単貧民における必勝手順
3.本研究
4.今後の展望

10

単貧民における必勝手順例（1）
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
A→B→C→A…の順の時
プレイヤーAはどの手札からだすことによって
必ず勝つことができるか?

11

3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出したあと

12
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3

3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出したあと
プレイヤーBがいずれかの札を出せば

13

3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出したあと
プレイヤーBがいずれかの札を出せば

14

3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出したあと
プレイヤーBがいずれかの札を出せば

15

3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出したあと
プレイヤーBがいずれかの札を出せば

16

3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出したあと
プレイヤーBがいずれかの札を出せば
プレイヤーCは場に札を出すことができないので

17

3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出したあと
プレイヤーBがいずれかの札を出せば
プレイヤーCは場に札を出すことができないので
プレイヤーAは場にいかなる札があっても
10を出すことができる.

18
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3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出したあと
プレイヤーBがいずれかの札を出せば
プレイヤーCは場に札を出すことができないので
プレイヤーAは場にいかなる札があっても
10を出すことができる.
その後5を出して勝利

19

3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出したあと
プレイヤーBがいずれかの札を出せば
プレイヤーCは場に札を出すことができないので
プレイヤーAは場にいかなる札があっても
10を出すことができる.
その後5を出して勝利…ですが

20

3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出したあと
プレイヤーBがパスを選択した場合

21

3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出したあと
プレイヤーBがパスを選択した場合
プレイヤーCは4を出して
手札をすべてなくすことができる.

22

3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出したあと
プレイヤーBがパスを選択した場合
プレイヤーCは4を出して
手札をすべてなくすことができる.
したがってプレイヤーCが勝つ場合がある.
→必勝ではない

23

3から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
プレイヤーAが3を場に出した場合

→必勝ではない
24
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５から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
5から出した場合

25

５から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
5から出した場合
プレイヤーBが如何なる手を選択しても
プレイヤーCは場に札を出すことができないが

26

５から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
5から出した場合
プレイヤーBが如何なる手を選択しても
プレイヤーCは場に札を出すことができないが
その手に対しプレイヤーAは10を出し

27

５から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
5から出した場合
プレイヤーBが如何なる手を選択しても
プレイヤーCは場に札を出すことができないが
その手に対しプレイヤーAは10を出し
その後3を出すことによって
プレイヤーAは勝つことができる→必勝

28

10から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
10から出した場合
プレイヤーAがそのあと3,5どちらからだしても
プレイヤーBが6～9を出すことによって
プレイヤーBが先に手札をなくすことができる.

29

10から出した場合
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
10から出した場合
プレイヤーAがそのあと3,5どちらからだしても
プレイヤーBが6～9を出すことによって
プレイヤーBが先に手札をなくすことができる.

30
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単貧民における必勝手順例（1）
プレイヤーAの手札 3,5,10
プレイヤーBの手札 6,7,8,9
プレイヤーCの手札 4
A→B→C→A…の順の時
プレイヤーAはどの手札からだすことによって
必ず勝つことができるか?

A.５から出すことによってのみ必勝

31

単貧民における必勝手順例（2）
プレイヤーAの手札 5,7,7,7,9
プレイヤーBの手札 4,6,8,10

A→B→A…の順の時
プレイヤーAはどの手札からだすことによって
必ず勝つことができるか?

32

単貧民における必勝手順例（2）
プレイヤーAの手札 5,7,7,7,9
プレイヤーBの手札 4,6,8,10

7から出すのが唯一の必勝手順

33

7

8 9

10 パス
4 7 パス 7 パス 5

6 7 パス 7 パス 5

パス 7

10 パス
4 7 パス 5

6 7 パス 5

パス 5

6 7

10 パス
4 7

6 7

10 パス

4 7

8 9 パス 7 パス 5

パス 7
パス 9 パス 5

8 9 パス 5

6 7

8 9 パス 5 パス 7

パス 7
8 5 パス 9

パス 9 パス 5

8 9 パス 7 パス 7 パス 5

パス

プレイヤーAの手 プレイヤーBの手

34

7

8

10

パス 7

8 9

10 パス
４ 7 パス 5

6 7 パス 5

パス 5
10 パス

4 7

6 7
パス 7

10 パス

4 5

6 7
8 9

パス 9

8 9 パス 7

パス 7
8 9

パス 9

6 7

8 9 パス 5

パス 5
8 9

パス 9

8 9 パス 7 パス 5

パス
5

6 7

8 9

10 パス
4 9

8 9
パス 9

8 9 10 パス
4 7

6 7

10 パス

4 7 8 9

6 7 8 9

8 9 パス 9

パス 7

8 9

10 パス

4 9

6 9

8 9パス 9
35

単貧民における必勝手順例（3）
プレイヤーAの手札 5,7,7,7,9
プレイヤーBの手札 4,6,8,10

どの札から出せばいいのか判断することは難し
い

36
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単貧民における最適手順

・このゲームにおいて必勝戦略を
求めるだけならゲーム木が有効

・しかし,枚数が多くなるとゲーム木のサイズ
は指数的に増大

37

単貧民における最適手順

・このゲームにおいて必勝戦略を
求めるだけならゲーム木が有効

・しかし,枚数が多くなるとゲーム木のサイズ
は指数的に増大

単貧民において必勝手順あるいは必勝判定を比
較的早く解くアルゴリズムはないのか?

38

今日の流れ
1.大貧民と単貧民
2.単貧民における必勝手順
3.本研究
4.今後の展望

39

今日の流れ
1.大貧民と単貧民
2.単貧民における必勝手順
3.本研究
4.今後の展望

40

本研究
本研究では二人プレイヤー単貧民のうち
二種類以下の手からなる単貧民についてどちら
のプレイヤーが必勝戦略をもつか示した上で
k種類の手からなる単貧民の必勝判定アルゴリズ
ムの予想を示し,kが3以下のとき成立することを
示す.

41

準備
先手プレイヤーをA,後手プレイヤーをB
各プレイヤーの手札を弱いほうから1～ｎ
Aの強さが1番弱い札の所持札数はA1, 強さが2番
目に弱い札をA2…とする. 
Bの強さが1番弱い札の所持札数はB1, 強さが2番
目に弱い札をB2…とする. 
Aが場に出したカードに対しBが何らかの札を出
すことを手番がAからBに変更すると表現する

42
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準備（補題）

43

A B

A→B

B→BA→A

B→A

準備（補題）
ある単貧民1ゲームにおいてBからAに手番が変わ
る回数A→BとAからBに手番が変わる回数B→A
において以下は同値である

・A→B ≧B→Aが成立している
・その試合の勝者はAである. 

44

準備（補題）

45

A B

A→B

B→BA→A

B→A

補題の証明
a ≥ b が成立しているならばその試合の勝者は A 
である.
その試合の勝者は A であるならば a ≥ b が成立し
ている.
この両方を示せばよい
これは背理法で容易に証明可能

46

二種類以下の手からなる単貧民
一種類の手からなる単貧民
→明らかに先手必勝

二種類の手からなる単貧民からまず議論していく.

47

.二種類の単貧民の必勝戦略
強さ１の札が残り2枚以上
場に札が出すことが可能なできるだけ弱い札を
だす.

上記以外
強い札から出す.

48
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必勝判定問題

A1>B2 A1≦B2

B1>A2 Min(A2, B1) ≧Min(A1, B2)
↔A必勝

Min(A2, B1) +1≧Min(A1, B2)
↔A必勝

B1≦A2 Min(A2, B1) > Min(A1, B2)
↔A必勝

Min(A2, B1) ≧Min(A1, B2)
↔A必勝

49

Aの手札 Bの手札

2の札の枚数 A2 B2

1の札の枚数 A1 B1

証明の概要１

50

A B
最大Min(A1, B2)回

最大Min(A2, B1)回

補題の証明の概略
Min(MaxA→B)のためのAの行動は
強さ1の札をできる限り出さないことである. 
また, 強さ1 の札は最後の一枚として出すことに
よって手番を相手に渡さない (でゲームを終了さ
せる) ことができるので A1 ≤ B2 のとき = Z － 1 
Min(MaxA→B)である. 
A1 > B2 のときは (A1 － 1) 枚の札を出す前に B が
2 を出し終わることが可能となってしまうので
Min(MaxA→B)= Z となる. 

51

必勝判定問題

A1>B2 A1≦B2

B1>A2 Min(A2, B1) ≧Min(A1, B2)
↔A必勝

Min(A2, B1) +1≧Min(A1, B2)
↔A必勝

B1≦A2 Min(A2, B1) > Min(A1, B2)
↔A必勝

Min(A2, B1) ≧Min(A1, B2)
↔A必勝

52

Aの手札 Bの手札

2の札の枚数 A2 B2

1の札の枚数 A1 B1

準備
Aの手札集合をU(u∈U), Bの手札集合をV(v∈V)と
する.
u,vはそれぞれ強さを示すラベルを持ちそのラベ
ルをLu,Lvとする

53

手札がｎ種類の単貧民
1.G ＝ (U,V ) をコピーしたグラフ G′ = (U′,V ′) を作
成する.
2.G において Lu > Lvの点に対し辺 E を作る.
3.辺が引かれた G に対し最大マッチングをとる
4.G’ において Lv′ > Lu′ の点に対し辺 E’ を作る.
5.辺が引かれた G’ に対しの最大マッチングを
とる.
6.G における最大マッチングの数を UM, G’ にお
ける最大マッチングの数を VM とする.

54
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N(Uf) に含まれる要素数を UM’ とする.
N(V’f) に含まれる要素数を VM’ とする.
UM′ > 1ならばa=UM, UM′ = 1ならばa=UM-1 UM’=0
ならばa=0 とする.
V M′ > 1 ならば b=VM, V M′ = 1 ならば b=VM-1 V M′ 

= 0 ならば b=0 とする.
a ≤ b なら先手に必勝戦略が存在, a < b なら後手
に必勝戦略が存在.

55

今日の流れ
1.大貧民と単貧民
2.単貧民における必勝手順
3.本研究
4.今後の展望

56

今日の流れ
1.大貧民と単貧民
2.単貧民における必勝手順
3.本研究
4.今後の展望

57

まとめと今後の展望
二人単貧民の一部初期手札において必勝判定と
必勝戦略が分かった.

また,一般化した場合のアルゴリズムを予想し3
以下のとき成立することを示した.

58
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ΊΔɼ1916ٻখःޫઢΛ࠷ ʹMazurkiewicz ʹΑͬͯணख͞Ε

ͱަΘΔΑ͏ͳͯ͢ܗͰ͋Δɽ͜ͷɼฏ໘্ͷଟ͍֯ݹͷ࢙ྺͨ

ͷઢΛःΔΑ͏ʹিཱΛҾ͍ͨͱ͖ɼͦͷিཱͷ͕͞࠷খͱͳΔҾ͖ํ

Λ໌Β͔ʹ͢ΔͰ͋ΔɽຊڀݚͰɼ༩͑ΒΕΔਤܗ֯ࡾ͕ܗͷ߹ʹ
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ۙɼVLSI ͷখܕԽ͕ɼճ࿏ͰͷใୡʹѱӨڹΛͨΒ͢ʹ͋

Δɽճ࿏ͷαΠζΛॖখԽ͢ΔʹϥΠϯΛΑΓ͘͠ࡉɼϥΠϯಉ࢜ͷ෯

Λ͘͢ڱΔඞཁ͕͋Δ͕ɼͦΕ͕݁ՌతʹόεͰͷใୡʹѱӨڹΛ

ͨΒ͢༰ྔੑΫϩετʔΫΛҾ͖͢͜ىɽL1, L2, L3 ΛΦϯνοϓͷ 3ͭͷ
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ͷԆ͕ൃੜ͢Δɽ͜ͷݱ༰ྔੑԆͱݺΕɼ༰ྔੑΧοϓϦϯάʹ
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͞Ε͍ͯΔɽࣜܗతʹɼp, qΛͦΕͧΕ͞ kͷϏοτྻͱͨ͠߹ɼϏο

τ nͷεςʔτϨεͳ (ೋݩ) (p, q)-ූࢭې߸ C ͱɼ{0, 1}n ͷ෦ू߹
Ͱ͋ΓɼC தͷҙͷ ޠ2 w1ɼw2ʹ͍ͭͯɼ͓Αͼҙͷ i ∈ [1, n]ʹ͍ͭ

ͯ,w1͓Αͼ w2ͷ iϏοτ͔Β࢝·Δ͞ kͷ෦ྻ͕ p͓Αͼ qʹͦΕ

ͧΕҰக͢ΔΑ͏ͳ͜ͱ͕ͳ͍Α͏ͳूޠ߹ͱఆٛ͞ΕΔɽ̽͞ͷ (p, q)-

߹ɼҰൠʹͨͬߦԽΛ༻͍ͯσʔλૹ৴Λ߸ූࢭې 2n௨Γଘ͢ࡏΔૹ৴

ύλʔϯͷ͏ͪͷҰ෦͔͠ූ߸ޠͱͯ͠ར༻͢Δ͜ͱ͕Ͱ͖ͳ͍ɽޮత

ͳ௨৴ͷͨΊʹɼූ߸ޠͷू߹ C ͕Ͱ͖Δ͚ͩଟ͘ͷޠΛؚΉΑ͏ͳූ߸

ԽΛ༻͍Δ͜ͱ͕·͍͠ɽnϏοτͰද͞ΕΔ 2nݸͷޠΛͦΕͧΕάϥϑ

ͷͱଊ͑ɼ(01.10)-͞ࢭې͍͓ͯʹ߸ූࢭېΕ͍ͯͳ͍ؒʹลΛҾ

͖ɼ͞ࢭېΕ͍ͯΔؒʹลΛҾ͔ͳ͍άϥϑΛ࡞ͨ࣌͠ɼnϏοτ

ͷූ߸ޠʹରͯ͠ (01, ͷ͜ͷάϥϑޠେͷ࠷Ͱ͖ΔݱͰද߸ූࢭې-(10
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Abstract. In this paper, we consider the uniform deployment problem of mobile agents in asynchronous
unidirectional ring network. The uniform deployment problem requires agents to uniformly spread in the
network. In this paper, we focus on the memory space per agent to solve the uniform deployment problem.
We consider two problem settings. First, we consider agents without existence detection of agents at the
same node. In this case, we show that each agent requires ≠(log n) memory to solve the problem, and
propose an algorithm to solve the uniform deployment problem with O(log n) memory per agent. Next,
we consider agents with the existence detection. Then, the proposed algorithm reduces the memory space
per agent to O(log k + log log n).

keyword: distributed system, mobile agent, uniform deployment, ring network, token, memory-efficient

1 Introduction

A distributed system consists of a set of computers (nodes) and communication links. As a promising
design paradigm of distributed systems, (mobile) agent systems have attracted a lot of attention [1].
Agents can traverse the system and process tasks on each node, and hence they can simplify design of
distributed systems [2]. The rendezvous problem (or the gathering problem) is a fundamental problem
for cooperation of mobile agents. This problem requires all agents to meet at a single node. The
rendezvous problem is considered in rings [3, 4], torus [5], trees [6], and arbitrary networks [7]. Some
works assume that agents can use whiteboard on each node, and others assume that agents can use
only tokens, which are markers that agents can release on nodes.

Another fundamental problem is uniform deployment (or uniform scattering), which requires all
agents to spread uniformly in the networks. From a practical point of view, the uniform deployment is
useful for the network management. For instance, if agents that can repair faulty nodes are deployed
uniformly, such agents can quickly reach and repair faulty nodes after the faults are detected. If agents
with database replicas are deployed uniformly, each node can quickly access the database. Hence, we
can regard the uniform deployment problem as a kind of the resource allocation problem. The uniform
deployment is interesting to investigate also from a theoretical point of view. The problem exhibits
a striking contrast to the rendezvous: the uniform deployment aims to attain the symmetry of agent
locations while the rendezvous aims to break the symmetry. It is well known that the symmetry
breaking is difficult (and sometimes impossible) to attain in distributed systems. Consequently, it is
interesting to clarify how easily the uniform deployment can be attained compared to the rendezvous.

As related works, Flocchini et al. [8] and Elor et al. [9] considered the uniform deployment in
the ring networks, while Barriere et al. [10] considered it in the grid network. All of them propose
uniform deployment algorithms under the assumption that agents are oblivious (or memoryless) but
can observe multiple nodes within its visibility range. This assumption is often called a Look-Compute-

Move model. On the other hand, Shibata et al. [11] considered the uniform deployment problem in
asynchronous unidirectional ring networks for agents that have memory but cannot observe nodes
except for their currently visiting nodes. They considered two problem settings: agents with knowledge
of k and agents without of knowledge of k, where k is the number of agents. For the first (resp., second)
model, they proposed two (resp., one) algorithms to solve the uniform deployment problem from any
initial configuration such that all agents are in the initial states and placed at distinct nodes. This
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Table 1. Results for agents with knowledge of k

First result in [11] Second result in [11] Model 1 Model 2

Existence detection Required Required Not Required Required
Agent memory O(n log k) O(log n) O(log n) O(log k + log log n)

Time complexity O(n) O(n log k) O(k2n) O(kn2 + kn2 log n)
Total moves O(kn) O(kn) O(k3n) O(k2n2 + kn2 log n)

n: the number of nodes, k: the number of agents

shows a striking difference from the rendezvous problem because the rendezvous problem is not solvable
from some initial symmetric configurations.

In this paper, we consider the uniform deployment problem in unidirectional asynchronous ring
networks. Similarly to [11], we consider agents that have memory but cannot observe nodes except
for their currently visiting nodes. Each agent initially has a token and can release it on a visited
node. After a token is released at some node, agents cannot remove the token. We assume that agents
have knowledge of k. We consider two problem settings and focus on the memory space per agent to
solve the problem. At first, we consider agents without existence detection of agents, that is, agents
cannot detect whether there exists another agent or not at the current node. In this model, we show
that each agent requires ≠(log n) memory to solve the problem, and propose an algorithm to solve
the uniform deployment problem with O(log n) memory per agent, O(k2n) time, and O(k3n) total
moves. Hence, the proposed algorithm is asymptotically optimal in terms of memory space per agent.
Next, we consider agents with the existence detection, that is, agents can detect whether there exists
another agent at the current node or not, but cannot count the exact number of the agents. Then,
our proposed algorithm reduces the memory requirement per agent to O(log k + log log n), but allows
O(kn2 + kn2 log n) time and O(k2n2 + kn2 log n) total moves. To our best knowledge, this is the
first research considering the trade-off about the existence detection. In Table 1, we compare our
contributions with results for agents with knowledge of k in [11].

Due to limitation of space, we omit several proofs of theorems.

2 Preliminaries

2.1 System model

A unidirectional ring network R is defined as 2-tuple R = (V, E), where V is a set of anonymous nodes
and E is a set of unidirectional links. We denote by n (= |V |) the number of nodes. Then, we define
V = {v

0

, v
1

, . . . , v
n°1

} and E = {e
0

, e
1

, . . . , e
n°1

} (e
i

= (v
i

, v
(i+1) mod n

)). For simplicity, operations to
an index of a node assume calculation under modulo n, that is, v

(i+1) mod n

is simply represented by
v
i+1

. We define the direction from v
i

to v
i+1

as the forward direction, and the direction from v
i+1

to
v
i

as the backward direction. In addition, we define the i-th (i 6= 0) forward (resp., backward) agent
a0

h

of agent a
h

as the agent such that there are i ° 1 agents between a
h

and a
h

0 in the a
h

’s forward
(resp., backward) direction.

In addition, the distance from v
i

to v
j

(0 ∑ i, j ∑ n° 1) is defined to be (j ° i) mod n.
An agent is a state machine having an initial state. Let A = {a

0

, a
1

, . . . , a
k°1

} be a set of k (∑ n)
anonymous agents. For simplicity, operations to an index of an agent assume calculation under modulo
k. Since the ring is unidirectional, agents staying at v

i

can move only to v
i+1

. We assume that agents
have knowledge of k. In addition, we assume that each agent initially has a token and can release it
on a node that it is visiting. The token on an agent or a node can be realized in one bit that denotes
existence of the token, and thus, the token cannot carry any additional information. Note that if
agents are not allowed to have tokens, they cannot mark nodes in any way and this means that the
uniform deployment problem cannot be solved. This is because if all agents move in a synchronous
manner, they cannot get any information of other agents. After a token is released at some node,
agents cannot remove the token. Note that since agents are anonymous, they cannot recognize the
owner of each token. Moreover, we assume that agents move through a link in a FIFO manner, that is,
when agent a

p

leaves v
i

after agent a
q

leaves v
i

, a
p

reaches v
i+1

after a
q

reaches v
i+1

. Note that such

2
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Table 2. Meaning of each element in configuration C = (S, T, P, Q)

Element Meaning and example

S = (s0, s1, . . . , sk°1) Set of agent states (si: the state of agent ai)
T = (t0, t1, . . . , tn°1) Set of node states (ti: the state of node vi)
P = (p0, p1, . . . , pn°1) Set of agents staying at nodes

(pi: a sequence of agents staying at node vi)
Q = (q0, q1, . . . , qn°1) Set of agents residing on links

(qi: a sequence of agents in transit from vi°1 to vi)

FIFO assumptions are natural because agents are implemented as messages in practice, and FIFO
assumptions of messages are natural and can be easily realized in distributed systems.

We consider two problem settings: agents without existence detection and agents with existence

detection. Agents without existence detection cannot detect whether there exists another agent at the
current node or not. On the other hand, agents with existence detection can detect whether there
exists at least one agent at the current node or not. However, they cannot count the exact number of
the agents. Each agent a

i

executes the following three operations in an atomic action: 1) The agent
reaches a node v (when a

i

is in transit toward v), or it starts operations at v (when a
i

is at v), 2) the
agent executes local computation, and 3) the agent leaves v if it decides to move. For the case with
existence detection, the local computation can depend on whether there exists another agent at v or
not. Note that these assumptions of atomic actions are also natural because they can be implemented
locally at a node if each node has a buffer that stores agents visiting the node and makes them execute
processes in a FIFO order. We consider an asynchronous system, that is, the time for each agent to
transit to the next node and to wait until execution of the next operation (when staying at a node) is
finite but unbounded.

A (global) configuration C is defined as a 4-tuple C = (S, T, P, Q) and the correspondence table
is given in Table 2. The first element S is a k-tuple S = (s

0

, s
1

, . . . , s
k°1

), where s
i

is the state
(including the state to denote whether it holds a token or not) of agent a

i

(0 ∑ i ∑ k° 1). The second
element T is an n-tuple T = (t

0

, t
1

, . . . , t
n°1

), where t
i

is the state (i.e., the number of tokens) of node
v
i

(0 ∑ i ∑ n° 1). The remaining elements P and Q represent the positions of agents. The element P
is an n-tuple P = (p

0

, p
1

, . . . , p
n°1

), where p
i

is a sequence of agents staying at node v
i

(0 ∑ i ∑ n°1).
The element Q is an n-tuple Q = (q

0

, q
1

, . . . , q
n°1

), where q
i

is a sequence of agents residing in the
FIFO queue corresponding to link (v

i°1

, v
i

) (0 ∑ i ∑ n ° 1). Hence, agents in q
i

are those in transit
from v

i°1

to v
i

.
We denote by C the set of all possible configurations. In initial configuration C

0

2 C, all agents
are in the initial state and placed at distinct nodes, and no node has any token. In addition, in C

0

the node where agent a stays is called the home node of a and denoted by vHOME(a). We assume that
in C

0

agent a is stored at a buffer of its home node vHOME(a). This assures that agent a starts the
algorithm at vHOME(a) before any other agent visits vHOME(a), that is, a is the first agent that takes
an action at vHOME(a).

A schedule is an infinite sequence of agents. A schedule X = Ω
0

, Ω
1

, . . . is fair if every agent appears
in X infinitely often. An infinite sequence of configurations E = C

0

, C
1

, . . . is called an execution

from C
0

if there exists a fair schedule X = Ω
0

, Ω
1

, . . . that satisfies the following conditions for each h
(h > 0):

– If Ω
h°1

2 p
i

holds for some i in a configuration C
h°1

, the states of Ω
h°1

and v
i

in C
h°1

are
changed to those in C

h

by a local computation of Ω
h°1

. If Ω
h°1

releases its token at v
i

, the value
of t

i

increases by one. After this if Ω
h°1

decides to move to v
i+1

, Ω
h°1

is removed from p
i

and is
appended to the tail of sequence q

i+1

. If Ω
h°1

decides to stay, Ω
h°1

is still in p
i

. The other elements
in C

h

are the same as those in C
h°1

.

– If Ω
h°1

is at the head of q
i

for some i in a configuration C
h°1

, Ω
h°1

moves to v
i

, that is, Ω
h°1

is
removed from q

i

. Then, the states of Ω
h°1

and v
i

in C
h°1

are changed to those in C
h

by a local
computation of Ω

h°1

. If Ω
h°1

releases its token at v
i

, the value of t
i

increases by one. After this

3
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Fig. 1. An example of the uniform deployment (n = 16, k = 4, d = 3)

if Ω
h°1

decides to move to v
i+1

, Ω
h°1

is appended to the tail of sequence q
i+1

. If Ω
h°1

decides to
stay, Ω

h°1

is inserted in p
i

. The other elements in C
h

are the same as those in C
h°1

.

2.2 The uniform deployment problem

The uniform deployment problem in a ring network requires k (∏ 2) agents to spread uniformly in
the ring, that is, the distance between any two adjacent agents should become identical like Fig. 1.
Here, we say two agents are adjacent when there exists no agent between them. However, we should
consider the case that n is not a multiple of k. In this case, we aim to distribute the agents so that
the distance d of any two adjacent agents should be bn/kc or dn/ke.

We consider the uniform deployment problem without termination detection. In this case, a sus-

pended state is defined as follows. When agent a
i

enters a suspended state, it neither changes its state
nor leaves the current node v unless the local configuration of v (i.e., existence of another agent or the
number of tokens for agents with existence detection, and the number of tokens for agents without
existence detection) changes. The uniform deployment problem without termination detection allows
all agents to stop in suspended states, which is also known as communication deadlock.

We define the uniform deployment problem without termination detection as follows.

Definition 1. An algorithm solves the uniform deployment problem without termination detection if

any execution satisfies the following conditions.

– All agents change their states to the suspended states in finite time.

– When all agents are in the suspended states, q
i

= ; holds for any q
i

2 Q and each distance d of

two adjacent agents satisfies bn/kc or dn/ke. ut

For the uniform deployment problem, we have the following lower bound of total moves.

Theorem 1. When k ∑ pn holds for some constant p (p < 1), a lower bound of the total moves

to solve the uniform deployment problem (with or without termination detection) is ≠(kn) even for

agents with existence detection.

Proof. We assume for simplicity that k ∑ n/4 holds and consider the initial configuration such that
all agents stay in a quarter part of the ring like Fig. 2. In this case, the ring is divided into four quarter
parts, and in the initial configuration, all agents are in the part a. To achieve the uniform deployment,
k/4 agents need to move to the part c, the opposite part of a, and each of them must move at least
n/4 times. Thus the total number of moves is at least (k/4)£ (n/4) = kn/16. This argument can be
easily extended to any constant p (p < 1) satisfying k ∑ pn. ut

Next, we evaluate the time complexity as the time required to achieve the uniform deployment.
Since there is no assumption on time in asynchronous systems, it is impossible to measure the exact
time. Instead we consider the ideal time complexity, which is defined as the execution time under the
following assumptions: 1) The time required for an agent to move from a node to its neighboring

4
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Fig. 2. The initial configuration to derive a lower bound ≠(kn) of the total moves

node or to wait until execution of the next action is at most one, and 2) the time required for local
computation is ignored (i.e., zero)1. Note that these assumptions are introduced only to evaluate the
time complexity, that is, algorithms are required to work correctly in asynchronous systems. In the
following, we simply use terms “time complexity” and “time” instead of “ideal time complexity”.
Then, we can show the following theorem similarly to Theorem 1.

Theorem 2. A lower bound of the time complexity to solve the uniform deployment problem (with or

without termination detection) is ≠(n). ut

3 Agents without existence detection

In this section, we consider the uniform deployment problem for agents without existence detection.
First, we show the memory space lower bound per agent for this problem, then we propose an algorithm
to solve the problem.

3.1 Memory Space Lower Bound

For agents without existence detection, the following lower bound holds.

Theorem 3. The lower bound of memory requirement per agents to solve the uniform deployment

problem for agents without existence detection is ≠(log n). ut

3.2 Proposed Algorithm

Next, we propose an algorithm to solve the uniform deployment problem with O(log n) memory space
per agent, O(k2n) time, and O(k3n) total moves. From Theorem 3, we can show that the proposed
algorithm is asymptotically optimal in terms of memory requirement per agent. For simplicity, we
assume n = ck for some positive integer c, and we can remove this assumption in Appendix A. The
algorithm consists of three phases: selection phase, verification phase, and deployment phase. In the
selection phase, agents select several nodes as candidates for base nodes, which are the reference nodes
for the uniform deployment. In the verification phase, agents check whether the selected candidate
nodes can be the base nodes. In the deployment phase, based on the base nodes, each agent determines
a target node where it should stay and moves there.

3.2.1 Selection Phase In this phase, some of home nodes are selected as candidates of the base
nodes, which are used as reference nodes for the uniform deployment. The selected base nodes should
satisfy the following condition called the base node condition: 1) There exists at least one base node, 2)
the distance between every pair of adjacent base nodes is identical, and 3) the number of home nodes
1 This definition is based on the ideal time complexity for asynchronous message-passing systems [12].

5
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Fig. 3. An example of the base node condition (n = 18, k = 9, d = 2)

between every pair of adjacent base nodes is identical. The last condition is introduced to guarantee
that the number of the selected base nodes is a divisor of k. For example, in the initial configuration
like Fig. 3, distances from vHOME(a

1

) to vHOME(a
2

), vHOME(a
2

) to vHOME(a
3

), and vHOME(a
3

) to
vHOME(a

1

) are all 6, and the number of home nodes between vHOME(a
1

) and vHOME(a
2

), vHOME(a
2

)
and vHOME(a

3

), and vHOME(a
3

) and vHOME(a
1

) are all 2. Thus, vHOME(a
1

), vHOME(a
2

), and vHOME(a
3

)
satisfy the base node condition. Agents select such base nodes with O(log n) memory space .

The selection phase consists of several sub-phases. At the beginning of the selection phase, each
agent releases its token at its home node. In the first sub-phase, each agent a

i

travels around the ring.
For explanation, we define the i-th gap of a token node as the distance to its i-th forward token node
from it. During the travel, a

i

finds the first gap of each token node and stores the minimum gap to
d

min

. It also stores the number of the token nodes with the gap of d
min

to nActivenow. In addition, a
i

counts the number of tokens it finds on the way to the nearest token node having the gap of d
min

, and
stores it to pActive. After the traversal, a

i

determines the next behavior depending on the value of
nActivenow. If nActivenow = k, distances between any adjacent two token nodes are the same, and this
means that the initial configuration is already uniform. Hence, a

i

stays at its home node vHOME(a
i

). If
nActive

now

= 1, this means that only token one node has the first gap of d
min

, and a
i

can determine its
target node based on the node. Hence, a

i

enters to the deployment phase. Otherwise, a
i

executes the
next sub-phase. The pseudocode of the first sub-phase in the selection phase is described in Algorithm
1.

In the j-th sub-phase (j ∏ 2), each agent travels several times around the ring and reduces the
value of nActivenow using the j-th gaps of the token nodes. Let V j

min be the set of nodes satisfying the
followings: 1) the first gap is dmin, and 2) the the (j ° 1)-th (resp., j-th) gap is dpre2

min

(resp., dpre1
min ).

Here, dpre2
min (resp., dpre1

min ) is the minimum (j ° 1)-th (resp., j-th) gap of token nodes in V j°1

min (resp.,
V j

min). Note that all nodes are included in V 0

min . In the j-th sub-phase, each agent measures j-th gaps
from each node in V j°1

min . At first, each agent a
i

moves until it observes pActive token nodes. Then, a
i

reaches the nearest nodes having the minimum (j° 1)-th gap in the previous sub-phase. After this, a
i

moves until it observes j tokens, and stores j-th gap to d
i

, and returns to its home node vHOME(a
i

).
Agent a

i

repeats such a behavior and memorizes the minimum j-th gap dnow
min starting from some node

in V j°1

min

and its number nActivenow.

After finishing the movement, a
i

determines the next behavior depending on the value of nActivenow.
If nActivenow = 1, a

i

can determine its target node based on the node having dnow

min . Hence, a
i

changes
to the deployment phase. Otherwise, there are several nodes having dnow

min and the nodes may be the
subset of the base nodes. Thus, a

i

changes to the verification phase. The pseudocode in the j-th
sub-phase is described in Algorithm 2.

6
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Algorithm 1 The behavior of agent a
i

in the former part of the selection phase
Behavior of Agent a

i

1: /*first sub-phase*/
2: phase = 1, t = 0, nActivenow = 1,
3: release a token at its home node vHOME(a

i

)
4: move to the next token node and get the distance d

i

between two token nodes
5: dmin = d

i

, t = t + 1, pActive = t° 1
6: while t 6= k do

7: move to the next token node and get the distance dother between two token nodes
8: t = t + 1
9: if dother = dmin then nActivenow = nActivenow + 1

10: if dother < dmin then dmin = dother, nActivenow = 1, pActive = t° 1
11: end while

12: if nActivenow = k then terminate the algorithm // the initial configuration is already uniform
13: else if nActivenow = 1 then enter to the deployment phase // only one agent has dmin

14: else phase = phase + 1, enter to the second phase in Algorithm 2

Algorithm 2 The behavior of agent a
i

in the latter part of the selection phase
Behavior of Agent a

i

1: /*j-th sub-phase (j ∏ 2)*/
2: if j = 2 then dpre1

min = dmin

3: else dpre2
min = dpre1

min , dpre1
min = dnow

min ,
4: nActivepre = nActivenow, nActivenow = 1
5: move until it observes pActive tokens // reach the nearest token node having dpre1

min
6: move until it observes j tokens and get the j-th gap d

i

7: dnow
min = d

i

8: return to its home node vHOME(a
i

)
9: for l = 2 to nActivepre do

10: if j = 2 then move to l-th node vl

min such that the first gap from vl

min is dpre1
min

11: if j > 2 then move to l-th node vl

min satisfying following three conditions:
- the first gap from vl

min is dmin

- the (j ° 1)-th gap from vl

min is dpre2
min

- the j-th gap from vl

min is dpre1
min

12: move to the next token node and get the distance dis

13: dother = dpre1
min + dis // get the distance between j token nodes

14: if dother = dnow
min then nActivenow = nActivenow + 1

15: if dother < dnow
min then dnow

min = dother, nActivenow = 1,
pActive = (the number of tokens between vHOME(a

i

) and vl

j°1

)
16: return to its home node vHOME(a

i

)
17: end for

18: if nActivenow = 1 then enter to the deployment phase
19: else enter to the verification phase

3.2.2 Verification Phase In this phase, agents check if the candidate nodes selected in the selection
phase can be the subset of the base nodes satisfying the base node condition. At first, each agent a

i

moves until it observes pActive token nodes so that a
i

reaches the nearest candidate for the base nodes.
After this, a

i

moves dnow
min times and checks if 1) there exists a token at the end of the movement, and 2)

there exist j tokens during the movement. Agent repeats such a behavior and travels once around the
ring. If a

i

satisfies the above conditions for each dnow

min

movement, This means that set of the terminal
nodes of all the dnow

min movement satisfies the base node condition. Hence, a
i

enters to the deployment
phase. Otherwise, the candidates for the base nodes selected in the previous selection phase violate

7
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Algorithm 3 The behavior of agent a
i

in the verification phase
Behavior of Agent a

i

1: /*verification phase*/
2: identical = true, nodes = 0
3: move until it observe pActivenow tokens
4: while nodes < n do

5: move dnow
min times and reach node v

x

6: nodes = nodes + dnow
min

7: if (there does not exist a token at v
x

) _ (there do not exist j tokens during dnow
min movement)

then

8: identical = false

9: end if

10: end while

11: return to its home node vHOME(a
i

)
12: if nodes 6= n then identical = false

13: if identical = false then

14: phase = phase + 1,
15: go to line 2 in Algorithm 2
16: else

17: let V
x

be the set of nodes of each dnow
min movement terminal

18: let vi

x

2 V
x

be the node existing in the forward direction of vHOME(ai)
and the closet to vHOME(a

i

)
among V

x

19: pActive = (the number of tokens from vHOME(a
i

) to vi

x

)
20: enter to the deployment phase
21: end if

Algorithm 4 The behavior of agent a
i

in the deployment phase
Behavior of Agent a

i

1: /*deployment phase*/
2: move until it observes pActive tokens // reach its base node
3: move pActive£ n/k times

the base node condition. Thus, to select new candidates, a
i

returns to the selection phase and executes
the next sub-phase. The pseudocode is described in Algorithm 3.

3.2.3 Deployment Phase In this phase, each agent determines its target node and moves there.
From the base node condition, the base nodes are first selected as the target nodes. Hence, if a

i

’s home
node vHOME(a

i

) is one of the base nodes, vHOME(a
i

) is a
i

’s target node and a
i

stays there. Otherwise,
a

i

firstly moves until it observes pActive tokens so that a
i

reaches the nearest base node. After this,
a

i

moves pActive£n/k times and reaches its target node. When all agent move to their target nodes,
the final configuration is a solution of the uniform deployment problem.

The pseudocode is described in Algorithm 4. We have the following theorem.

Theorem 4. For agents without existence detection, our proposed algorithm solves the uniform de-

ployment problem with O(log n) memory per agent, O(k2n) time, and O(k3n) total moves. ut

4 Agents with existence detection

In this section, we consider agents with existence detection, and propose an algorithm to solve the
uniform deployment problem that reduces the memory requirement per agent to O(log k + log log n),
but allows O(kn2 +n2 log n) time and O(k2n2 +kn2 log n) total moves. The algorithm consists of three
phases: selection phase, collecting phase, and deployment phase. In the selection phase, agents select
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Fig. 4. An ID of an active agent ai (p = 3)

several nodes as base nodes satisfying the base node condition similarly to Section 3.2. In the collecting
phase, agents move in the ring so that they stay near one of the base nodes. In the deployment phase,
agents determine their target nodes and move there.

4.1 Selection phase

In this phase, some of home nodes are selected as base nodes. When the selection phase is completed,
each agent stays at its home node and knows whether its home node is selected as a base node or not.
We call an agent a leader (but probably not unique) when its home node is selected as a base node,
and call it a follower otherwise. The state of an agent is active, leader or follower. Active agents are
candidates for leaders, and initially all agents are active. Once an agent becomes a leader or a follower,
it never changes its state. In the following, we say that a node v is active (resp., a follower) when v is
the home node of an active (resp., a follower) agent.

If agents have O(log n) memory, they can memorize a distance between any two token nodes.
However in this section, agents cannot do this because they have only O(log k + log log n) memory.
Agents overcome this problem by Chinese Remainder Theorem [13]. The theorem says that for two
positive integer n

1

and n
2

(n
1

, n
2

< n), if the sequence of remainders of the integer division by the
sequence of the consecutive prime numbers 2, 3, 5, . . . log2 n is the same, then n

1

= n
2

holds. Agents
use this theorem and compute distance between several token nodes.

At the beginning of the algorithm, each agent a
i

releases its token at its home node vHOME(a
i

).
The selection phase consists of at most dlog ke sub-phases. At the beginning of each sub-phase, each
agent stays at its own home node. During the sub-phase, if the agent is a follower, it stays at its home
node. If the agent is active, it travels once around the ring and determines the next behavior using
IDs. Concretely, the ID (not necessarily unique) of an active agent a

i

is given as (dp

i

, fNum

i

), where dp

i

is remainder of the distance from its home node vHOME(a
i

) to the next active node in the sub-phase,
say v

next

, by some prime number p, and fNum

i

is the number of follower nodes between vHOME(a
i

)
and v

next

. For example in Fig. 4, when agent a
i

moves from its home node v
j

to the next active node
v0
j

, it visits four nodes and observes two follower nodes. If p = 3, a
i

gets its own ID ID

i

= (1, 2).
We compare two IDs by the lexicographical order: for ID

1

= (d
1

, fNum

1

) and ID

2

= (d
2

, fNum

2

),
ID

1

< ID

2

if (d
1

< d
2

) _ ((d
1

= d
2

) ^ (fNum

1

< fNum

2

)) holds. Each active agent decides whether it
remains active or not using such IDs. Notice that in different sub-phases, the IDs of the same agent
are different since the number of active agents is reduced in every sub-phase.

In the following, we explain the implementation of the sub-phase. In the sub-phase, each active
agent a

i

travels once around the ring. While travelling, a
i

executes the followings:

1. Get its own ID ID

i

= (dp

i

, fNum

i

):
Agent a

i

gets its own ID ID

i

by moving from its home node vHOME(a
i

) to the next active node
v
next

with counting the numbers of nodes (by modulo p) and follower nodes (Fig. 4). Since all
active agents are traversing the ring and all follower agents are staying at their home nodes, a

i

can detect its arrival at the next active node when it visits a node with a token but with no agent.
Note that this statement holds even in asynchronous systems because active agents do not pass
other active agents from the FIFO property of links and the atomicity of the execution.
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Algorithm 5 The behavior of active agent a
i

in the selection phase
Behavior of Agent a

i

1: /*selection phase*/
2: phase = 1, p = 2, identical = true, min = true

3: release a token at its home node vHOME(a
i

)
4: while (phase 6= dlog ke) _ (p 6= log2 n) do

5: move to the next active node and get its own ID ID

i

= (dp

i

, fNum

i

)
6: if a

h

is at vHOME(a
i

) then change its state to a leader state // only a
i

is active
7: move to the next active node and get ID ID

next

= (dp

next

, fNum

next

) of the next active agent
8: if ID

next

6= ID

i

then identical = false

9: if ID

next

< ID

i

then min = false // there exists an agent with smaller ID
10: while a

i

is not at vHOME(a
i

) do

11: move to the next active node and get ID ID

other

= (dp

other

, fNum

other

) of the next active agent
12: if ID

other

6= ID
i

then identical =false

13: if ID

other

< ID
i

then min = false // there exists an agent with smaller ID
14: end while

15: if (identical = true) ^ (p = log2 n) then change its state to a leader state
// all active agents have the same IDs for all target prime numbers

16: if (identical = true) ^ (p 6= log2 n) then p =(next prime number)
17: if (identical = false) ^ (min = false) _ (ID

i

= ID
next

) then change its state to a follower state
18: else phase = phase + 1, p = 2, identical = true, min = true

19: end while

2. Get the ID IDnext = (dp

next, fNumnext) of its next active agent:
Similarly, with counting the numbers of nodes (by modulo p) and follower nodes, a

i

moves from
v
next

to the next active node (i.e., the node with a token but with no agent). Then, a
i

gets the ID
of a

i

0s next active agent and stores it to IDnext.

3. Compare ID

i

with those of all active agents:
During the traversal of the ring, a

i

compares ID

i

with IDs of all active agents one by one, and
checks 1) whether ID

i

is the minimum and 2) whether the IDs of all active agents are identical. To
check these, agent a

i

keeps boolean variables min (min = true means ID

i

is the minimum among
ever-found IDs) and identical (identical = true means that ever-found IDs are identical), and it
updates the variables (if necessary) every time it finds an ID of another active agent.

When a
i

completes the traversal, it determines its state for the next sub-phase. If identical = true

and p = log2 n holds, this means that all active agents have the same IDs for all target prime numbers.
In this case, a

i

(and the other active agents) becomes a leader and completes the selection phase. If
identical = true and p 6= log2 n holds, a

i

travels once around the ring and compares IDs for the next
prime number. If identical = false holds, a

i

remains active if min = true and ID

i

< ID

next

hold. The
second condition means that, when active agents with the minimum ID appear consecutively, only one
of them (or the last agent in the consecutive agents) remains active. This guarantees that the number
of active agents is at least halved in each sub-phase. If a

i

does not satisfy any of the above conditions,
it becomes a follower. By repeating such sub-phase at most dlog ke times, all the remaining active
agents have the same IDs in some phase and they are selected as leaders so that their home nodes (or
the base nodes) should satisfy the base node condition.

The pseudocode is described in Algorithm 5.

4.2 Collecting phase

In this phase, leader agents instruct follower agents so that they stay near one of the base node.
Concretely, each leader agent a

i

firstly moves to the token node v
j

where another agent is staying (i.e.,
a follower agent). Then, a

i

waits at v
j

until the follower agent leaves v
j

. After this, a
i

leaves and moves

10
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Algorithm 6 The behavior of leader or follower agent a
i

in the collecting phase (v
j

is the current
node of a

i

)
Behavior of Agent a

i

1: /*collecting phase*/
2: // the behavior of leader agents
3: if a

i

is in the leader state then

4: move to the next token node
5: while there exists another agent at v

j

do

6: wait at v
j

until there exists no another agent
7: move to the next token node
8: end while

9: enter to the deployment phase
10: end if

11:

12: // the behavior of follower agents
13: if a

i

is in the follower state then

14: wait at v
j

until there exists another agent
15: move to the token node with no agent
16: move to the next node
17: while there exists another agent at v

j

do

18: move to the next node
19: end while

20: enter to the deployment phase
21: end if

to the next token node. Agent a
i

repeats such a behavior until it reaches the next leader node, that is,
the node with no agent. On the other hand, each follower agent a

i

waits at the current node (i.e., its
home node vHOME(a

i

)) until there exists another agent at v
j

. When a
i

detects the existence of another
agent, a

i

firstly moves to the nearest leader node (the token node with no agent). After this, a
i

move
the the next node and stays there if there does not exist another agent. Otherwise, a

i

moves one more
time. Agent a

i

repeats such a behavior until it reaches a node with no agent. When all agents finish
their movement, the agents are divided to groups (possibly only one group) each of which consists of
fNum + 1 agents, and the agents in a group are deployed at consecutive nodes starting from a base
node. The pseudocode is described in Algorithm 6.

4.3 Deployment phase

In this phase, leader agents instruct follower agents which node they should stay, and achieve the
uniform deployment. The deployment phase consists of several sub-phases. In the l-th sub-phase, each
leader agent a

i

firstly moves to the node v
j

where the (fNum)-th follower agent exists. Then, a
i

waits
at v

j

until the follower agent leaves v
j

. When the follower agent leaves v
j

, a
i

returns to its home
node vHOME(a

i

). Next, a
i

moves to the node v0
j

where the (fNum° 1)-th follower agent exists. Then,
a

i

waits at v0
j

until the follower agent leaves v0
j

. When the follower agent leaves v0
j

, a
i

returns to its
home node vHOME(a

i

). Agent a
i

repeats such a behavior until it l follower agents move to the next
nodes respectively. After this, a

i

checks if the locations of agent from vHOME(a
i

) to the next leader
node are uniform or not using the Chinese Remainder Theorem. If the location is uniform, a

i

returns
to vHOME(a

i

) and enters a suspended state. Otherwise, a
i

executes the next sub-phase. We call this
procedure Check and the pseudocode is described in Algorithm 8. If a

i

executes a sub-phase such
that l = fNum and the locations are not uniform yet, a

i

sets l = 1 and executes the next sub-phase.
When all agent finish their movement, the final configuration is a solution of the uniform deployment
problem.

The pseudocode of the deployment phase is described in Algorithm 7. We have the following
theorem in Section 4.
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Algorithm 7 The behavior of leader or follower agent a
i

in the deployment phase (v
j

is the current
node of a

i

)
Behavior of Agent a

i

1: /*collecting phase*/
2: // the behavior of leader agents
3: if a

i

is in the leader state then

4: nLoop = 1
5: while true do

6: for l = fNum

i

to 1 do

7: for m = fNum

i

to l do

8: move to the m-th node with another agent
9: wait at v

j

until there does not exist another agent
10: return to its home node vHOME(a

i

)
11: end for

12: check(l,nLoop)
13: end for

14: nLoop = nLoop + 1
15: end while

16: end if

17:

18: // the behavior of follower agents
19: if a

i

is in the follower state then

20: if there exist another agent then move to the next node
21: end if

Algorithm 8 Procedure check(l: integer, nLoop: integer)
Behavior of Agent a

i

1: uniform = true,
2: for p = 2, 3, 5, . . . , log2 n do

3: d
1

= nLoop mod p, d
2

= (nLoop + 1) mod p
4: move to the l-th node with another agent with counting the number t of tokens
5: move until it observe (fNum

i

+ 1)° t tokens and
get dis = (the distance between the two token nodes) mod p

6: if (dis 6= d
1

) _ (dis 6= d
2

) then identical = false and break
7: end for

8: if uniform =true then

9: // locations of agents from vHOME(a
i

) to the next leader node is uniform
10: return to its home node vHOME(a

i

) and enter a suspended state
11: end if

Theorem 5. For agents with existence detection, our proposed algorithm solves the uniform de-

ployment problem with O(log k + log log n) memory space per agent, O(kn2 + n2 log n) time, and

O(k2n2 + kn2 log n) total moves. ut

5 Conclusion

In this paper, we proposed two memory-efficient uniform deployment problem in asynchronous unidi-
rectional ring networks. For agents without existence detection, we showed that each agent requires
≠(log n) memory, and proposed an algorithm to solve the uniform deployment problem with O(log n)
memory space per agent, O(k2n) time, and O(k3n) total moves. For agents with existence detec-
tion, we proposed an algorithm to solve the uniform deployment problem with O(log k + log log n)
memory space per agent, O(kn2 + n2 log n) time, and O(k2n2 + kn2 log n) total moves. As a future
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work, we want to analyze the memory lower bound for agents with existence detection. We conjecture
that it is ≠(log k + log log n). If the conjecture is correct, we can show that the second algorithm is
asymptotically optimal in terms of memory requirement per agent.
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Appendix

A The uniform deployment for the case of n 6= ck

To remove the restriction of n = ck imposed in Section 3.2, only the parts for determining the target
nodes and for moving to a target node should be modified. In the case that n is not a multiple of k,
the distance between some adjacent target nodes should be dn/ke or bn/kc.

The target nodes should be determined by each agent so that the decisions of different agents
should be identical. Since all the agents recognize the same nodes as the base nodes, the common
target nodes can be determined using the base node as a reference node: Let b be the number of the
base nodes, and r = n mod k. The distance of every pair of adjacent base nodes is identical even in
the case of n 6= ck, and is n/b = (bn/kc £ k + r)/b = bn/kc £ k/b + r/b (notice that k/b and r/b are
integers). This implies that we should select k/b° 1 target nodes between two adjacent base nodes so
that the first r/b intervals between adjacent target nodes should be dn/ke and others should be bn/kc.
With considering the above, each agent can determine its own target node by local computation so
that all the agents can spread over the ring to achieve the uniform deployment.
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Abstract We propose an algorithm for the gathering problem of mobile agents in Byzantine environments. The
proposed algorithm can make all correct agents to meet at a single node in O(fm) time (m is the number of edges)
under the assumption that each agent has unique ID and behaves synchronously, each node is equipped with an
authenticated whiteboard, and at most f Byzantine agents exist. Since the existing algorithm achieves gathering
without a whiteboard in Õ(n9λ) time, where n is the number of nodes and λ is the length of the longest ID, our
algorithm shows a whiteboard can significantly reduce the time for the gathering problem in Byzantine environments.
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1.  ͡ Ί ʹ

1. 1 ຊڀݚͷഎܠ

ۙɼଟͷίϯϐϡʔλ (ҎԼɼϊʔυ) Λ༻͍ͯେن
ࢄγεςϜΛߏங͠ɼӡ༻͢Δ͍ͯ͑૿͕ྫࣄΔɽ͔͠͠ͳ

͕ΒγεςϜ͕େنԽ͢ΔʹͭΕͯɼϊʔυؒͷେྔͷσʔ

λ௨৴ϊʔυͷอकɼΞοϓσʔτۀ࡞ͳͲ͕ෳࡶԽ͢Δͱ

͍͏͕ੜ͍ͯ͡Δɽͦ͜ͰϞόΠϧΤʔδΣϯτ (ҎԼɼ
ΤʔδΣϯτ) ͱݺΕΔɼωοτϫʔΫΛࣗతʹҠಈ͠ɼ
͞·͟·ͳλεΫΛ͏ߦιϑτΣΞ͕ΛूΊ͍ͯΔ [6]ɽ
ΤʔδΣϯτͦΕ͕ࣗใͷऩूɼղੳΛ͍ߦͳ͕ΒҠಈ

͢ΔͨΊɼϊʔυࣗମใަΛ͏ߦඞཁ͕ͳ͘ͳΓɼࢄ

γεςϜͷઃ͕ܭ༰қʹͳΔɽ·ͨɼෳͷΤʔδΣϯτ͕ڠ

ௐಈ͢࡞Δ͜ͱͰΑΓޮతʹࢄγεςϜΛӡ༻͢Δ͜ͱ͕

Ͱ͖ΔͨΊɼෳͷΤʔδΣϯτΛڠௐͤ͞ΔΞϧΰϦζϜͷ

։ൃ͕ΜʹߦΘΕ͍ͯΔɽ

ΤʔδΣϯτΛڠௐͤ͞ΔͨΊͷجຊతλεΫͷҰͭͱͯ͠

ू߹͕͑ߟΒΕ͍ͯΔɽू߹ͱɼॳظঢ়گʹ͓͍ͯ

ωοτϫʔΫ্ͷҙͷϊʔυʹ͍ͯ͠ࡏࢄΔΤʔδΣϯτ

Λɼ༗ؒ࣌ݶʹಉҰͷϊʔυʹू߹ͤ͞ΔͰ͋Δɽྫ͑

ΤʔδΣϯτ͕Ұͭͷϊʔυʹू߹͢Δ͜ͱͰɼΤʔδΣϯ

τؒͰใަΛ͜͏ߦͱ͕Ͱ͖Δɽ

1. 2 ؔ ࿈ ݚ ڀ

ू߹ΤʔδΣϯτΛڠௐͤ͞ΔͨΊͷجຊλεΫͱ͠

ͯɼ͜Ε·Ͱʹଟ͘ͷߦ͕ڀݚͳΘΕ͍ͯΔ [4] [7]ɽ͜ΕΒͷ
ɼू߹ͷղܾՄੑɼ·ͨɼ͍͓ͯʹڥɼ༷ʑͳڀݚ

ղܾՄͳ߹ղܾʹཁ͢Δίετʢؒ࣌ɼҠಈྔɼϝϞϦ

ྔʣΛ໌Β͔ʹ͢Δ͜ͱΛతͱ͍ͯ͠ΔɽͦͷͨΊɼΤʔ

δΣϯτͷಉੑظɼಗ໊ੑɼϊʔυ্ͷϝϞϦ (ҎԼɼന൘)ͷ
༗ແɼཚͷ༗ແɼτϙϩδͳͲͷҟͳΔ༷ʑͳڥʹ͓͍ͯɼ

ଟ͘ͷ͕ڀݚͳ͞Ε͍ͯΔɽ

— 1 —
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ϊʔυʹใΛͤͳ͍߹ɼ͢ͳΘͪɼന൘͕ଘ͠ࡏͳ͍

߹ɼಉظతʹಈ͢࡞Δ 2ΤʔδΣϯτʹର͢ΔܾఆੑΞϧΰ
ϦζϜ͕ଟ͞ڀݚΕ͍ͯΔɽΤʔδΣϯτʹݻ༗ͷ ID͕ͳ
͍߹ɼରশੑΛഁյ͢Δ͜ͱ͕ෆՄͳ͜ͱ͔Βɼू߹Λ࣮

ݙΔɽͦͷͨΊɼจ͢ࡏͰ͖ͳ͍άϥϑ͕ଘݱ [2], [3], [8], [9]Ͱ
ɼΤʔδΣϯτʹݻ༗ͷ IDΛԾఆ͠ɼҙͷάϥϑͰू߹
Λ࣮͢ݱΔΞϧΰϦζϜΛఏҊ͍ͯ͠ΔɽϊʔυΛ nɼΤʔ

δΣϯτͷ࠷খ ID ͷ͞Λ lɼ2 ΤʔδΣϯτͷىಈࠁ࣌ͷ
ࠩΛ τ ͱ͢Δͱ͖ɼDessmark Β [3] ɼҙͷάϥϑʹର͠
ͯɼnɼlɼτ ʹؔ͢Δଟ߲ࣜؒ࣌Ͱू߹Λ࣮͢ݱΔΞϧΰϦζ

ϜΛఏҊ͍ͯ͠ΔɽKowalskiͱMalinowski [8]ͱ Ta-Shmaͱ
Zwick [2]ɼू߹ʹཁ͢Δؒ࣌Λվળ͠ɼτ ʹґଘ͠ͳ͍ؒ࣌

Ͱू߹Λ࣮͢ݱΔΞϧΰϦζϜΛఏҊ͍ͯ͠Δɽ·ͨɼMiller
ͱ Pelc [9]ɼू߹·Ͱʹཁ͢ΔҠಈͱؒ࣌ʹ͍ͭͯɼͦͷ
τϨʔυΦϑΛղੳ͍ͯ͠ΔɽҰํɼจݙ [10]ʙ[12]ɼΤʔ
δΣϯτʹݻ༗ͷ ID͕ଘ͠ࡏͳ͍߹ʹ͍͍ͭͯͯ͠ڀݚΔɽ
͜ͷ߹ɼάϥϑΤʔδΣϯτͷॳظஔʹΑͬͯू߹͕

ෆՄͰ͋ΔͨΊɼू߹Մͳάϥϑɼॳظஔʹݶఆͯ͠Ξ

ϧΰϦζϜΛఏҊ͍ͯ͠Δɽจݙ [10], [11] ʹରͯ͠ɼจ
ݙ [12]ҙͷάϥϑʹରͯ͠ɼগͳ͍ϝϞϦͰू߹Λ࣮͢ݱ
ΔΞϧΰϦζϜΛఏҊ͍ͯ͠Δɽ

ϊʔυʹന൘͕ଘ͢ࡏΔ߹ɼू߹ʹཁ͢Δؒ࣌Λେ͖͘

༗ͷݻͰ͖Δ͜ͱ͕ΒΕ͍ͯΔɽྫ͑ɼΤʔδΣϯτ͕ݮ

IDΛͭ࣋߹ɼ։࢝ϊʔυͷന൘ʹ IDΛॻ͖ࠐΈɼന൘Λ༻
͍ͯωοτϫʔΫΛҰप͢Δʢྫ͑ɼจݙ [14]ͳͲʣ͜ͱͰɼ
શͯͷΤʔδΣϯτ͕શͯͷ IDΛΔ͜ͱ͕Ͱ͖Δɽͦͷͨ
Ίɼ࠷খ IDͷΤʔδΣϯτͷ։࢝ϊʔυʹू·Δ͜ͱͰɼू
߹Λ࣮ݱͰ͖ΔɽҰํɼΤʔδΣϯτ͕ݻ༗ͷ IDΛͨ࣋ͳ͍
߹ɼന൘Λ༻͍ͯɼ͔ͭɼཚΛ༻͍ͨͱͯࣗ͠໌Ͱ

ͳ͍ɽจݙ [15]Ͱɼന൘͕ଘ͢ࡏΔϦϯάωοτϫʔΫʹ͓
͍ͯɼऴྃݕͷ༗ແͱཚू߹ΞϧΰϦζϜͷ࣮ݱՄੑͷ

͞Ε͍ͯΔɽ͍ٞͯͭʹؔ

·ͨɼΤʔδΣϯτωοτϫʔΫΛҠಈ͠ͳ͕Βಈ࡞Λߦ

͏ͨΊɼΫϥοΩϯά͞ΕΔՄੑ͕͋ΔɽΫϥοΩϯά͞Εɼ

ຊདྷͱҟͳΔಈ࡞Λ͢ΔΤʔδΣϯτΛϏβϯνϯΤʔδΣ

ϯτͱݺͿɽϏβϯνϯΤʔδΣϯτΛूྀͨ͠ߟ߹ΞϧΰϦ

ζϜɼจݙ [1], [13]Ͱ͞ڀݚΕ͍ͯΔɽ͜ΕΒͷจݙͰɼݻ
༗ͷ IDΛͪ࣋ɼಉظతʹಈ͢࡞ΔΤʔδΣϯτΛ͑ߟɼϊʔυ
ʹന൘͕ଘ͠ࡏͳ͍ͱ͍ͯ͠Δɽ·ͨɼϏβϯνϯΤʔδΣ

ϯτΛɼऑϏβϯνϯΤʔδΣϯτͱڧϏβϯνϯΤʔδΣϯ

τʹ͚ͯఆ͍ٛͯ͠ΔɽऑϏβϯνϯΤʔδΣϯτɼࣗ

ͷ IDΛِΔ͜ͱ͕Ͱ͖ͳ͍͕ɼͦͷଞͷҙͷಈ࡞Λߦͳ͏
͜ͱ͕Ͱ͖ΔɽڧϏβϯνϯΤʔδΣϯτɼࣗͷ IDΛِ
Δ͜ͱؚΊͯɼҙͷಈ࡞Λߦͳ͏͜ͱ͕Ͱ͖Δɽจݙ [1]
ͰɼऑϏβϯνϯΤʔδΣϯτ·ͨڧϏβϯνϯΤʔδΣ

ϯτΛԾఆ͠ɼΤʔδΣϯτ͕ϊʔυ nΛطͷ߹ͱະ

ͷ߹ʹ͍ͭͯɼू߹Λ࣮͢ݱΔΞϧΰϦζϜΛఏҊ͍ͯ͠Δɽ

ऑϏβϯνϯΤʔδΣϯτͰϊʔυ n͕طͷ߹ʹ͍ͭͯ

ɼਖ਼ৗͳ 2ΤʔδΣϯτΛ P (n, l)ؒ࣌ʢl 2ΤʔδΣϯτ
ͷ࠷খ IDͷ͞ʣͰू߹ͤ͞ΔΞϧΰϦζϜ͕ଘ͢ࡏΔͱ͖ɼ

4n4 · P (n, λ)ؒ࣌ʢλશΤʔδΣϯτͷ࠷ IDͷ͞ʣͰશ
ͯͷਖ਼ৗΤʔδΣϯτΛू߹ͤ͞ΒΕΔ͜ͱΛ͍ࣔͯ͠Δɽจ

ݙ [2] ͷΞϧΰϦζϜΛ༻͍ΔͱɼP (n, l) = Õ(n5l) Ͱ͋Δ͜
ͱ͔ΒɼÕ(n9λ)ؒ࣌Ͱू߹Λ࣮ݱͰ͖ΔɽऑϏβϯνϯΤʔ
δΣϯτͰϊʔυ n͕ະͷ߹ɼਖ਼ৗΤʔδΣϯτ͕গ

ͳ͘ͱ f + ඞཁͰ͋Γɼ·ͨɼਖ਼ৗΤʔδΣϯτ͕ݸ2 f + 2
Ͱ͖Δ͜ͱ͕ࣔ͞Ε͍ͯݱͰू߹Λ࣮ؒ࣌Εଟ߲ࣜ͢ࡏଘݸ

Δɽͭ·ΓɼऑϏβϯνϯΤʔδΣϯτʹؔͯ͠ɼू߹ͷ࣮

ඞཁͳਖ਼ৗΤʔδΣϯτͷʹ͍ͭͯɼλΠτͳ݁Ռ͕ࣔʹݱ

͞Ε͍ͯΔɽҰํͰɼڧϏβϯνϯΤʔδΣϯτʹ͍ͭͯɼ

ϊʔυ n͕طͷ߹ɼະͷ߹ͷͦΕͧΕʹ͍ͭͯɼू

߹Λ࣮͢ݱΔʢଟ߲ࣜؒ࣌Ͱͳ͍ʣΞϧΰϦζϜ͕ఏҊ͞Εͯ

͍Δɽ͔͠͠ɼू߹ͷ࣮ݱʹඞཁͳਖ਼ৗΤʔδΣϯτͷʹͭ

͍ͯλΠτͳ݁Ռࣔ͞Ε͍ͯͳ͍ɽจݙ [2]ͰɼڧϏβϯν
ϯΤʔδΣϯτʹ͍ͭͯɼू߹ͷ࣮ݱʹඞཁͳਖ਼ৗΤʔδΣ

ϯτͷʹ͍ͭͯɼλΠτͳ݁Ռ͕ࣔ͞Ε͍ͯΔɽ

1. 3 ຊڀݚͷՌ

ຊใࠂͰɼ֤ϊʔυ্ʹന൘͕ଘ͢ࡏΔͱԾఆ͠ɼू߹ͷ

ΔϝϞϦ͢ࡏɽ͜͜Ͱന൘ͱɼϊʔυ্ʹଘ͢ࢦԽΛߴ

ͷ͜ͱͰ͋Γɼ֤ΤʔδΣϯτ͜ͷྖҬʹใΛ͜͢ͱ͕

Ͱ͖Δɽ͔͠͠ɼϏβϯνϯΤʔδΣϯτ͕ന൘্ͷશͯͷ

ใΛফ͢͜ͱ͕Ͱ͖Δ߹ɼਖ਼ৗΤʔδΣϯτന൘ͷใΛ

Ͱ͖ͳ͍ɽͦ͜Ͱɼظর͢Δ͜ͱ͕Ͱ͖ͣɼന൘ͷޮՌΛࢀ

ຊڀݚͰγεςϜʹೝূػ͕ଘ͢ࡏΔͱԾఆ͠ɼന൘্ʹ

֤ΤʔδΣϯτઐ༻ͷྖҬΛઃ͚Δɽ͢ͳΘͪɼ֤ྖҬʹใ

Λॻ͖ࠐΊΔΤʔδΣϯτಛఆͷҰݸͷΈͱ͢ΔɽҰํɼಡ

ΈࠐΈʹؔͯ͠ɼന൘্ͷશใΛશΤʔδΣϯτ͕ಡΈࠐ

ΊΔͱ͢Δɽ·ͨɼೝূػΛ༻͍ͯɼ֤ΤʔδΣϯτ͕ੜ

ͨ͠ใʹॺ໊Λ༩͑Δ͜ͱͰ͖Δͱ͢Δɽ

ന൘ͷଘࡏΛԾఆ͠ɼ͔ͭɼϏβϯνϯΤʔδΣϯτΛྀߟ

ͨ͠ू߹ΞϧΰϦζϜ͜Ε·Ͱʹ͞ڀݚΕ͍ͯͳ͍ɽ͔͠͠ɼ

ຊڀݚͰԾఆ͢Δೝূػ͖ന൘Λ༻͍Δ͜ͱͰɼ2ΤʔδΣ
ϯτͷू߹ʹཁ͢Δؒ࣌ΛݮͰ͖ΔͨΊɼจݙ [1]ͷΞϧΰϦ
ζϜΛΑΓ͍ؒ࣌Ͱ࣮ߦͰ͖Δɽ͢ͳΘͪɼೝূػ͖ന

൘Λ༻͍Δ͜ͱͰɼ֤ΤʔδΣϯτɼDFS(ޙड़͢ΔΞϧΰϦ
ζϜ)ʹΑΔO(m)ؒ࣌ͷ८ճͷ͋ͱɼҰपO(n)ؒ࣌Ͱશϊʔ
υΛ८ճͰ͖Δ [14]ɽ͜Εʹ DeessmarkΒ [3]ͷΞϧΰϦζϜ
Λద༻͢Δ͜ͱͰɼ2 ΤʔδΣϯτͷू߹Λ P (n, l) = O(nl)
ʑߴͰ͖ΔɽΑͬͯɼऑϏβϯνϯΤʔδΣϯτ͕ݱͰ࣮ؒ࣌

f Ͱ͖ΔɽݱͰू߹Λ࣮ؒ࣌Δ߹ɼO(n5λ)͢ࡏଘݸ
ຊߘͰɼΑΓؒ࣌Ͱू߹Λ࣮͢ݱΔͨΊʹɼ৽ͨͳΞϧ

ΰϦζϜΛఏҊ͢ΔɽఏҊΞϧΰϦζϜɼಉظωοτϫʔΫ

ʹ͓͍ͯɼΤʔδΣϯτ k͕ະɼϊʔυ n͕ະɼΤʔ

δΣϯτʹݻ༗ͳ ID͕͋ΓɼऑϏβϯνϯΤʔδΣϯτ͕ߴʑ
f Ͱɼന൘Λ༻͍Δ͜ͱͰڥΔ͢ࡏଘݸ O(fm)ؒ࣌Ͱू߹
ΛͰ͖Δɽ͢ͳΘͪɼจݙ [1]ͷΞϧΰϦζϜʹೝূػ͖ന
൘Λ༻͍ͨ߹ΑΓू߹ʹཁ͢Δؒ࣌Λେ͖͘ݮͰ͖Δɽ
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ਤ 1 ࢄγεςϜ

2. ॾ ఆ ٛ

2. 1 ࢄγεςϜ

ࢄγεςϜɼϊʔυू߹Λ Vɼลू߹Λ E ͱͯ͠ɼά

ϥϑ G = (V, E)Ͱද͞ΕΔ (ਤ 1)ɽωοτϫʔΫͷϊʔυ
Λ n = |V | ͱ͢Δɽϊʔυ u, v ∈ V ؒʹล (u, v) ∈ E ͕ଘ

Δͱ͖ɼu͢ࡏ ͱ v ྡ͍ͯ͠ΔͱݺͿɽϊʔυ v ͷྡ

ϊʔυͷू߹Λ Nv = {u|(u, v) ∈ E} Ͱද͢ɽϊʔυ v ͷ࣍

Λ d(v) = |Nv|Ͱද͢ɽ֤ϊʔυ v ʹଓ͢ΔϦϯΫؔ

λv : {(v, u) : u ∈ Nv} → {1, 2, · · · , d(v)}ʹΑͬͯہॴతʹҰ
ҙʹϥϕϧ͚͞Ε͓ͯΓɼล (v, u)ͱ (v, w)(u ̸= w)ʹ͍ͭ
ͯɼλv(v, u) ̸= λv(v, w)͕Γཱͭɽλv(v, u)Λϊʔυ v ʹ͓

͚Δล (v, u)ͷϙʔτ൪߸ͱݺͿɽ
ຊߘͰɼϊʔυʹ ID͕ͳ͍γεςϜΛ͑ߟΔɽ֤ϊʔυ

v ∈ V ʹޙड़͢ΔΤʔδΣϯτ͕ใΛͤΔന൘͕ଘ͢ࡏ

Δɽന൘্ʹ֤ΤʔδΣϯτ͕ॻ͖ࠐΈՄͳྖҬׂ͕Γ

ͯΒΕ͓ͯΓɼΤʔδΣϯτͦͷྖҬʹରͯ͠ͷΈใΛॻ

Ή͜ͱ͕Ͱ͖ΔɽҰํɼ֤ΤʔδΣϯτଞΤʔδΣϯτࠐ͖

ͷྖҬؚΊͯന൘্ͷશͯͷใΛࢀর͢Δ͜ͱ͕Ͱ͖Δɽ

2. 2 ϞόΠϧΤʔδΣϯτ

ࢄγεςϜதʹෳͷΤʔδΣϯτ͕ଘ͠ࡏɼΤʔδΣϯ

τͷू߹Λ A = {a1, a2, · · · , ak}ͱ͢Δɽ͜͜Ͱ k ΤʔδΣ

ϯτͰ͋Δɽ֤ΤʔδΣϯτݻ༗ͷ IDΛͪ࣋ɼͦͷ͞
 O(log k)ϏοτͰ͋ΔɽΤʔδΣϯτ ai ͷ IDΛ IDi ͱද

͢ɽ·ͨɼ֤ΤʔδΣϯτϊʔυ nɼٴͼΤʔδΣϯτ

k ΛΒͳ͍ͷͱ͢Δɽ

֤ΤʔδΣϯτঢ়ଶػց (S, δ)ͱͯ͠ϞσϧԽ͞ΕΔɽS

ΤʔδΣϯτͷঢ়ଶू߹Λද͠ɼ֤ΤʔδΣϯτͷঢ়ଶ

ΤʔδΣϯτϝϞϦͷมͷʹΑܾͬͯఆ͞ΕΔɽঢ়ଶભ

Ҡؔ δ ɼΤʔδΣϯτͷঢ়ଶɼ๚தͷϊʔυͷന൘ͷ

༰ɼ๚࣌ʹ௨ͬͨϙʔτ൪߸͔ΒɼΤʔδΣϯτͷ࣍ঢ়ଶɼ

ϊʔυͷ࣍ঢ়ଶɼϊʔυʹ͢ࡏΔ͔Ҡಈ͢Δ͔ɼҠಈ͢Δ

߹Ҡಈઌͷϙʔτ൪߸Λܾఆ͢ΔؔͰ͋Δɽ

ຊߘͰΤʔδΣϯτಉظతʹಈ͢࡞Δɽ͢ͳΘͪɼΤʔ

δΣϯτ͕ྡ͢ΔϊʔυʹҠಈ͢Δࡍʹཁ͢Δؒ࣌ɼશͯ

ͷਖ਼ৗΤʔδΣϯτͰಉҰͰ͋Δɽॳظঢ়گͰશͯͷΤʔ

δΣϯτҙͷϊʔυ্Ͱػঢ়ଶͱͯ͠ଘ͢ࡏΔɽ֤Τʔ

δΣϯτҙͷλΠϛϯάͰىಈঢ়ଶҠ͠ߦɼΞϧΰϦζ

ϜΛ࣮͢ߦΔ͜ͱ͕Ͱ͖Δɽىಈঢ়ଶͷΤʔδΣϯτ ai͕ϊʔ

υ v Ͱػঢ়ଶͷΤʔδΣϯτ aj ʹૺ۰ͨ͠߹ɼai  v Ͱ

ͷಈ࡞Λ͏ߦલʹ aj Λىಈঢ়ଶʹҠͤ͞ߦΔ͜ͱ͕Ͱ͖Δɽ

2. 3 ॺ ໊

֤ΤʔδΣϯτॺ໊ؔΛอ͓ͯ࣋͠Γɼࣗ ͷ IDΛ༻͍
ͯʹॺ໊ΛՃͰ͖Δɽҙͷ xʹରͯ͠ΤʔδΣϯτ ai

ͷॺ໊ؔͰ͋Δ Signi(x)ʹΑͬͯग़ྗ͞ΕΔΛ ⟨x⟩ : IDi

ͱද͢ɽ x ʹରͯ͠ΤʔδΣϯτ ai  Signi(x) ͷΈ࣮ߦ
͢Δ͜ͱ͕Ͱ͖ɼSignj(x) (i ̸= j)Λ࣮ߦͰ͖ͳ͍ɽ͕ͨͬ͠
ͯΤʔδΣϯτ ai ͕ Signi(x) ͨ͠࡞ͯʹ ⟨x⟩ : IDi ɼ

ΤʔδΣϯτ ai ͨ͠Ͱ͋Δͱอূ͢Δ͜ͱ͕Ͱ͖Δɽ࡞͕

·ͨɼΤʔδΣϯτॺ໊͞Εͨʹ͞Βʹॺ໊Λ͜͏ߦͱ

͕Ͱ͖Δɽطʹॺ໊ͷߦΘΕ͍ͯΔ x = ⟨value⟩ : id1 : id2 :
· · · : idj ʹΤʔδΣϯτ ai ͕৽ͨʹॺ໊Λͨͬߦͱ͖ɼͦͷग़

ྗΛ ⟨value⟩ : id1 : id2 : · · · : idj : IDi ͱද͢ɽ

2. 4 ϏβϯνϯΤʔδΣϯτ

ϏβϯνϯΤʔδΣϯτɼଞΤʔδΣϯτͱಉͣͤظʹɼ

ҙͷಈ࡞Λ͜͏ߦͱ͕Ͱ͖Δɽͨͩ͠ɼࣗͷ IDΛม͢ߋ
Δ͜ͱͰ͖ͳ͍ɽ·ͨɼΤʔδΣϯτ ai ͕ϏβϯνϯΤʔ

δΣϯτͰ͋ͬͯ xʹର͢Δ Signj(x) (i ̸= j)Λ࣮͢ߦΔ
͜ͱ͕ग़དྷͣɼ⟨x⟩ : IDj (i ̸= j)Λ࡞͢Δ͜ͱͰ͖ͳ͍ɽ
ωοτϫʔΫʹଘ͢ࡏΔϏβϯνϯΤʔδΣϯτͷݸͷ্ݶ

Λ f Ͱද͢ɽ

2. 5 ू ߹  

ϞόΠϧΤʔδΣϯτू߹ͱɼશͯͷਖ਼ৗΤʔδΣϯ

τ͕Ұͭͷϊʔυʹू߹͠ɼऴྃએݴΛ͏ߦͰ͋Δɽॳظ

ঢ়گͰΤʔδΣϯτωοτϫʔΫ্ͷҙͷϊʔυʹࡏࢄ

͓ͯ͠ΓɼҰͭͷϊʔυʹෳͷΤʔδΣϯτ͕ଘ͢ࡏΔ͜ͱ

͋ΔɽऴྃએݴΛͨͬߦΤʔδΣϯτɼͦͷޙಈ͢࡞Δ͜

ͱͳ͍ɽ

ΞϧΰϦζϜͷੑΛࣔͨ͢Ίɼॳظঢ়͔گΒશͯͷਖ਼ৗ

ΤʔδΣϯτ͕ऴྃΛએ͢ݴΔ·Ͱʹཁ͢Δؒ࣌ΛධՁ͢Δɽ

ຊߘͰΤʔδΣϯτ͕ϊʔυؒΛҠಈ͢Δͱ͖ʹཁ͢Δؒ࣌

Λ 1୯Ґؒ࣌ͱ͠ɼͦͷଞͷ෦ࢉܭʹཁ͢Δؒ࣌ແ͢ࢹΔɽ

3. ΞϧΰϦζϜ

ຊΞϧΰϦζϜಉظωοτϫʔΫ্ͰϏβϯνϯΤʔδΣ

ϯτͷಈ࡞ʹ͔͔ΘΒͣɼશͯͷਖ਼ৗΤʔδΣϯτͷू߹Λ࣮

ΔɽΞϧΰϦζϜͷํͱͯ͠ҎԼͷ௨ΓͰ͋Δɽ͢ݱ

ϏβϯνϯΤʔδΣϯτ͕ͳ͍߹ɼ֤ΤʔδΣϯτ ai 

ΞϧΰϦζϜ࣮ߦ։࣌࢝ʹɼϊʔυ v ͔ΒΞϧΰϦζϜΛ։࢝

ͨ͜͠ͱΛද͢ใ (ҎԼɼελʔτใ)Λ vͷന൘ʹه

ड़͠ɼωοτϫʔΫΛਂ͞༏ઌ୳ࡧ (ҎԼɼDFS)Λ͍ߦͳ͕Β
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Ұप͢ΔɽωοτϫʔΫΛҰप͢ΔࡍɼΤʔδΣϯτ ai ଞ

ΤʔδΣϯτ͕ͨ͠ελʔτใΛऩू͢ΔɽҰपޙɼ

খ࠷ IDͷΤʔδΣϯτ͕ελʔτใΛͨ͠ϊʔυΛ
ू߹ॴͱͯ͠ఆΊɼͦͷϊʔυҠಈ͠ऴྃએݴΛ͏ߦɽ

͔͠͠ɼϏβϯνϯΤʔδΣϯτ͕ଘ͢ࡏΔ߹ɼϏβϯν

ϯΤʔδΣϯτ ab Ұ෦ͷΤʔδΣϯτʹͷΈ ab ͷελʔτ

ใ͕͑ݟΔΑ͏ʹɼॻ͖ࠐΈɾআΛ͜͏ߦͱ͕Ͱ͖Δɽ

ϏβϯνϯΤʔδΣϯτ ab ͷ IDb খ࠷͕ IDͰ͋ΓɼҰ෦ͷ
ΤʔδΣϯτʹͷΈ ab ͷελʔτใ͕͑ݟΔ߹ɼͦ

ΕΒͷΤʔδΣϯτ͚͕ͩҟͳΔϊʔυΛू߹ॴͱͯ͠ࢉग़

ͯ͠͠·͏ɽͦ͜ͰຊΞϧΰϦζϜͰίϯηϯαεΞϧΰϦ

ζϜΛԠ༻͠ɼશͯͷਖ਼ৗΤʔδΣϯτؒͰಉҰͷελʔτ

ใΛڞ༗͠ɼಉҰͷू߹ॴΛબ͢Δ͜ͱΛ͢ࢦɽ

ఏҊΞϧΰϦζϜͰάϥϑ୳ࡧΞϧΰϦζϜͰ͋Δ DFS
ͱɼϝοηʔδύογϯάγεςϜʹ͓͍ͯఏҊ͞Εͨίϯη

ϯαεΞϧΰϦζϜΛԠ༻ͯ͠༻͍Δɽ·ͣɼDFSٴͼίϯη
ϯαεΞϧΰϦζϜͷΤʔδΣϯτڥͷԠ༻Λઆ໌͢Δɽ

3. 1 DFS
DFS(Depth First Search) ͱਂ͞༏ઌ୳ࡧͷ͜ͱͰ͋Γɼ

֤ϊʔυʹϙʔτ൪߸ׂ͕ΓͯΒΕ͍ͯΔάϥϑதΛ୳͢ࡧ

Δάϥϑཧͷख๏Ͱ͋Δɽ͜ͷख๏ɼࢄγεςϜͰΤʔ

δΣϯτ͕શͯͷϊʔυΛ๚ΕΔख๏ͱͯ͠Ԡ༻Ͱ͖ΔɽΤʔ

δΣϯτɼ৽͍͠ϊʔυʹ๚ΕΔͱҹΛ͠ࢪɼϙʔτ൪߸ͷ

খ͍͞ล͔Βॱʹ୳͢ࡧΔɽطʹҹ͕͞ࢪΕ͍ͯΔϊʔυʹ๚

ΕΔͱɼલͷϊʔυʹΔɽάϥϑதͷશͯͷลΛ 2 ճ๚Ε
ΔͨΊɼͲͷϊʔυ͔Β DFSΛ࢝Ίͨͱͯ͠ඞཁͳҠಈճ
͍͠ɽͦͷͨΊɼৄࡉޙड़͢Δ͕ɼ֤ΤʔδΣϯτ͕

֤ʑͷࠩؒ࣌Ͱɼҙͷϊʔυ͔Β DFSΛ։ͨ࢝͠ͱͯ͠ɼ
DFSΛऴྃ͢Δ·Ͱ֤ʑͷࠩؒ࣌Ҿ͖͕ܧΕΔɽ͢ͳΘͪɼ
DFSΛ࿈ଓ͍ͯ͠ߦɼάϥϑதΛपճ͢Δ͜ͱͰɼ֤ΤʔδΣ
ϯτ͕ҙͷλΠϛϯάͰΞϧΰϦζϜΛ։ͨ࢝͠ͱͯ͠प

ճ୯ҐͰಉ͍ͯ͠ظΔঢ়ଶΛ࡞Δ͜ͱ͕Ͱ͖Δɽ

3. 2 ίϯηϯαεΞϧΰϦζϜ

ίϯηϯαεΞϧΰϦζϜͱɼෳͷϓϩηεؒͰ߹ҙ

Λࢉग़͢ΔΞϧΰϦζϜͰ͋Δɽจݙ [5]ಉظతʹಈ͢࡞Δ
k ϓϩηε͕શωοτϫʔΫΛߏ͍ͯ͠Δ߹ʹରͯ͠ɼ

ϏβϯνϯނোʹੑΛͭ࣋ίϯηϯαεΞϧΰϦζϜΛఏҊ

͍ͯ͠Δɽจݙ [5]ͷΞϧΰϦζϜͰɼߴʑ f ͷϓϩηεݸ

͕ϏβϯνϯނোΛͯ͜͠ىɼશͯͷਖ਼ৗͳϓϩηε͕ಉ͡

ʹ߹ҙͰ͖ΔɽΑΓৄࡉʹɼશͯͷਖ਼ৗͳϓϩηεͷఏҊ

ͨ͠ͷू߹Λ Xc ͱ͢Δͱɼਖ਼ৗͳϓϩηεશ͕ͯಉ͡ू߹

X⊃=XcΛͭ࣋͜ͱ͕Ͱ͖ɼ͜ ΕʹΑΓಉ͡ (ྫ͑ɼmin(X)
ͳͲ)ʹ߹ҙͰ͖Δɽ͜ͷΞϧΰϦζϜͰ߹ҙʹཁ͢Δಉظϥ
ϯυ f + 1Ͱ͋Δɽ
ຊΞϧΰϦζϜͰɼ֤ϊʔυ্ʹԾϓϩηε͕ଘ͢ࡏΔ

ͱ͠ɼͦΕΒͷϓϩηεΛΤʔδΣϯτ͕ϊʔυʹ๚Εͨࡍʹ

γϛϡϨʔτ͢Δ͜ͱͰɼίϯηϯαεΞϧΰϦζϜΛ࣮͢ݱ

ΔɽԾϓϩηεͷΠϝʔδΛਤ 2ʹࣔ͢ɽ֤ϊʔυ vʹ֤

!"!

!#!

!$!!%&

!'!

()*%!

"#$+!

,%%&'(&
)*+,#-!

."#$/!

."#$/!

ਤ 2 Ծϓϩηε

ΤʔδΣϯτ ai ʹରԠ͢ΔԾϓϩηε pi ͕ଘ͢ࡏΔͱ͠ɼk

ͷϓϩηεݸ p1, p2, · · · , pk ͍ͯ͠ߏશωοτϫʔΫΛ͕

Δͱ͢ΔɽΤʔδΣϯτ ai ͕ϊʔυ v ʹ๚ΕͨࡍɼԾϓϩ

ηε pi ͷಈ࡞ΛγϛϡϨʔτ͠ɼίϯηϯαεΞϧΰϦζϜΛ

Δɽ͢ݱ࣮

֤ϊʔυʹ͓͚ΔίϯηϯαεΞϧΰϦζϜͰɼೖྗΛ֤

ΤʔδΣϯτ͕ͦͷϊʔυ͔Βू߹ΞϧΰϦζϜΛ։͔ͨ࢝͠

Ͳ͏͔ɼग़ྗΛͦͷϊʔυͰΞϧΰϦζϜΛ։ͨ࢝͠ΤʔδΣ

ϯτͷू߹ͱ͢ΔɽίϯηϯαεΞϧΰϦζϜΛղͨ͘Ίɼϓ

ϩηεΛ f + 1ϥϯυγϛϡϨʔτ͢Δඞཁ͕͋ΔɽఏҊ
ΞϧΰϦζϜͰɼDFSΛ f + 1ճ܁Γฦ͠ɼ֤ΤʔδΣϯτ
͕֤ϊʔυΛ f + 1ճ๚ΕΔ͜ͱΛ࣮͢ݱΔɽ

3. 3 ఏҊΞϧΰϦζϜͷ֓ཁ

ఏҊΞϧΰϦζϜͰɼ֤ϊʔυ͝ͱʹɼελʔτใ

Λೖྗͱͯ͠ 3.2ͷίϯηϯαεΞϧΰϦζϜΛ͏ߦɽ͜Ε
ʹΑΓ֤ϊʔυ v ͝ͱʹਖ਼ৗΤʔδΣϯτ͕ಉ͡ελʔτ

ใͷू߹ Xv ΛಘΔ͜ͱ͕Ͱ͖ɼXall =
⋃

v∈V
Xv ΛಘΔ͜

ͱ͕Ͱ͖Δɽ͞Βʹ Xall ͔ΒϏβϯνϯΤʔδΣϯτ͕ෳ

ϊʔυʹೖྗΛ༩͍͑ͯΔ͜ͱΛྀͯ͠ߟɼॏෳͷ͍ͯ͠ͳ

͍ɼ࠷খ IDͷΤʔδΣϯτͷελʔτΛू߹ॴͱͯ͠
બ͢Δ͜ͱͰɼू߹͕ՄͱͳΔɽ

͔͠͠ίϯηϯαεΞϧΰϦζϜͰ߹ҙΛऔΔϓϩηεಉ

Δ͕ɼai͍ͯ͠ظΔඞཁ͕͋ΔɽΤʔδΣϯτಉ͍ͯ͠ظ ͕

ϊʔυ v Λ๚ΕΔλΠϛϯάɼͭ·ΓԾϓϩηε pi ͕ಈ࡞

͢ΔλΠϛϯάɼಉ͍ͯ͠ظͳ͍ɽͦͷͨΊఏҊΞϧΰϦζ

ϜͰɼ֤Ծϓϩηε͕ίϯηϯαεΞϧΰϦζϜΛ࣮ߦͰ

͖ΔΑ͏ʹಉظಈ࡞ͷ࣮ݱ͏ߦɽ

3. 4 ΞϧΰϦζϜ

i ) mainؔ
ຊΞϧΰϦζϜͷϝΠϯؔmain()ΛAlgorithm 1ʹࣔ͢ɽ
֤ΤʔδΣϯτॳظঢ়گͰҙͷϊʔυ v(∈ V )ʹଘ͢ࡏΔɽ
v.wb[IDi]ΤʔδΣϯτ ai ͕ॻ͖ࠐΊΔ v্ͷന൘ͷྖҬͰ

͋Δɽॳظঢ়گͰ֤ΤʔδΣϯτػঢ়ଶͰ͋Γɼҙͷ

λΠϛϯάͰ࣮ߦঢ়ଶʹҠ͢ߦΔɽ࣮ߦঢ়ଶʹҠͬͨΤʔδΣ

ϯτ ai ɼconsensusؔΛҰ࣮͠ߦɼ͕ࣗଘ͢ࡏΔϊʔ
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Algorithm 1 main( )
1: —ϊʔυ v ͷന൘ͷม—
2: var v.wb[IDi].T
3: var v.wb[IDi].W
4: var v.wb[IDi].round

5: var v.wb[IDi].from_port

6: var v.wb[IDi].explored_port

7: var v.wb[IDi].node_num

8: —ΤʔδΣϯτ ai ͷม—
9: var ai.node_num = 0 //ϊʔυͷΧϯτ

10: var ai.all_edge_num = 0 //ลͷͷΧϯτ
11: var ai.r = 0 //ϥϯυͷΧϯτ
12: var ai.W = ∅ //ू߹ީิΛ֨ೲ
13: ——————————–
14: consensus()
15: for ai.r = 1 to f + 1 do
16: ai.node_num = 1
17: ai.all_edge_num = 0
18: DF S(null)
19: wait ai.all_edge_num× 2
20: end for
21: ai.W ͷ͏ͪɼcandidate ͕ॏෳ͍ͯ͠ΔͷશͯΛআ

22: ai.W ͷ͏ͪɼcandidate খͷϊʔυҠಈ࠷͕

23: ऴྃΛએݴ

υ v ͷന൘ʹελʔτใΛهड़͢Δ ɽελʔ(ߦ14)
τใͷৄࡉޙड़͢ΔɽͦͷޙɼίϯηϯαεΞϧΰϦ

ζϜΛ࣮͠ߦɼελʔτใΛڞ༗͢ΔɽίϯηϯαεΞ

ϧΰϦζϜɼ15 ͔Βߦ 20 ʹͯɼҾΛߦ null ͱͨ͠

DFSΛ༻͍ͯωοτϫʔΫΛपճ͠ͳ͕Β࣮͞ߦΕΔ͕ɼಈ࡞
ͷৄࡉޙड़͢Δɽ

·ͨɼίϯηϯαεΞϧΰϦζϜͷ࣮ߦʹΤʔδΣϯτؒ

ͰಉظΛͱΔඞཁ͕͋ΔͨΊɼDFSͰωοτϫʔΫΛҰपͨ͠
ΔɽDFS͢ػҰͭͷϊʔυͰ͚ͩؒ࣌ɼͦΕͱಉ͡ʹޙ ʹ
ΑΓϊʔυؒΛҠಈ͍ͯ͠Δঢ়ଶΛҠಈϑΣʔζɼҰͭͷϊʔ

υ্Ͱ͍ͯ͠ػΔঢ়ଶΛػϑΣʔζͱݺͿɽҎ߱ͰɼҠ

ಈϑΣʔζͱͦΕʹଓ͘ػϑΣʔζΛ·ͱΊͯɼ1ϥϯυ
ͱ͑ߟΔɽػϑΣʔζΛઃ͚Δ͜ͱʹΑͬͯɼ͋Δਖ਼ৗΤʔ

δΣϯτ͕ϥϯυ r ͷҠಈϑΣʔζΛ͏ߦલʹશͯͷਖ਼ৗ

ΤʔδΣϯτ͕ϥϯυ r − 1·ͰͷҠಈϑΣʔζΛऴ͑Δ͜
ͱΛอূͰ͖Δɽai.r = rͷͱ͖ɼai ϥϯυ rΛ࣮ͯ͠ߦ

͍Δɽ

ΤʔδΣϯτ͕ϥϯυ f + 1Λऴ͑ͨޙʹɼίϯηϯα
εΞϧΰϦζϜʹͯશͯͷਖ਼ৗΤʔδΣϯτؒͰ֤ϊʔυͷε

λʔτใʹ͍ͭͯڞ௨ͷೝ͕ࣝಘΒΕΔɽίʔυதͷ 21
ࡉͰ͋Γɼৄ࡞ͷಈޙ͔ΒίϯηϯαεΞϧΰϦζϜߦ

ड़͢Δɽޙ

ii ) DFS ؔ 
ຊΞϧΰϦζϜͷDFSؔDFS(f_port)ΛAlgorithm 2ʹ

ࣔ͢ɽDFSͱશͯͷϊʔυΛ୳͢ࡧΔΞϧΰϦζϜͰ͋Δɽ
DFS(f_port)ؼ࠶తʹఆٛ͞Ε͓ͯΓɼϊʔυΛ๚͢Δͨ

Algorithm 2 DFS(f_port)
1: ػঢ়ଶͷΤʔδΣϯτ͕ଘ͢ࡏΔ߹ɼ࣮ߦঢ়ଶҠͤ͞ߦΔ
2: if v.wb[IDi].round |= ai.r then
3: v.wb[IDi].round = ai.r

4: v.wb[IDi].from_port = f_port

5: if f_port = null then
6: v.wb[IDi].explored_port = ∅
7: else
8: v.wb[IDi].explored_port = {f_port}
9: end if

10: v.wb[IDi].node_num = ai.node_num

11: ai.node_num + +
12: consensus()
13: if ai.r = f + 1 then
14: for all candidate in v.wb[IDi].W do
15: ai.W = ai.W ∪ {(candidate, ai.node_num)}
16: end for
17: end if
18: while {1, · · · , d(v)} \ v.wb[IDi].explored_port |= ∅ do
19: x = min({1, · · · , d(v)} \ v.wb[IDi].explored_port)
20: ai.all_edge_num + +
21: v.wb[IDi].explored_port =

v.wb[IDi].explored_port ∪ {x}
22: ϙʔτ x ͔Β࣍ͷϊʔυҠಈ

23: DF S(ࡏݱͷϊʔυʹདྷͨϙʔτ൪߸)
24: end while
25: else
26: v.wb[IDi].explored_port =

v.wb[IDi].explored_port ∪ {f_port}
27: end if
28: ϙʔτ f_port ͔Β࣍ͷϊʔυҠಈɼnull ͳΒҠಈ͠ͳ͍

ͼʹݺͼग़͞ΕΔɽҾͷ f_port௨͖ͬͯͨϙʔτ൪߸Λ

ҙຯ͢ΔɽΤʔδΣϯτ ai ϊʔυ v Λ๚Εͨࡍɼػঢ়ଶ

ͷΤʔδΣϯτ aj ͕ଘ͢ࡏΔ߹ʹ aj Λ࣮ߦঢ়ଶҠ͞ߦ

ͤΔɽ͜ͷͱ͖ɼaj ͕ઌʹΞϧΰϦζϜΛ࣮͠ߦɼޙʹ ai ͕

ಈ͢࡞Δɽ͢ͳΘͪɼai  aj ͕ന൘ʹͨ͠هใΛࢀর͢Δ

͜ͱ͕Ͱ͖Δɽ·ͨ ai ɼϊʔυ v Λ๚͢Δࡍʹ௨͖ͬͯ

ͨ (ϊʔυ v ʹ͓͚Δ)ϙʔτ൪߸Λہॴม f_portʹه͢

ΔɽҰ๚Εͨ͜ͱͷ͋Δϊʔυͩͬͨ߹ʹɼ25ߦ͔Β
ʹͯɼͦͷߦ27 f_portΛ v.wb[IDi].explored_portʹه

͢Δɽ͜ͷಈ࡞Λ͜͏ߦͱʹΑͬͯɼ18ߦ,19ߦͰ๚ΕΔ
ϙʔτ൪߸Λܾఆ͢Δࡍʹ௨ͬͨลΛআ֎͢Δ͜ͱ͕Ͱ͖Δɽ

ϊʔυ v தͷϥϯυͷߦ࣮͕ DFSதͰॳΊͯ๚Εͨϊʔ
υͰ͋Δ͔Λஅ͢ΔͨΊʹɼv.wb[IDi].roundͷ͕ ai.rͷ

ͱ͍͔͠Λஅ͢Δɽ͚͠ΕҰ๚Εͨ͜ͱͷ͋Δ

ϊʔυͰ͋Γɼϙʔτ൪߸ f_portͷลΛ௨ΓݩͷϊʔυҠ

ಈ͢Δɽҟͳ͍ͬͯΕͦͷϥϯυͰॳΊͯ๚ΕͨϊʔυͰ

͋ΔͨΊɼདྷͨϙʔτ൪߸ f_portɼΤʔδΣϯτ ai ͷ DFS
Ͱ๚ΕͨϊʔυɼΤʔδΣϯτ ai ͷࡏݱͷϥϯυ ai.r Λ

ͦΕͧΕ v.wb[IDi].from_port ͱ v.wb[IDi].explored_portɼ

v.wb[IDi].node_numɼv.wb[IDi].round ޙड़͢Δɽͦͷهʹ

ϊʔυΛΧϯτ͢ΔͨΊʹ ai.node_numΛΠϯΫϦϝϯ
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Algorithm 3 consensus( )
1: if ai.r = 0 then
2: v.wb[IDi].T = {Signi(IDi)}
3: v.wb[IDi].W = {IDi}
4: else
5: for all t such that t ∈ v.wb[j].T for some id do
6: if (ςΩετ t ͷॺ໊͕ ai.r Ͱ͋Γɼ

ͦΕͧΕͷॺ໊ʹॏෳ͕ͳ͘ɼ

ai ͷॺ໊͕ͳ͘ɼ

value(t) = initial(t) Ͱ͋Γɼ
v.wb[IDi].W ʹ value(t) ͕ೖ͍ͬͯͳ͍) then

7: v.wb[IDi].T = v.wb[IDi].T ∪ {Signi(t)}
8: v.wb[IDi].W = v.wb[IDi].W ∪ {value(t)}
9: end if

10: end for
11: end if

τ͠ɼϊʔυ v ʹ͓͚Δϥϯυ rͷίϯηϯαεΞϧΰϦζ

ϜΛ࣮͢ߦΔɽ

͔Βߦ13 ड़͢Δ͕ɼfޙࡉɼৄߦ17 + 1ϥϯυ
Λऴྃ͠ɼίϯηϯαεΞϧΰϦζϜʹͯಘͨڞ௨ೝࣝΛ ai ͷ

ai.W ʹूΊΔͨΊͷಈ࡞Ͱ͋Δɽai.W  ai ͷมͰ͋Δɽ

ίϯηϯαεΞϧΰϦζϜ࣮ޙߦɼv.wb[IDi].explored_port

ʹؚ·Ε͍ͯͳ͍ະ୳ࡧͷลΛॱʹ๚͠ɼ௨͖ͬͯͨϙʔτ

൪߸ΛҾʹ͠ɼؼ࠶తʹ DFSؔΛ࣮͢ߦΔ ͔Βߦ18)
௨աͨ͠ลͷΛ࣌)ɽ͜ͷߦ24 ai.all_edge_numʹΧϯ

τ͠ɼػϑΣʔζͰͷࢉؒ࣌ग़ʹ༻͍Δɽ

iii ) consensusؔ
·ͣɼఏҊΞϧΰϦζϜͷίϯηϯαεؔ consensus()ͷ

֓ཁΛઆ໌͢Δɽconsensus()ͷతɼ֤ϊʔυ vʹର͠ɼv

Λελʔτͱ͢ΔΤʔδΣϯτͷ IDʹ͍ͭͯɼશͯͷਖ਼
ৗΤʔδΣϯτ͕ڞ௨ͷೝࣝΛಘΔ͜ͱͰ͋Δɽ͜ΕΛ࣮͢ݱ

ΔͨΊʹɼఏҊΞϧΰϦζϜͰɼશωοτϫʔΫΛߏ͢

Δ kݸͷʢԾʣϓϩηε p1, p2, . . . , pk ͕֤ϊʔυ vʹଘ͢ࡏ

ΔͱԾఆ͠ɼϊʔυ͝ͱʹ k ϓϩηεͰจݙ [5]ͷίϯηϯα
εΞϧΰϦζϜΛ࣮͢ߦΔɽ͢ͳΘͪɼ֤ϊʔυ v ʹ͓͍ͯɼ

ΤʔδΣϯτ ai ͕Ծϓϩηε pi ͷίϯηϯαεΞϧΰϦζ

Ϝͷಈ࡞ΛγϛϡϨʔτ͢Δ͜ͱͰɼk ΤʔδΣϯτͰڞ௨ͷ

ೝࣝΛಘΔɽ

ΤʔδΣϯτɼ֤ϥϯυͷҠಈϑΣʔζʹ͓͍ͯɼશ

ϊʔυͰҰͣͭ consensus()Λ࣮͢ߦΔɽ֤ϊʔυ v ʹ͓͍

ͯɼΤʔδΣϯτ ai ͕ϥϯυ rͰ consensus()Λ࣮͢ߦΔͱ
͖ɼai ϓϩηε pi ͷϥϯυ rͷಈ࡞ΛγϛϡϨʔτ͢Δɽ

͜ͷγϛϡϨʔγϣϯɼϊʔυ v ͷന൘ͷม v.wb[IDi].T
ͱ v.wb[IDi].W Λ༻͍ͯ͏ߦɽv.wb[IDi].T ʹϓϩηε pi

͕ଞͷϓϩηεʹૹ৴͢ΔใΛอଘ͠ɼv.wb[IDi].W ʹϓ

ϩηε pi ͕ͭมͷใΛอଘ͢ΔɽΑͬͯɼai ϊʔυ

v ʹ͓͚Δϓϩηε pi ͷϥϯυ r ΛγϛϡϨʔτ͢ΔͨΊ

ʹɼҎԼͷಈ࡞Λߦͳ͏ɽ

ʢ 1ʣ ม v.wb[IDj ].T (1 <= j <= k)Λࢀরͯ͠ɼ֤ϓϩη
ε͕ϥϯυ r − 1Ͱ pi ʹૹ৴ͨ͠ใΛड৴͢Δɽ

ʢ 2ʣ v.wb[IDi].W ʹ֨ೲ͞Εͨϓϩηε pi ͷมͷใ

ͱɼ1Ͱड৴ͨ͠ใΛ༻͍ͯɼpi ͷϥϯυ r ͷಈ࡞

Λߦͳ͏ɽ

ʢ 3ʣ ϥϯυ r Ͱ pi ͔Βૹ৴͢ΔใΛ v.wb[IDi].T ʹ
อଘ͠ɼpi ͷมͷใΛ v.wb[IDi].W ʹอଘ͢Δɽ

ઌड़ͷ௨ΓɼΤʔδΣϯτ ai ͕ϥϯυ rͷҠಈϑΣʔζΛ

Δͱ͖ɼશͯͷਖ਼ৗΤʔδΣϯτϥϯυ͍ͯ͠ߦ࣮ r − 1
ͷҠಈϑΣʔζΛऴ͍͑ͯΔɽͭ·Γɼϓϩηε pi ͷϥϯ

υ r ͷಈ࡞Λɼશͯͷਖ਼ৗͳϓϩηε͕ϥϯυ r − 1ͷಈ࡞
Λऴ͔͑ͯΒ࣮ߦͰ͖Δɽ·ͨɼന൘্ͷม v.wb[IDi].T ͱ
v.wb[IDi].W Λߋ৽Ͱ͖ΔΤʔδΣϯτ ai ͚ͩͰ͋Δ͜ͱ

͔Βɼai ͕ਖ਼ৗͰ͋Εɼϓϩηε pi ਖ਼ৗͳಈ࡞Λγϛϡ

ϨʔτͰ͖ΔɽҎ্ΑΓɼ্هͷํ๏ʹΑͬͯɼίϯηϯαε

ΞϧΰϦζϜͷಈ࡞Λਖ਼͘͠γϛϡϨʔτ͠ɼਖ਼ৗΤʔδΣϯ

τؒͰڞ௨ͷೝࣝΛಘΔ͜ͱ͕Ͱ͖Δɽ

ؔ consensus() Ͱɼ্هͷํʹैͬͯɼจݙ [5] ͷί
ϯηϯαεΞϧΰϦζϜΛγϛϡϨʔτ͢Δɽจݙ [5] ͷί
ϯηϯαεΞϧΰϦζϜͷಈ࡞ͷ֓ཁҎԼͷ௨ΓͰ͋Δɽ

·ͣɼୈ 0 ϥϯυʹ͓͍ͯɼ֤ϓϩηε pi ೖྗ x ʹ

ରͯ͠ॺ໊Λ͠ࢪ Signi(x) = ⟨x⟩ : IDi Λશϓϩηεϒ

ϩʔυΩϟετ͢Δɽಉ࣌ʹɼpi มW ʹ xΛՃ͢Δɽ

ୈ r(1 <= r <= f + 1) ϥϯυʹ͓͍ͯɼ֤ϓϩηε pi ɼ

r − 1 ϥϯυͰϒϩʔυΩϟετ͞ΕͨϝοηʔδΛશͯ
ड͚औΔɽͦͯ͠ɼͦͷ͏ͪҎԼͷ݅ P Λຬͨ͢ϝοηʔ
δ t = ⟨x⟩ : id1 : id2 : · · · : idy ʹ͍ͭͯɼ৽ͨʹॺ໊Λ͠ࢪ

Signi(t) = ⟨x⟩ : id1 : id2 : · · · : idy : IDi ΛϒϩʔυΩϟετ

͢Δɽͦͷࡍɼಉ࣌ʹมW ʹ xΛՃ͢Δɽ

݅ P
ʢ 1ʣ  tͷॺ໊ y ͕ϥϯυ r ͱ͍͠ɽ

ʢ 2ʣ  tͷॺ໊ʹॏෳͨ͠ ID͕ͳ͍ɽ
ʢ 3ʣ  tͷॺ໊ʹϓϩηε pi ͷॺ໊͕ͳ͍ɽ

ʢ 4ʣ W ʹ x͕ೖ͍ͬͯͳ͍ɽ

͜ΕΛ f + 1ϥϯυ·Ͱ܁Γฦ͢͜ͱͰɼશͯͷϓϩηεͰ
W ΛҰகͤ͞Δ͜ͱ͕Ͱ͖Δɽ

ؔ consensus() ͷٖࣅίʔυΛ Algorithm 3 ʹࣔ͢ɽ·
ͣɼϥϯυ 0 ʹ͓͍ͯɼΤʔδΣϯτ ai ελʔτ

ͷϊʔυͰͷΈɼv.wb[IDi].T ʹελʔτใͱͯ͠
{Signi(IDi)} = {⟨IDi⟩ : IDi}ɼv.wb[IDi].W ʹ {IDi}Λॻ
ʢ͘consensus()ͷ ʣɽίϯηϯαεΞϧΰϦζϜͷϥߦ3∽1
ϯυ 0Ͱɼϓϩηε pi ɼࣗͷελʔτͰ {IDi}
Λૹ৴͠ɼଞͷͰۭू߹Λૹ৴͢ΔɽͦͷͨΊɼϥϯ

υ 0Ͱૹ৴͢Δͷઃఆɼελʔτ͚ͩͰ͑ߦेͰ
͋ΔɽΤʔδΣϯτ ai ͷϥϯυ r (consensus()ͷ ͔ߦ4
Β )Ͱɼߦ13

⋃
aj ∈A

v.wb[IDj ].T ͷ͏ͪɼҎԼͷ݅ A
ʹͯ·Δ tʹॺ໊Λ͠ࢪɼv.wb[IDi].T هड़͢Δɽ͜
͜Ͱɼॺ໊͖ͷ t = ⟨x⟩ : id1 : id2 : · · · : idy ʹରͯ͠ɼ

value(t) xΛฦؔ͢ɼinitial(t) id1 Λฦؔ͢Ͱ͋Δɽ
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݅ A
ʢ 1ʣ  tͷॺ໊ y ͕ϥϯυ ai.r ͱ͍͠ɽ

ʢ 2ʣ  tͷॺ໊ʹॏෳͨ͠ ID͕ͳ͍ɽ
ʢ 3ʣ  tͷॺ໊ʹΤʔδΣϯτ ai ͷॺ໊͕ͳ͍ɽ

ʢ 4ʣ ai ͷ v.wb[IDi].W ʹ value(t)͕ೖ͍ͬͯͳ͍ɽ
ʢ 5ʣ value(t)=initial(t)Ͱ͋Δɽ
݅ Aͷ 1∼4ɼ݅ Pͷ 1∼4ʹରԠ͢Δɽ·ͨɼਖ਼ৗΤʔ
δΣϯτ͕࠷ॳʹ v.wb[IDi].T ʹॻ͘ ⟨IDi⟩ : IDiͰ͋Γɼ

ৗʹ value(t) = initial(t)͕Γཱͭ͜ͱ͔Βɼ݅ Aʹ 5ͷ
߲ΛՃ͍͑ͯΔɽ݅ A Λຬͨͨ͠ t Λ v.wb[IDi].T Ճ
͑Δࡍɼvalue(t)Λ v.wb[IDi].W ʹՃ͑Δɽ͜ΕΒͷಈ࡞ɼ

ϓϩηε pi ͷϥϯυ r ͷಈ࡞ʹରԠ͢Δɽ

ϥϯυ f + 1Ͱɼai ֤ϊʔυ v ্ͷ v.wb[IDi].W ʹ

ใΛ֨ೲ͢Δɽ͢ͳΘͪɼv.wb[IDi].Wͨͯ࣋௨ೝࣝΛڞ 

શͯͷਖ਼ৗΤʔδΣϯτͰಉҰͰ͋Γɼv Λελʔτͱ͢

ΔΤʔδΣϯτͷ IDΛ֨ೲ͍ͯ͠Δɽ͜ͷ IDͷใɼ͢ͳΘ
ͪ v.wb[IDi].W ͷใΛɼDFS() ʹͯ ai.W ʹऩू͢Δɽͦ

ͷޙɼAlgorithm 1ͷmain()ͷ ʹͯɼai.Wߦ17,18 ͷ͏ͪ

ID ͷॏෳ͍ͯ͠ΔใΛશͯআ͠ɼͨͬใͷ͏ͪ࠷খ
ID ͷใ͕ॻ͔ΕͨϊʔυΛू߹ͱͯ͠Ҡಈ͢Δɽू߹
·ͰͷҠಈɼAlgorithm 1Ͱলུͯ͠هड़͍ͯ͠Δ͕ɼ
DFSΛ༻͍Δɽai.W ͷதʹɼ֤ελʔτใͱɼॻ͖

খ࠷ΕͨϊʔυΛࣔ͢ใؚ͕·Ε͍ͯΔɽͦͷͨΊɼ·ࠐ ID
ͷΤʔδΣϯτͷελʔτใ͕͞Εͨϊʔυʹ DFS
ʹͯҠಈͰ͖ΔɽҠಈͨ͠ޙɼऴྃએݴΛ͏ߦɽ

4. ΞϧΰϦζϜͷਖ਼ੑ

ิ 1. ҙͷਖ਼ৗΤʔδΣϯτ ai,aj ʹର͠ɼai ͕ϥϯυ

r ͷҠಈϑΣʔζΛ։࢝͢Δલʹɼaj ϥϯυ r − 1ͷҠಈ
ϑΣʔζΛऴྃ͢Δɽ

(ূ໌) ҠಈϑΣʔζͱػϑΣʔζͷؔΛਤ 3ʹࣔ͢ɽਖ਼
ৗΤʔδΣϯτ ai ػঢ়ଶ͔Β࣮ߦঢ়ଶʹҠ͢ߦΔͱɼ͙͢

ʹDFSΛ։࢝͠ɼશͯͷϊʔυΛ๚͢Δɽͦͷ్தͰɼػ
ঢ়ଶͷΤʔδΣϯτ͕ଘ͢ࡏΔϊʔυΛ๚Εͨ߹ɼΤʔδΣ

ϯτ ai ͦͷΤʔδΣϯτΛ࣮ߦঢ়ଶʹҠͤ͞ߦΔɽͦͷͨ

ΊɼશͯͷΤʔδΣϯτ ai ͕ϥϯυ 1ͷҠಈϑΣʔζΛ
ऴ͑Δલʹ࣮ߦঢ়ଶʹҠ͢ߦΔɽ

·ͨɼ֤ΤʔδΣϯτͷػϑΣʔζɼҠಈϑΣʔζͷ͞

શͯ 2m Ͱ͋ΔɽͦͷͨΊɼΤʔδΣϯτ ai ͷϥϯυ 1
ͷػϑΣʔζ͕ऴΘΔલʹશͯͷΤʔδΣϯτͷϥϯυ 1
ͷҠಈϑΣʔζ͕ऴྃ͢Δɽϥϯυ 2Ҏ߱શͯͷਖ਼ৗΤʔ
δΣϯτͷҠಈϑΣʔζͱػϑΣʔζͷ͕ؒ࣌ 2mͰ͋Δͨ

Ίɼai ͷϥϯυ r ͷҠಈϑΣʔζ͕։࢝͢Δલʹ aj ͷϥ

ϯυ r − 1ͷҠಈϑΣʔζ͕ऴྃ͢Δɽ

ิ 2. ҙͷਖ਼ৗΤʔδΣϯτ aiɼaj ʹର͠ IDi ∈
v.wb[IDj ].W ཱ͕͢Δϊʔυ v  1͚ͭͩͰ͋Δɽ

(ূ໌) എཧ๏ʹͯূ໌͢Δɽϊʔυ v1ɼv2 Ͱ IDi ∈

!"#$%!"&

!"#$%!"&

'()*+,&

'()*+,&

-.)*+,&

-.)*+,&

!"#$%!"#$&

'()*+,&

/+0*#1%&&

/+0*#1%'&

ਤ 3 ҠಈϑΣʔζͱػϑΣʔζ

v1.wb[IDj ].WɼIDi ∈ v2.wb[IDj ].W Ͱ͋ΔͱԾఆ͢Δɽ

ai ࢄγεςϜ্ʹ 1͔ͭ͠ଘ͠ࡏͳ͍ͨΊɼv1ɼv2 ͷͲ

ͪΒ͔ΞϧΰϦζϜ։࣌࢝ʹ ai ͕ଘͨ͠ࡏϊʔυͰͳ͍ɽ

·ͨਖ਼ৗΤʔδΣϯτ͕ελʔτใΛ࡞͢ΔͷɼΞ

ϧΰϦζϜ։࣌࢝ͷΈͰ͋ΔɽͦͷͨΊɼv1 Λ࣮ࡍʹ ai ͕Ξ

ϧΰϦζϜΛ։ͨ࢝͠ϊʔυͩͱ͢Δͱɼai  v2 ʹελʔτ

ใΛ࡞͢Δ͜ͱͳ͍ɽIDi ∈ v2.wb[IDj ].W Ͱ͋Δ

ͨΊʹɼ͋ΔΤʔδΣϯτ ax ʹର͢Δ v2.wb[IDx].T ʹ݅
AΛຬͨ͢ t = ⟨IDi⟩ : id1 : id2 : · · · : idr ͕ଘ͠ࡏɼaj 

v2.wb[IDj ].W ʹ value(t)ΛՃͨ͜͠ͱʹͳΔɽ͔͠͠ɼ
݅ Aͷதʹʮvalue(t) = initial(t)Ͱ͋Δʯͱ͍͏͕݅ଘࡏ
͢ΔͨΊɼ tʹ͓͍ͯ IDi = id1 Ͱ͋Δඞཁ͕͋Δɽ·ͨɼ

ຊϞσϧͰΤʔδΣϯτ ai ͷΈ͕ॺ໊ؔ Signi() Λ༻͍
ͯελʔτใ Signi(IDi) = ⟨IDi⟩ : IDi Λ࡞͢Δ͜

ͱ͕Ͱ͖ɼଞͷΤʔδΣϯτ t = ⟨IDi⟩ : IDi : id2 : · · · : idr

Λ v2 ɼگड़͢Δ͜ͱग़དྷͳ͍ɽ͕ͨͬͯ͠Ծఆͨ͠ঢ়هʹ

IDi ∈ v1.wb[IDj ].WɼIDi ∈ v2.wb[IDj ].W ໃ६͢ΔɽΑͬ

ͯɼิ 2Γཱͭɽ

ิ 3. શͯͷϊʔυ vͱҙͷਖ਼ৗΤʔδΣϯτ aiɼaj ʹͭ

͍ͯɼai ͕ϥϯυ f + 1Λऴ͑ͨޙͷ v.wb[IDi].W ͱɼaj

͕ϥϯυ f + 1Λऴ͑ͨޙͷ v.wb[IDj ].W ͍͠ɽ

(ূ໌) ΤʔδΣϯτ ai ͕ϥϯυ f + 1 Λऴ͑ͨޙͷ
v.wb[IDi].W Λ͑ߟΔɽv.wb[IDi].W ʹଐ͢Δ͋Δཁૉ x Λ

ɼai͑ߟ ͕ v.wb[IDi].W ʹ xΛՃͨ͠ϥϯυΛ rͱ͢Δɽ

͢ͳΘͪɼaiϥϯυ rͰɼΤʔδΣϯτ az ͷ v.wb[IDz].T
ʹؚ·ΕΔ t = ⟨x⟩ : id1 : id2 : · · · : idr ΛಡΈࠐΈɼt͕݅

A Λຬͨͨ͢Ίɼx Λ v.wb[IDi].W ʹՃ͍ͯ͠Δɽ͜ͷͱ

͖ɼҎԼͷ 3ͭͷ߹͕͑ߟΒΕΔɽ

Case 1 tʹ aj ͷॺ໊͕ଘ͢ࡏΔͱ͖

͜ͷ߹ɼaj ॺ໊Λ͢Δࡍʹ xΛ v.wb[IDj ].W ʹՃ͢

ΔͨΊɼطʹ v.wb[IDj ].W ʹཁૉ x͕ଘ͢ࡏΔɽ

Case 2 ϥϯυ r <= f Ͱɼtʹ aj ͷॺ໊͕ͳ͍ͱ͖

͜ͷ߹ϥϯυ rͰ ai  tʹॺ໊Λͨ͠ࢪ t′ = ⟨x⟩ : id1 :
id2 : · · · : idr : IDi Λ v.wb[IDi].T ʹՃ͢Δɽิ 1ΑΓɼ
aj ͷϥϯυ r + 1ͷҠಈϑΣʔζɼai ͷϥϯυ rͷҠಈ

ϑΣʔζҎ߱ʹ࢝·ΔɽͦͷͨΊ aj ඞͣϥϯυ r + 1 Ͱ
ΤʔδΣϯτ ai ͷ v.wb[IDi].T ͷ t′ Λ֬ೝ͢Δɽ͜ͷͱ

͖ɼt′ ݅ AΛຬͨͨ͢Ίɼaj ཁૉ xΛ v.wb[IDj ].W ʹ

Ճ͢Δɽ
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Case 3 ϥϯυ r = f + 1Ͱɼtʹ aj ͷॺ໊͕ͳ͍ͱ͖

tʹ f + ͷॺ໊͕͍͍ͯΔͨΊɼগͳ͘ͱҰͭͷݸ1
ਖ਼ৗΤʔδΣϯτ az ͕ॺ໊Λ͍ͯ͠Δɽaz ͕ॺ໊Λͯͬߦ t

Λ v.wb[IDz].T ʹՃͨ͠ϥϯυΛ r′ ͱ͢Δɽaj ϥϯ

υ r′ + 1Ͱ v.wb[IDz].T ͷ tΛ֬ೝ͢Δɽ͜ͷ t݅ A
Λຬͨͨ͢Ίɼaj  v.wb[IDj ].W ʹཁૉ xΛՃ͢Δɽ

Ҏ্ΑΓɼai ͕ϥϯυ f + 1 Λऴ͑ͨޙͷ v.wb[IDi].W
ͱɼaj ͕ϥϯυ f + 1Λऴ͑ͨޙͷ v.wb[IDj ].W ͍͠ɽ

ิ 4. શͯͷਖ਼ৗΤʔδΣϯτϥϯυ f + ಉҰͷʹޙ1
ू߹ॴΛࢉग़͢Δɽ

(ূ໌) ਖ਼ৗΤʔδΣϯτ ai ͱ aj Δɽai͑ߟ͍ͯͭʹ 

ϥϯυ f + 1 ʹͯɼશͯͷϊʔυ্ͷ v.wb[IDi].W ͷ

ཁૉ candidate Λɼॻ͔ΕͨϊʔυͷॴΛؚΊͨೋ߲

(candidate, ai.node_num) ͱͯ͠ ai.W ʹՃ͢Δɽaj 

ಉ༷ʹ aj .W ʹՃ͢Δɽิ 3 ΑΓɼϊʔυ v ʹ͓͚Δ

v.wb[IDi].W ͱ v.wb[IDj ].W ͷશͯͷཁૉ͍͠ɽ͢ͳΘ

ͪɼai.W ͱ aj .W ʹؚ·ΕΔ candidate͍͠ɽ

ai ϥϯυ f + 1 ʹͯ ai.W ͷཁૉͰɼॏෳ͍ͯ͠ͳ͍

candidateͷ͏ͪɼ࠷খ͕ॻ͔Εͨϊʔυ vΛू߹ॴͱͯ͠

ग़͢Δɽิࢉ 2ΑΓɼਖ਼ৗΤʔδΣϯτͷ IDΛ v.wb[IDi].W
ʹؚΉϊʔυҰ͔ͭ͠ଘ͠ࡏͳ͍ͨΊɼcandidateͷॏෳ͠

͍ͯͳ͍ IDগͳ͘ͱҰͭଘ͢ࡏΔɽΑͬͯɼΤʔδΣϯ
τ ai ҰͭͷϊʔυΛू߹ॴͱͯ͠બ͢Δ͜ͱ͕Ͱ͖Δɽ

aj  ai.W ͱಉҰͷ candidateΛؚΜͩ aj .W Λอ͍ͯ࣋͠Δ

ͨΊɼಉҰͷϊʔυΛू߹ॴͱͯ͠ࢉग़Ͱ͖Δɽ

ఆཧ 1. ఏҊΞϧΰϦζϜ O(fm) ୯Ґؒ࣌Ͱू߹Λ
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The order/degree problem

Input: 𝑁 nodes, degree 𝐾
Output: a graph of size 𝑁 and degree ≤ 𝐾 with minimum diameter and minimum 
average shortest path length (ASPL) 

10

11

3

5

0

4
6

7

9

2
1

8

𝑁 = 12 and 𝐾 = 4
0 1 2 3 4 5 6 7 8 9 10 11

0 2 1 2 2 1 1 1 2 2 3 2

1 2 1 2 2 1 2 2 1 2 2 1

2 1 1 2 1 2 1 2 2 2 3 2

3 2 2 2 2 3 1 1 1 2 1 2

4 2 2 1 2 1 2 1 2 1 2 2

5 1 1 2 3 1 2 2 2 1 2 2

6 1 2 1 1 2 2 2 2 2 2 1

7 1 2 2 1 1 2 2 1 2 2 3

8 2 1 2 1 2 2 2 1 2 1 2

9 2 2 2 2 1 1 2 2 2 1 1

10 3 2 3 1 2 2 2 2 1 1 1

11 2 1 2 2 2 2 1 3 2 1 1

Shortest path length of all pairs 
of vertices

Diameter: the maximum value among shortest path length of all pairs of vertices

the maximum value
→ Diameter = 3

the average= 1.696
→ ASPL = 1.696

2

122



Our Goal

A 𝐾-regular 𝐿-restricted grid graph 
with 𝑁 = 100, 𝐾 = 4 and 𝐿 = 3

Length of edge (𝑢, 𝑣): 
the Manhattan distance of 𝑢, 𝑣 ∈ 𝑉.

A grid graph 𝐺 = (𝑉, 𝐸) is 𝐿-restricted
if 𝑙(𝑢, 𝑣) ≤ 𝐿 for all edges (𝑢, 𝑣) ∈ 𝐸.

To find a 𝐾-regular 𝐿-restricted grid graph

Input: 𝑁 nodes, degree 𝐾, length 𝐿
Output: a 𝐾-regular grid graph of size 𝑁 and all edge length ≤ 𝐿
with minimum diameter and minimum average shortest path 
length (ASPL) 

𝑢

𝑣

𝑙 𝑢, 𝑣 = 𝑑𝑥 + 𝑑𝑦

𝑑𝑥

𝑑𝑦

3
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Contributions

(1) the randomly optimized 𝐾-regular 𝐿-restricted grid graph
(2) the theoretical lower bounds of the diameter and ASPL 
(3) the 𝐾-regular 𝐿-restricted diagrid graph (on a diagonal grid)   

with smaller diameter

We present

𝐾-regular 𝐿-restricted grid graph 𝐾-regular 𝐿-restricted diagrid graph

4
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Background

Design of low-latency networks is important.

find graphs with minimum diameter 
or minimum ASPL, and apply to 
design of the networks.

Reducing delayWe need to

5
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(1) A randomized algorithm for generating an almost
optimal 𝐾-regular 𝐿-restricted grid graph

Step 1: Generate an initial 𝐾-regular 𝐿-restricted grid graph 𝐺.
Step 2: Repeatedly perform random 2-toggle operation to generate a 
random 𝐾-regular 𝐿-restricted grid graph.
Step 3: Repeatedly perform random 2-opt operation to find a 𝐾-regular 𝐿-
restricted grid graph as best as possible.

Step 1 Step 2 Step 3

diam = ∞
ASPL = ∞

diam = 10
ASPL = 4.575

diam = 6
ASPL = 3.443

A 𝐾-regular 𝐿-restricted grid graph of size 𝑁
with 𝑁 = 100, 𝐾 = 4 and 𝐿 = 3

6
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A randomized algorithm for generating an almost
optimal 𝐾-regular 𝐿-restricted grid graph

Step 1: Generate an initial 𝐾-regular 𝐿-restricted grid graph 𝐺.

diam = ∞
ASPL = ∞

A 𝐾-regular 𝐿-restricted grid graph of size 𝑁
with 𝑁 = 100, 𝐾 = 4 and 𝐿 = 3

7
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A randomized algorithm for generating an almost
optimal 𝐾-regular 𝐿-restricted grid graph

2-toggle operation

𝑢1

𝑢2

𝑣1 𝑣2 𝑢1

𝑢2

𝑣1 𝑣2

Step 2: Repeatedly perform random 2-toggle operation to generate a 
random 𝐾-regular 𝐿-restricted grid graph.

A 4-regular 3-restricted 
grid graph of size 100

diam = 10
ASPL = 4.575

Select two edges (𝑢1, 𝑢2), (𝑣1, 𝑣2) randomly.

𝐺’: replaced (𝑢1, 𝑢2), (𝑣1, 𝑣2) to (𝑢1, 𝑣1), (𝑢2, 𝑣2)
If 𝑙 𝑢1, 𝑣1 ≤ 𝐿 and 𝑙 𝑢2, 𝑣2 ≤ 𝐿, replace 𝐺 to 𝐺’.
(ignore the diameter and the ASPL)

8
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Step 2 Step 3

A randomized algorithm for generating an almost
optimal 𝐾-regular 𝐿-restricted grid graph

A 4-regular 3-restricted grid graph of size 100

Select two edges (𝑢1, 𝑢2), (𝑣1, 𝑣2) randomly.

Step 3: Repeatedly perform random 2-opt operation to find a 𝐾-regular 𝐿-
restricted grid graph as best as possible.

diam = 6
ASPL = 3.443

diam = 10
ASPL = 4.575

𝐺’: replaced (𝑢1, 𝑢2), (𝑣1, 𝑣2) to (𝑢1, 𝑣1), (𝑢2, 𝑣2)
𝐴(𝐺) or 𝐴(𝐺’): the ASPL of 𝐺 or 𝐺′𝐷(𝐺) or 𝐷(𝐺′): the diameter of 𝐺 or 𝐺′

If (𝑙 𝑢1, 𝑣1 ≤ 𝐿 and 𝑙 𝑢2, 𝑣2 ≤ 𝐿) and 
(𝐷(𝐺) > 𝐷(𝐺’) or (𝐷(𝐺) = 𝐷(𝐺’) and 𝐴(𝐺) > 𝐴(𝐺’))), replace 𝐺 to 𝐺’.

9

𝑢1

𝑢2

𝑣1 𝑣2 𝑢1

𝑢2

𝑣1 𝑣2
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A randomized algorithm for generating an almost
optimal 𝐾-regular 𝐿-restricted grid graph

Step 1 Step 2 Step 3

diam = ∞
ASPL = ∞

diam = 10
ASPL = 4.575

diam = 6
ASPL = 3.443

10

A 𝐾-regular 𝐿-restricted grid graph of size 𝑁
with 𝑁 = 100, 𝐾 = 4 and 𝐿 = 3

130



(2) Lower Bound of the ASPL

We need to estimate the maximum number of nodes 
reachable in 𝑖 hops from a node.

11

A 𝐾-regular graph

𝐾

𝐾 − 1 𝐾 − 1 𝐾 − 1 𝐾 − 1

𝐾 − 1

ASPL of a 𝐾-regular graph ≥
 
𝑖≥1
(𝐾(𝐾 − 1)𝑖−1∙ 𝑖)

𝑁 − 1

𝐾(𝐾 − 1)

𝐾

1

the number of nodes
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Lower Bound of the ASPL
based on Moore bound (𝐾-regular graph)

𝑚 0 = 1

𝑚 1 = 4 + 1 = 5

𝑚 2 = 4 4 − 1 + 5 = 17

A 4-regular graph (𝐾 = 4)

𝑚 𝑖 : the maximum number of nodes reachable in 𝑖 hops from a node

Because a graph is 𝐾-regular,

12

𝑚 𝑖 = min(1 + 
𝑗=1

𝑖
𝐾 𝐾 − 1 𝑗−1 , 𝑁)

4

3 3 3 3

1 hop 

2 hops 

3
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Lower Bound of the ASPL
based on length 𝐿

A 3-restricted grid graph of size 10 × 10 (𝐿 = 3)

𝑑4,4 0 = 1

𝑑4,4 1 = 25

𝑑4,4 2 = 75

𝑑4,4 3 = 100

𝑑𝑥,𝑦 𝑖 : the number of nodes with the distance ≤ 𝑖 × 𝐿 from node (𝑥, 𝑦)

13

node (4,4)

(distance ≤ 3)

(distance ≤ 6)

(distance ≤ 9)

133



Lower Bound of the ASPL
based on length 𝐿

𝑑0,0 0 = 1

𝑑0,0 1 = 10

𝑑0,0 2 = 28

𝑑0,0 3 = 55

𝑑0,0 4 = 79

𝑑0,0 5 = 94

𝑑0,0 6 = 100

𝑑𝑥,𝑦 𝑖 : the number of nodes with the distance ≤ 𝑖 × 𝐿 from node (𝑥, 𝑦)

14

A 3-restricted grid graph of size 10 × 10 (𝐿 = 3)node (0,0)

(distance ≤ 3)

(distance ≤ 6)

(distance ≤ 9)

(distance ≤ 12)

(distance ≤ 15)

(distance ≤ 18)
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Lower Bound of the ASPL

𝐴− =  
(𝑥,𝑦)∈𝑉

 
𝑖≥1

((𝑚𝑑𝑥,𝑦 𝑖 − 𝑚𝑑𝑥,𝑦 𝑖 − 1 ) ∙ 𝑖)/𝑁(𝑁 − 1)Lower Bound of the ASPL : 

The number of nodes reachable in 𝑖 hops from node (𝑥, 𝑦)
≤ 𝑚𝑑𝑥,𝑦 𝑖 = min(𝑚 𝑖 , 𝑑𝑥,𝑦 𝑖 )

15

For a 𝐾-regular 𝐿-restricted grid graph,

𝑑𝑥,𝑦 𝑖 : the number of nodes with the 
distance ≤ 𝑖 × 𝐿 from node (𝑥, 𝑦)

𝑚 𝑖 : the maximum number of 
nodes reachable in 𝑖 hops from 
a node

A 𝐾-regular graph An 𝐿-restricted grid graph
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The values of 𝑚, 𝑑0,0 and 𝑚𝑑0,0

𝑖 0 1 2 3 4 5 6

𝑚(𝑖) 1 5 17 53 100 100 100

𝑑0,0(𝑖) 1 10 28 55 79 94 100

𝑚𝑑0,0(𝑖) 1 5 17 53 79 94 100

A 4-regular 3-restricted grid graph of size 10 × 10

𝑑𝑥,𝑦 𝑖 : the number of nodes with the 
distance ≤ 𝑖 × 𝐿 from node (𝑥, 𝑦)

𝑚 𝑖 : the maximum number of 
nodes reachable in 𝑖 hops from 
a node

The number of nodes reachable in 𝑖 hops from node (𝑥, 𝑦)
≤ 𝑚𝑑𝑥,𝑦 𝑖 = min(𝑚 𝑖 , 𝑑𝑥,𝑦 𝑖 )

16

A 𝐾-regular graph An 𝐿-restricted grid graph

Lower bound of 
the diameter
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Diameter upper bound 𝑫+ and lower bound 𝑫− of
a 𝐾-regular 𝐿-restricted grid graph of size 30 × 30

𝐾
𝐿

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

3
𝐷+ 29 20 15 12 12 11 11 11 11 11 11 11 11 11 11

𝐷− 29 20 15 12 10 9 9 9 9 9 9 9 9 9 9

4
𝐷+ 29 20 15 12 10 9 8 8 8 8 8 8 8 8 8

𝐷− 29 20 15 12 10 9 8 6 6 6 6 6 6 6 6

5
𝐷+ 29 20 15 12 10 9 8 7 7 6 6 6 6 6 6

𝐷− 29 20 15 12 10 9 8 6 6 6 5 5 5 5 5

𝑫+ : Diameter upper bound (𝐾-regular 𝐿-restricted grid graphs 
generated by our algorithm)

𝑫−: lower bound

optimal

17

= >= = = > > > > > > > > > >

= = = = = = = > > > > > > > >

= = = = = = = > > > > > > > >
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Diameter upper bound 𝑫+ and lower bound 𝑫− of
a 𝐾-regular 𝐿-restricted grid graph of size 30 × 30

𝐾
𝐿

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

6

𝐷+

29 20 15 12 10 9 8 7 6 6 6 6 6 6 6

7-9 29 20 15 12 10 9 8 7 6 6 5 5 5 5 5

10-
16 29 20 15 12 10 9 8 7 6 6 5 5 5 4 4

6-
16 𝐷− 29 20 15 12 10 9 8 7 6 6 5 5 5 4 4

𝑫+ : Diameter upper bound (𝐾-regular 𝐿-restricted grid graphs 
generated by our algorithm)

𝑫−: lower bound

optimal

18

>= = = = = = = = = = > > > >

== = = = = = = = = = = = > >

== = = = = = = = = = = = = =
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0
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4

6

8

10

12

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

ASPL of grid graphs of size 30 × 30
for 𝐾 = 3, 5, 10

𝐴+(3, 𝐿)
𝐴−(3, 𝐿)

𝐴+(5, 𝐿)
𝐴−(5, 𝐿)

𝐴+(10, 𝐿)
𝐴−(10, 𝐿)

𝐿
19

ASPL 𝐴+(𝐾, 𝐿): Upper bound of the ASPL

𝐴−(𝐾, 𝐿): Lower bound of the ASPL
1 ≤ 𝐴+ (𝐾, 𝐿)/𝐴−(𝐾, 𝐿) ≤ 1.11
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9

9

(3) Diagonal grid (diagrid) graphs 
with smaller diameter

20

A grid graph of size 10 × 10 (𝑁 = 100)

the maximum length of two nodes
= 9 × 2 = 18

When 𝐿 = 3, diameter ≥ 18
3
= 6.

There is no 3-restricted grid graph
with diameter ≤ 5.

We use a grid layout so as to shorten 
the maximum length of two nodes.

diameter of 𝐿-restricted grid graph ≥ the maximum length of two nodes
𝐿
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Diagonal grid (diagrid) graphs
with smaller diameter

21

A diagonal grid (diagrid) graph

turning by 45° and
extracting

2𝑁 − 1

1

2

𝑁 − 1

𝑁 − 1
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Diagonal grid (diagrid) graphs
with smaller diameter

A diagrid graph of size 𝑁 = 98A grid graph of size 10 × 10
(𝑁 = 100)

the maximum length of two nodes
= 9 × 2 = 18 (= 2( 𝑁 − 1))

the maximum length of two nodes
= 1３ (= 2𝑁 − 1)

22

18

13

The maximum length of two nodes in the diagrid graph
=
2𝑁 − 1
2 𝑁 − 1

≅
2
2
≅ 70.7%

The maximum length of two nodes in the grid graph

9
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An almost
optimal 𝐾-regular 𝐿-restricted diagrid graph

diam = ∞
ASPL = ∞

diam = 9
ASPL = 4.370

diam = 5
ASPL = 3.459

A 4-regular 3-restricted diagrid graph of size 𝑁 = 98

Step 1 Step 2 Step 3

23
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A 4-regular 3-restricted diagrid graph and 
grid graph

diam = 9
ASPL = 4.370

diam = 5
ASPL = 3.459

Step 1 Step 2 Step 3

24

diam = ∞
ASPL = ∞

diam = 10
ASPL = 4.575

diam = 6
ASPL = 3.443

A diagrid graph of size 98

A grid graph of size 100
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2 4 6 8 10 12 14 16

The diameter of 𝐾-regular 𝐿-restricted grid graphs
and diagrid graphs for 𝑲 = 𝟑, 𝟏𝟎
𝐾 = 3 𝐾 = 10

𝐿

25

0

5

10

15

20

25

30

35

2 4 6 8 10 12 14 16

grid graphs (𝑁 = 900)

diagrid graphs (𝑁 = 882)

𝐿

diameter diameter

29 29

21 21
72% 72%

The maximum length of two nodes in the diagrid graph
=
2𝑁 − 1
2 𝑁 − 1

≅
2
2
≅ 70.7%

The maximum length of two nodes in the grid graph
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The ASPL of grid graphs and diagrid graphs
for 𝑲 = 𝟑, 𝟓, 𝟏𝟎

grid graphs and diagrid graphs with 𝐾 = 3

𝐿
26

ASPL

grid graphs and diagrid graphs with 𝐾 = 5

grid graphs and diagrid graphs with 𝐾 = 10
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The ASPL of grid graphs and diagrid graphs

27

The average Manhattan distance of all pairs of two nodes

  
𝐷
2max( 𝑥 − 𝑥′ , 𝑦 − 𝑦′ ) 𝑑𝑥𝑑𝑦𝑑𝑥′𝑑𝑦′

=
7 2
15
𝑁 ≅ 0.660

  
𝐷
𝑥 − 𝑥′ + 𝑦 − 𝑦′ 𝑑𝑥𝑑𝑦𝑑𝑥′𝑑𝑦′

=
2
3
𝑁 ≅ 0.667

A diagrid graphA grid graph

The average distances of nodes are almost the same.
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Lower Bound of the ASPL
for diagrid graphs based on length 𝐿

𝑑0,0 0 = 1

𝑑0,0 1 = 8

𝑑0,0 2 = 25

𝑑0,0 3 = 50

𝑑0,0 4 = 85

𝑑0,0 5 = 98

1

1

A 3-restricted diagrid graph of size 𝑁 = 98
𝑑𝑥,𝑦 𝑖 : the number of nodes with the distance ≤ 𝑖 × 𝐿 from node (𝑥, 𝑦)

28

(distance ≤ 3)

(distance ≤ 6)

(distance ≤ 9)

(distance ≤ 15)

(distance ≤ 12)
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The values of 𝑚, 𝑑0,0 and 𝑚𝑑0,0
for a diagrid graph

𝑖 0 1 2 3 4 5
𝑚(𝑖) 1 5 17 53 98 98
𝑑0,0(𝑖) 1 8 25 50 85 98
𝑚𝑑0,0(𝑖) 1 5 17 50 85 98

A 4-regular 3-restricted diagrid graph of size 𝑁 = 98

𝑑𝑥,𝑦 𝑖 : the number of nodes with the 
distance ≤ 𝑖 × 𝐿 from node (𝑥, 𝑦)

𝑚 𝑖 : the maximum number of 
nodes reachable in 𝑖 hops from 
a node

The number of nodes reachable in 𝑖 hops from node (𝑥, 𝑦)
≤ 𝑚𝑑𝑥,𝑦 𝑖 = min(𝑚 𝑖 , 𝑑𝑥,𝑦 𝑖 )

29

A 𝐾-regular graph An 𝐿-restricted diagrid graph

Lower bound of 
the diameter
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The values of 𝑚, 𝑑0,0 and 𝑚𝑑0,0

𝑖 0 1 2 3 4 5 6

𝑚(𝑖) 1 5 17 53 100 100 100

𝑑0,0(𝑖) 1 10 28 55 79 94 100

𝑚𝑑0,0(𝑖) 1 5 17 53 79 94 100

A 4-regular 3-restricted grid graph of size 10 × 10

30

Lower bound of 
the diameter

𝑖 0 1 2 3 4 5
𝑚(𝑖) 1 5 17 53 98 98
𝑑0,0(𝑖) 1 8 25 50 85 98
𝑚𝑑0,0(𝑖) 1 5 17 50 85 98

A 4-regular 3-restricted diagrid graph of size 𝑁 = 98

The number of nodes reachable in 𝑖 hops from node (𝑥, 𝑦)
≤ 𝑚𝑑𝑥,𝑦 𝑖 = min(𝑚 𝑖 , 𝑑𝑥,𝑦 𝑖 )

Lower bound of 
the diameter
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Conclusions

(1) the randomly optimized 𝐾-regular 𝐿-restricted grid graph
(2) the theoretical lower bounds of the diameter and ASPL 
(3) the 𝐾-regular 𝐿-restricted diagrid graph (on a diagonal grid)   

with smaller diameter

We have presented

𝐾-regular 𝐿-restricted 
grid graph

𝐾-regular 𝐿-restricted 
diagrid graph

31
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MANET͚ͷ௨৴ੑ࣭Λྀͨ͠ߟ
ެฏੑϧʔςΟϯάϓϩτίϧ

Fair Communication Amount Rounting Protocol for MANET

Considering Characteristic of Communication

٢ொ ༏
Masaru Yoshimachi

ਅು ٛจ
Yoshifumi Manabe

Ӄେֶֶ Պڀݚֶ ใֶઐ߈
Department of Computer Science, Kogakuin University

1 ͋Β·͠
Mobile Ad Hoc Network(MANET)[1]جہΛඞཁ

ͱ͠ͳ͍ɺҠಈମͷແઢʹΑͬͯߏ͞ΕΔࣗ
ωοτϫʔΫͰ͋Δɻ௨৴Մൣғ֎ͷϊʔυͱͷ௨ࢄ
৴ଞͷϊʔυʹύέοτΛதͯ͠ܧΒ͏Ϛϧνϗο
ϓ௨৴ʹΑΓՄͱͳΔɻதܧʹదͨ͠Ґஔʹ͍Δϊʔ
υͷதܧσʔλྔͷෛ୲େ͖͘ɺϊʔυʹΑͬͯதܧ
σʔλྔͷෛ୲ͷෆެฏੑ͕ੜ͍ͯ͡ΔɻMANET͚
ʹଟ͘ͷϓϩτίϧ͕ఏҊ͞Ε͓ͯΓɺεϧʔϓοτվ
ળ [2],[3]ɺফඅిྗʹؔ͢Δڀݚ [4]ɺ҆ఆੑʹؔ͢Δ
ڀݚ [5]͕͞Ε͍ͯΔɻ͔͠͠ͳ͕ΒɺMANETʹ͓
͚Δެฏੑʹؔ͢Δڀݚ [6][7]গͳ͍ɻࣗ ϊʔυ͕ૹ৴
σʔλ௨ܧ͘͠ѼઌͰ͋Δࣗϊʔυ௨৴ྔͱɺதݩ
৴ྔͷൺΛར༻ͨ͠ܦ࿏બΞϧΰϦζϜ [6]͕͋Δ͕ɺ
ࣗσʔλͷఆٛΛૹ৴͋ݩΔ͍Ѽઌͱ͍ͯ͠Δɻ
͜ͷఆٛͰଞϊʔυ͔Βͷσʔλཁٻʹ͑Δαʔό
ϊʔυͷ௨৴ࣗϊʔυ௨৴ʹؚ·ΕΔɻ͔͜͠͠ͷఆ
ٛͰଟ͘ͷใΛൃ৴͢Δαʔόʔੑ࣭ͷϊʔυʹෛ
୲͕ूதͯ͠͠·͏ɻނʹ௨৴ੑ࣭Λྀͨ͠ߟఆٛΛݕ
౼͢Δඞཁ͕͋Δɻ·ͨ͜ͷϓϩτίϧϧʔςΟϯά
ϓϩτίϧͱͯ͠ AODVΛϕʔεͱ͍ͯ͠Δɻ͜ͷͨ
Ί AODVͷ Route DiscoveryϓϩηεͷաఔͰެฏੑ
Λୡ͢Δͷʹదͨ͠ܦ࿏Λഁ͍ͯ͠غΔ߹͕͋Γɺ
ެฏੑΛୡ͢ΔͨΊʹվળͨ͠Route DiscoveryͷΞ
ϧΰϦζϜ͕ඞཁͰ͋ΔɻຊఏҊख๏Ͱσʔλྨͷ
ఆٛͷมߋͱɺ௨৴ͷҝͷܦ࿏ͷߏஙͷΞϧΰϦζϜΛ
ௐ͠ɺ௨৴ྔʹର͢ΔެฏੑΛޮՌతʹୡ͢Δϧʔ
ςΟϯάϓϩτίϧΛఏҊ͢Δɻ

2 ଘͷϧʔςΟϯάϓϩτίϧط
2.1 AODV (Ad hoc Ondemand Distance

Vector)[8]

2.1.1 AODVͷಛ
AODV  ReactiveType ͷදతͳϧʔςΟϯάϓ

ϩτίϧͰ͋Γɺ௨৴͕ඞཁͳܦʹ࣌࿏ͷߏஙΛ͏ߦɻ
AODV֤ϊʔυ͕ύέοτసૹʹؔ͢Δܦ࿏දΛ࣋
ͪɺ͜ͷܦ࿏දΑΓ࣍ʹύέοτΛసૹ͢ΔϊʔυΛܾ
ఆ͢Δɻ

2.1.2 AODVͷRoute Discovery

ADOVʹΑΔ Route DiscoveryΞϧΰϦζϜΛࣔ͢ɻ

1. ૹ৴ݩϊʔυѼઌϊʔυ௨৴͕ඞཁͱͳͬͨࡍɺ
୳ࡧύέοτͰ͋ΔRREQύέοτΛ৽ͨͳRRE-
QIDͰੜ͠ɺ͜ͷύέοτΛपғͷϊʔυʹର͠
ͯϒϩʔυΩϟετ͢Δɻ

2. RREQύέοτΛड͚औͬͨϊʔυࣗͷܦ࿏ද
ʹRREQͷૹ৴ݩϊʔυͱ͜ͷύέοτͷૹ৴ϊʔ
υͷܦ࿏ใΛه͠ɺRREQύέοτͷѼઌϊʔ
υ͕͔ࣗࣗΛ֬ೝ͢Δɻ͕ࣗ͠Ѽઌϊʔυ
Ͱͳ͘ɺॳΊͯड͚औΔRREQIDͷύέοτͰ͋Ε
ɺRREQύέοτʹϊʔυ IDΛ͠هɺϒϩʔ
υΩϟετ͢Δɻ͢͠Ͱʹड͚औͬͨ͜ͱͷ͋Δ
RREQIDͷύέοτͰ͋Εɺͦ ͷύέοτϒϩʔ
υΩϟετͤͣʹഁ͢غΔɻ

3. RREQύέοτΛड͚औͬͨϊʔυ͕ѼઌϊʔυͰ
͋ͬͨ߹ɺϊʔυฦͷͨΊͷRREPύέοτ
Λੜ͠ɺૹ৴ݩϊʔυૹ৴͢ΔɻRREPύέο
τΛड͚औͬͨϊʔυࣗͷܦ࿏දʹRREPͷૹ
৴ݩϊʔυͱ͜ͷύέοτͷૹ৴ϊʔυͷܦ࿏ใ
Λه͢Δɻ

4. ૹ৴ݩϊʔυ࠷ॳʹ౸ୡͨ͠RREPύέοτͷܦ
࿏Λܦ༺࿏ͱ͠ɺ௨৴Λ։࢝͢Δɻ

2.1.3 AODVͷσʔλதܧ

ϊʔυύέοτసૹͷҝʹܦ࿏දΛͭɻAODVʹ
͓͍ͯσʔλసૹ͞ΕΔύέοτѼઌϊʔυ·Ͱͷ͢
ͯͷܦ༝ϊʔυͷใΛͨ࣋ͳ͍ɻAODVͷܦ࿏ද
ѼઌϊʔυͱͦͷϊʔυૹΔͨΊͷ࣍ϗοϓϊʔυ
Λରʹͯ͠ه͢Δɻ͜ͷܦ࿏දʹ͍ͯͮجૹ৴ݩϊʔ
υ͔ΒѼઌϊʔυύέοτ͕ૹ৴͞ΕΔɻ

2.2 ISKϓϩτίϧ [6]

ISKϓϩτίϧࣗݾ௨৴ྔͱଞ௨৴ྔͷൺΛ༻͢
Δ͜ͱͰ௨৴ྔʹ͓͚ΔެฏੑΛୡ͢ΔํࣜͰ͋Δɻ
ISKϓϩτίϧ AODVͷܦ࿏બͷΞϧΰϦζϜΛ
ม͠ߋɺܦ࿏બʹΑΓ௨৴ͷެฏੑΛୡ͢Δɻ
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2.2.1 ISKϓϩτίϧͷಛ
ISKϓϩτίϧRREPʹΑΓߏங͞Εͨܦ࿏ʹର͠

ͯެฏΛࢉग़֤ͯ͠ܦ࿏ͷධՁΛ͏ߦɻܦ࿏ධՁΛߦ
͏ͨΊʹ֤ϊʔυࣗͷެฏͰ͋ΔDratioΛͭ࣋ɻ

Dratio =
OwnData

OtherData
(1)

OwnData = ૹ৴ݩ·ͨѼઌ͕ࣗͰ͋Δύέοτ
OtherData = ଞϊʔυͷதܧσʔλͰ͋Δύέοτ

ISKϓϩτίϧ Dratioͱ͍͏֤ϊʔυʹ͓͚Δ௨
৴ྔʹର͢ΔެฏੑΛࣔ͢ࢦඪΛͭ࣋ɻOwnData ࣗ
௨৴ͷఆٛσʔλݾ௨৴ͷ௨৴ྔΛ͍ࣔͯ͠Δɻࣗݾ
ύέοτͷૹ৴ݩ·ͨѼઌ͕ࣗͰ͋Δ߹Ͱ͋Δɻ
OtherDataଞ௨৴ͷ௨৴ྔΛ͍ࣔͯ͠Δɻଞ௨৴ͷఆ
ٛσʔλύέοτͷૹ৴ݩ·ͨѼઌ͕ࣗͰͳ͍
߹Ͱ͋ΓɺதܧύέοτͰ͋Δɻ

2.2.2 ISK ϓϩτίϧͷRoute Discovery

ISKϓϩτίϧͷܦ࿏બΞϧΰϦζϜΛࣔ͢ɻ

1. ͜ͷϓϩηε AODVͱಉ͡Ͱ͋Δɻ

2. ͜ͷϓϩηε AODVͱಉ͡Ͱ͋Δɻ

3. ͜ͷϓϩηεDratioͷΛՃ͢ࢉΔҎ֎AODV
ͱಉ͡Ͱ͋Δɻ͠RREQύέοτΛड͚औͬͨϊʔ
υ͕ѼઌϊʔυͰ͋ͬͨ߹ɺ͜ ͷϊʔυRREPύ
έοτΛੜ͢Δɻ͜ͷRREPύέοτʹDratio
ʹؔ͢ΔϔομʔΛͪ࣋ɺੜ࣌ͷ 0 Ͱ͋Δɻ
RREPύέοτΛड͚औͬͨϊʔυύέοτͷ
DratioʹࣗͷDratioΛՃ͠ࢉૹ৴ݩϊʔυ·Ͱ౸
ୡ͢Δ·ͰϒϩʔυΩϟετΛଓ͚Δɻ

4. ૹ৴ݩϊʔυ౸ணͨ͠RREPύέοτͷத͔Β࠷
খͷͷDratioͷܦ࿏Λܦ༺࿏ͱ͠ɺ௨৴Λ։࢝
͢Δɻ

3 ଘϓϩτίϧͷط
3.1 AODVʹ͓͚ΔެฏੑΛୡ͢ΔͨΊͷ
ѼઌϊʔυΛ୳͢ࡧΔͨΊʹଟ͘ͷMANETͷϧʔ

ςΟϯάϓϩτίϧϒϩʔυΩϟετΛ͕͏ߦɺϒϩʔ
υΩϟετωοτϫʔΫશମͷෛՙͱͳΔɻ͜ͷͨΊ
AODVRoute DiscoveryϓϩηεͰϒϩʔυΩϟετ
ʹΑΔΦʔόʔϔουΛݮΒ͢ҝʹɺಉҰͷRREQΛड
৴ͨ͠Β࠶ૹ৴͠ͳ͍ɻ͜ΕʹΑΓ୳ࡧύέοτͰ͋Δ
RREQιʔεϊʔυΛத৺ʹঢ়ʹ͕ΓɺѼઌϊʔ
υ౸ୡ͢ΔɻAODVͷRREQΛഁ͢غΔϧʔϧಉ
Ұͷ RREQIDΛͭ࣋ύέοτΛೋҎ߱ड৴ͨ͠ύ
έοτΛഁ͢غΔ͜ͱͰ͋Δɻ࠷ॳʹड৴ͨ͠ RREQ
ͷΈΛ࠶ૹ৴͢ΔͨΊɺߏங͞ΕΔܦ࿏Ԡͷૣ͍௨
৴ϗοϓͷগͳ͍ܦ࿏ͱͳΓ͍͢ɻ͔͠͠ͳ͕Βɺ
Β౸ୡ͔ͨ͠ޙ RREQύέοτഁ͞غΕΔͷͰɺ͜
ΕΒͷRREQύέοτΛ༻͍ͨܦ࿏ͷߏங͞Εͳ͍ɻ
AODVΛϕʔεͱ͍ͯ͠Δ ISKϓϩτίϧͰߏங͞
Εͨܦ࿏ͷத͔Βܦ࿏ͷެฏੑΛධՁ͠ܦ༺࿏ͱͯ͠

બग़͢ΔͨΊɺ࠷దͳ Dratioͷܦ࿏ΛબͰ͖ͳ͍
߹͕͋Δɻ

Fig.1 AODVͷ Route Discovery ϓϩηε

Fig.1ʹAODVͷRoute DiscoveryϓϩηεͷྫΛࣔ
͢ɻιʔεϊʔυ SपғͷϊʔυѼઌϊʔυΛ୳ࡧ
͢Δ RREQύέοτΛϒϩʔυΩϟετ͢Δɻपғͷ
ϊʔυॳΊͯड৴ͨ͠RREQͰ͋Ε࠶ૹ৴͢Δ͕ɺ
ಉ͡࠶ RREQΛड৴ͨ͠߹ഁ͢غΔɻCˠG
Bˠ EɺFˠ Hͷ RREQ͕ഁ͞غΕ͍ͯΔ͕ɺ͜Ε
ઌʹଞͷϊʔυ͔ΒಉҰͷ RREQΛ͢Ͱʹड৴͍ͯ͠
ΔͨΊഁ͞غΕΔͨΊͰ͋ΔɻѼઌϊʔυʹಧ͘·Ͱϒ
ϩʔυΩϟετ͕ଓ͖ɺ࠷ऴతʹ Fig.1ʹࣔ͢Α͏ʹ
ճͷྫͰࠓΔɻྃ͢ங͕ߏ࿏ͷܦ Aˠ EˠGˠD
ͱAˠ EˠHˠD ͱ͍͏ೋͭͷܦ࿏͕ߏங͞Εͨɻ͜
ΕΒͷ̎ͭͷܦ࿏ଟ͘ͷಉ͡ϊʔυΛܦ༝͢Δܦ࿏ͱ
ͳ͓ͬͯΓɺAODVʹ͓͍ͯಠཱͨ͠ܦ࿏͕ߏங͞Ε
ΔՄੑ͕͍ɻISKϓϩτίϧͷΑ͏ͳܦ࿏બΞϧ
ΰϦζϜʹ͓͍ͯߏஙࡁΈͷܦ࿏͔Βҙͷܦ࿏Λબ
͢Δ͜ͱʹΑͬͯެฏੑΛୡ͍ͯ͠ΔͨΊɺબՄ
ͳܦ࿏͕ඇৗʹࣅ௨͓ͬͯΓɺબʹΑͬͯಘΒΕΔ
ޮՌ͕ബ͍ɻނʹɺެฏੑΛୡ͢ΔͨΊʹ AODV
ͷ Route DiscoveryϓϩηεΛௐ͢Δඞཁ͕͋Δɻ

3.2 ISKϓϩτίϧͷ
ઌڀݚߦͰ͋Δ ISKϓϩτίϧ௨৴Λࣗσʔλͱ

ଞσʔλʹྨ͜͠ΕΒͷ௨৴ྔͷൺΑΓެฏΛࢉग़
͠ɺ௨৴ܦ࿏ͷϊʔυͷެฏΑΓܦ࿏ධՁΛ͍ͯͬߦ
ΔɻISKϓϩτίϧϊʔυؒͷެฏੑͷධՁʹ͕
͋Δͱ͑ߟΔɻ͜ͷϓϩτίϧͰࣗݾσʔλ௨৴ͷఆ
ٛΛϢχΩϟετ௨৴ʹ͓͚Δૹ৴ݩϊʔυͱѼઌϊʔ
υ͕ࣗݾͷҝͷ௨৴Λ͍ͯ͠Δͱ͍͏ఆٛͰ͋Δ͕ɺ࣮
௨৴ͱͳΒͳ͍ݾͷ௨৴ʹ͓͍ͯ͜ΕΒͷ௨৴ࣗࡍ
߹͕͋ΔɻMANET ্ͰॏཁͳσʔλΛͪ࣋ɺଟ͘ͷ
ϊʔυ͔Β௨৴ཁٻΛड͚ɺ৴͍ͯ͠Δϊʔυࣗݾ
ͷҝͷ௨৴Λ͍ͯ͠Δͱͮ͑ߟΒ͍ɻ͔͠͠ͳ͕Βɺ
ISK ϓϩτίϧͷఆٛͰଞͷϊʔυ͔Βͷ௨৴ཁٻʹ
Ԡ͢Δϊʔυͷ௨৴ࣗݾ௨৴ͱͳΔɻނʹɺଟ͘ͷ
ϊʔυ͔Β௨৴ཁٻΛड͚Δαʔόʔੑ࣭ͷϊʔυࣗ
௨৴͕ݾ͍͓ࣗͯʹ௨৴͕૿Ճ͢Δɻ͜ͷϓϩτίϧݾ
ଞ௨৴ΑΓൺ͕ଟ͍ͱɺσʔλதܧϊʔυͱͯ͠બग़͞
Ε͍͢ಈ࡞Λ͢ΔͨΊɺ͜ͷαʔόʔੑ࣭ϊʔυத
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ϊʔυͱͯ͠બग़͞Ε͘͢ͳΔɻ͜Εଞͷ௨৴ཁܧ
͏ߦΛܧΔʹؔΘΒͣɺଞͷ௨৴ͷத͍ͯ͑ͨ͜ʹٻ
ձ͕૿͑Δ͜ͱΛҙຯ͓ͯ͠Γɺαʔόʔੑ࣭ϊʔυػ
ͷෛՙ͕ूத͍ͯ͠Δɻ͜ΕॏཁͳใΛൃ৴͢Δ
ϊʔυͷෆެฏੑ͕ଘ͠ࡏɺωοτϫʔΫӡ༻ʹ͓͚
Δݒ೦Ͱ͋Δɻ
ISKϓϩτίϧͷಛΛࣔͨ͢ΊɺCޠݴΛ༻͍࡞

ͨ͠ωοτϫʔΫγϛϡϨʔλʹ֤ͯϊʔυͷDratioͱ
தܧσʔλΛӽͨΊͷγϛϡϨʔγϣϯΛͨͬߦɻ100
ϊʔυΛ 500m x 500mͷεϖʔεʹϥϯμϜʹஔ͠ɺ
100ϊʔυͷ͏ͪ 25ϊʔυΛαʔόʔੑ࣭ϊʔυͱ͠ɺ
Γͷ 75ϊʔυΛΫϥΠΞϯτੑ࣭ϊʔυͱ͢Δɻαʔ
όʔੑ࣭ϊʔυͱΫϥΠΞϯτੑ࣭ϊʔυ͕ରͱͳΔΑ
͏ͳϥϯμϜͳ௨৴Λੜ͢ΔɻϊʔυͷҠಈฏ
ۉ 4km/hͰ͋Δɻ

Fig.2 ISKϓϩτίϧʹΑΔϊʔυͷ Dratio

Fig.2͜ͷγϛϡϨʔγϣϯʹ͓͚Δ֤ϊʔυͷDra-
tioΛ͍ࣔͯ͠ΔɻISK ProtocolͷDratioͷධՁࣜΑΓɺ
Dratio͕খ͍͞΄Ͳࣗݾ௨৴ͷൺ͕େ͖͍ҝɺϊʔ
υຬ͍ͯ͠Δঢ়ଶͰ͋Δɻ͕ͨͬͯ͠ɺαʔόʔੑ
࣭ϊʔυͰ͋Δ 1͔Β 25ϊʔυΫϥΠΞϯτϊʔυ
(26͔Β 100)ͱൺֱ͠ɺDratio͕খ͍͞ҝɺதܧϊʔ
υͱͯ͠બग़͞Ε͍͢ঢ়ଶͰ͋Γɺબग़͞ΕΔ͜ͱͰ
ϊʔυશମͰ DratioΛۉҰʹ͢Δಇ͖͕͋Δɻ

Fig.3 ISKϓϩτίϧʹΑΔϊʔυͷதܧσʔλྔ

Fig.3͜ͷγϛϡϨʔγϣϯʹ͓͚Δ֤ϊʔυͷத
σʔλྔΛ͍ࣔͯ͠ΔɻFig.3αʔόʔੑ࣭ϊʔυܧ
ͷதܧσʔλྔ͕ଞϊʔυͱൺֱ͠ଟ͍͜ͱΛ͍ࣔͯ͠
Δɻ͜Ε DratioʹΑΓதܧϊʔυͷબग़͕ߦΘΕͨ
ͨΊɺαʔόʔੑ࣭ϊʔυ͕ଟ͘σʔλͷதܧΛ͍ͯ͠
ΔɻFig.2, Fig.3ΑΓɺαʔόʔੑ࣭ϊʔυଞͷ௨৴

ཁٻʹ͍͑ͯΔͷʹؔΘΒͣࣗݾ௨৴ͱͯ͠ѻΘΕ
ΔͨΊɺύέοτதܧʹ͓͍ͯଟ͘ͷෛ୲Λ͍ͯ͠Δɻ
ଞͷ௨৴ཁٻΛ͑Ε͑Δ΄Ͳɺ͞Βʹதܧϊʔυ
ͱͯ͠બग़͞ΕΔͱ͍͏έʔε͕͋Γɺ௨৴Λྀͨ͠ߟ
௨৴ͱଞ௨৴ͷྨΛ͢Δඞཁ͕͋Δɻݾࣗ

4 ఏҊख๏
զʑ௨৴ྔʹ͓͚ΔެฏੑΛୡ͢ΔͨΊͷAODV

Λϕʔεͱͨ͠৽͍͠ϓϩτίϧ FRAODV(Fair Rout-
ing based on AODV)ΛఏҊ͢ΔɻMANETʹ͓͍ͯެ
ฏੑΛୡ͢ΔͨΊʹެฏੑͷҝʹௐ͞ΕͨRoute
Discoveryϓϩηεͱదͳܦ༺࿏ͷબ͕ඞཁͰ͋
Δɻ͜ ΕΒͷΛલड़ͯ͋͠Δ௨Γɺզʑެฏੑୡ
ͷͨΊʹ̎ͭͷఏҊΛ͢ΔɻҰͭAODVͷRoute
DiscoveryϓϩηεΛม͠ߋɺޮՌతͳެฏԽϧʔςΟ
ϯάΛୡ͢ΔɻೋͭઌڀݚߦͷͰ͋Δެฏ
ੑΛܦྀͨ͠ߟ࿏੍ޚΛ͢Δࡍʹαʔόʔੑ࣭ͷϊʔυ
ͷதܧίετͷภΓΛվળ͢Δɻ͜ΕΒͷվળʹΑΔɺ
ఏҊख๏ͷ FRAODVͱطଘख๏ͷൺֱΛ͏ߦɻ

4.1 ެฏੑͷͨΊͷRoute DiscoveryΞϧΰϦζϜ
ͷௐ

ެฏੑΛୡ͢ΔͨΊʹ AODVͷ Route Discovery
ϓϩηεΛվળ͢ΔɻAODVͷͰड़ͨͱ͓Γɺ
AODVRoute Discoveryϓϩηεʹ͓͚ΔϑϥοσΟ
ϯάΛ੍͢ΔͨΊʹ Route Discovery ϓϩηε࣌ʹ
ϊʔυҰड৴ͨ͜͠ͱͷ͋Δ RREQIDͷύέοτ
Λड৴ͨ͠ࡍʹͦΕΛഁ͢غΔɻ͜ͷॲཧʹΑΓެฏੑ
Λୡ͢ΔͨΊʹ࠷దͳܦ༺࿏ͷߏங͕Ͱ͖ͳ͍
߹͕͋ΔɻނʹզʑެฏੑΛୡ͢ΔͨΊʹ AODVͷ
Route DiscoveryϓϩηεΛม͢ߋΔɻAODVվળ͢Δ
ͨΊʹެฏΛௐ͢ΔޮՌͷܦ͍ߴ࿏Λߏங͢Δ͜
ͱ͕ඞཁͰ͋ΔɻނʹRoute Discoveryϓϩηεதʹܦ
࿏ධՁΛ͍ߦɺ͜ͷධՁʹͮ͘جRREQͷϒϩʔυΩϟ
ετΛ͏ߦɻISKϓϩτίϧͰϊʔυͷެฏΛࣔ͢
Λ Dratioͱͯ͠ѻ͍͕ͬͯͨɺISKϓϩτίϧͱ۠
ผ͢ΔͨΊఏҊख๏ͷධՁΛ FV(Fair Value)ͱ͢Δɻ

4.1.1 ఏҊख๏ͷRoute DiscoveryΞϧΰϦζϜ
1. ૹ৴ݩϊʔυѼઌϊʔυ௨৴͕ඞཁͱͳͬͨࡍɺ
୳ࡧύέοτͰ͋ΔRREQύέοτΛ৽ͨͳRRE-
QIDͰੜ͢Δɻ͜ͷ RREQύέοτʹ FVͱ
͍͏ϔομʔΛͪ࣋ॳظ 0Ͱ͋Δɻ͜ͷύέο
τΛपғͷϊʔυʹରͯ͠ϒϩʔυΩϟετ͢Δɻ

2. RREQύέοτΛड͚औͬͨϊʔυࣗͷܦ࿏ද
ʹRREQʹؔ͢Δܦ࿏ใΛه͠ɺRREQͷѼઌ
ϊʔυ͕͔ࣗࣗΛ֬ೝ͢Δɻ͠ϊʔυ͕RREQ
ύέοτͷѼઌϊʔυͰͳ͘ɺ·ͩड͚औͬͨ͜
ͱͷͳ͍ ID ͷ RREQ Ͱ͋Δ߹ɺ͜ͷϊʔυ
RREQύέοτʹࣗͷ IDΛ͠هɺύέοτͷ
FVʹࣗͷ FVΛՃޙͨ͠ࢉʹ͜ͷύέοτΛϒ
ϩʔυΩϟετ͢Δɻͦ͠ͷύέοτ͕طʹϊʔ
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υ͕Ұड৴ͨ͜͠ͱͷ͋ΔಉҰͷ RREQIDͷύ
έοτͷ߹ɺҎલड৴ͨ͠ಉ͡ IDͷRREQͷFV
ͱ৽͍͠RREQͷ FVͷΛൺֱ͢Δɻ͠৽͍͠
RREQͷํ͕͕খ͍͞߹ɺࣗͷRREQͷ FV
ʹؔ͢ΔهΛ৽͍͠ʹࠩ͠ସ͑ɺύέοτͷ FV
ʹࣗͷ FVΛՃޙͨ͠ࢉʹ͜ͷύέοτΛϒϩʔ
υΩϟετ͢Δɻ

3. ͠RREQύέοτΛड͚औͬͨϊʔυ͕Ѽઌϊʔ
υͰ͋ͬͨ߹ɺ͜ͷRREQͷύέοτͷ FVΛ
֬ೝ͢Δɻ͢͠Ͱʹड͚औͬͨ FVΑΓখ͞
͍ FVͰ͋ΔRREQύέοτͰ͋ͬͨ߹ɺϊʔυ
RREPύέοτΛੜ͠ɺૹ৴ݩͷϊʔυૹ৴
͢Δɻ

4. ૹ৴ݩϊʔυ࠷ॳʹ౸ணͨ͠RREPύέοτͷܦ
࿏Λܦ༺࿏ͱͯ͠௨৴Λ։࢝͠ɺ͔ޙΒ౸ୡͨ͠
RREPͷํ͕ FV͕খ͍͞߹ܦ༺࿏ΛΓସ͑
௨৴Λ͏ߦɻ

4.1.2 ެฏੑͷͨΊͷAODVͷRoute Discovery
ΞϧΰϦζϜͷௐ

AODVͷ Route DiscoveryϓϩηεΛվળͨ͠ఏҊ
ख๏Λద༻ͨ͠Modified ISKͱOriginal ISKͷൺֱΛ
࿏ධՁʹؔͯ͠ܦɻެฏੑͷҝͷ͏ߦ ISK ϓϩτί
ϧͰ͋Δ DratioΛʹڞ༻͠ Route Discoveryϓϩη
εʹΑΔมԽΛࣔ͢ɻγϛϡϨʔγϣϯύϥϝʔλલ
ճͷγϛϡϨʔγϣϯͱಉ͡Ͱ͋Δɻ

Fig.4 Modified ISKͱOriginal ISKͷ Dratioͷൺֱ

Fig.4  ISK ϓϩτίϧͷܦ࿏બΞϧΰϦζϜΛ
༻͍ͯɺRoute Discovery ϓϩηε͕ҟͳΔ Modified
ISK ͱ Original ISK ͷൺֱΛ͍ࣔͯ͠ΔɻFig.4 ΑΓ
Modified ISKOriginal ISKͱൺֱ͠ɺϊʔυͷDratio
ͷ͕ࢄখ͍͜͞ͱΛ͍ࣔͯ͠Δɻܦ࿏બΞϧΰϦ
ζϜʹΑΓશϊʔυͷ Dratio͕Ұఆʹऩଋ͢Δಈ࡞Λ
͢Δ͕ɺఏҊख๏ͷํ͕ޮՌ͕͍ߴɻOriginal ISKͰ͋
Δ AODVެฏੑΛୡ͢Δͷʹదͨ͠ܦ࿏Λ Route
Discoveryϓϩηεͷ՝ఔͰΛௐ͢Δͷʹదͨ͠ܦ࿏
Λഁ͍ͯ͠غΔ߹͕͋Δ͕ɺఏҊख๏Ͱ͋ΔModified
ISKRoute Discoveryϓϩηε࣌ʹެฏੑΛୡ͢Δ
ͷʹదͨ͠ܦ࿏Λߏங͢ΔͨΊɺFig.4ͷΑ͏ͳ Dratio
ͷௐޮՌͷҧ͍͕ಘΒΕͨɻނʹModified ISKͰ͋

ΔఏҊख๏ެฏੑΛୡ͢ΔͨΊͷҰఆͷޮՌ͕ಘΒ
Ε͍ͯΔɻ

4.2 σʔλྨͷվળ

֤ϊʔυͷެฏΛࣔ͢Λ͢ࢉܭΔͨΊͷ ISKϓ
ϩτίϧͷఆٛ DratioΛमਖ਼͢Δɻެฏࣗݾ௨৴
ͱଞ௨৴ͷೋ͔ͭΒߏ͞ΕΔɻઌڀݚߦͰࣗݾ௨৴
ૹ৴ݩ·ͨѼઌ͕ࣗͰ͋Δ௨৴ ͱ͓ͯ͠Γɺ͜
ͷఆٛʹΑΓ৴Λଟ͘͏ߦαʔόʔੑ࣭ͷϊʔυͷ
ෛՙͷूத͕ൃੜ͍ͯ͠Δɻ͕ͨͬͯ͠ɺ͜ͷఆٛΛݟ
͢ɻҰൠతʹσʔλ৴Λ͏ߦαʔόʔੑ࣭ϊʔυͱ
௨৴ཁٻΛ͏ߦΫϥΠΞϯτੑ࣭ͱͷσʔλτϥϑΟο
ΫͷؔԼهͰ͋ΔͱԾఆ͢Δɻ

αʔόʔϊʔυɿUpload Data ʼ Download Data

ΫϥΠΞϯτϊʔυɿDownload Dataʼ Upload Data

UploadͱDownloadͷτϥϑΟοΫྔΛҧ͍Λར༻͢
Δ͜ͱͰαʔόʔੑ࣭ϊʔυͷෛՙͷܰݮΛࢼΈΔɻ
͜ͷੑ࣭Λެ͍ฏࢉग़ࣜΛԼهͷΑ͏ʹఆٛ͢Δɻ

FV (Node) =
RelayData+ UploadData

DownloadData
(2)

SelectPath = argmin{FV (Path)|Path ∈ A} (3)

ࣜ (2)ͷFVFRAODVͰ༻͍ΔެฏͰɺFVܦ
࿏্ͷϊʔυͷFVͷ߹ܭͱͳΔɻࣜ (3)ιʔεϊʔ
υʹ͓͚Δܦ࿏બΛ͍ࣔͯ͠ΔɻARREPʹΑͬͯ
௨৴ΛDownloadͱݾ࿏ͷू߹Ͱ͋Δɻࣗܦங͞Εͨߏ
ఆ͍ٛͯ͠Δཧ༝Download௨৴͕ࣗݾརӹͷҝʹߦ
ΒΕΔͨΊͰ͋Δɻ·ͨଞ௨৴ΛUploadͱRelay͑ߟ͏
ͱఆ͍ٛͯ͠Δཧ༝͜ΕΒଞϊʔυͷ௨৴ͷҙຯ
ΊͰ͋Δɻ͜ͷ৽͍͠ఆٛʹΑΓ͍ͨڧ͕͍߹ ISKϓ
ϩτίϧͱൺֱ͠ɺࣗݾ௨৴ͱଞ௨৴ͷΑΓਖ਼֬ͳ
ΔɻRoute͑ߟΘΕΔͱߦ͕ྨ Discoveryϓϩηεͷม
ͷޮՌΛ֬ೝ͢Δߋ࿏ධՁͷมܦͱ͜ͷϓϩηεͷߋ
ͨΊɺFRAODVͱ ISK ϓϩτίϧΛఏҊख๏ͷൺֱͷ
γϛϡϨʔγϣϯΛ͏ߦɻ

4.3 ϓϩτίϧൺֱͷγϛϡϨʔγϣϯ

FRAODVͱ ISKϓϩτίϧͷγϛϡϨʔγϣϯΛߦ
͏ɻ͜ͷೋͭͷϓϩτίϧʹ͓͍ͯRoute Discoveryͷ
ϓϩηε͕ҟͳ͓ͬͯΓެฏੑʹؔ͢Δܦ࿏ධՁࣜҟ
ͳ͍ͬͯΔɻγϛϡϨʔγϣϯύϥϝʔλલճͷγϛϡ
Ϩʔγϣϯͱಉ͡Ͱ͋Δɻ
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Fig.5 FRAODVͱ ISKϓϩτίϧͷதܧσʔλྔͷ
ൺֱ

Fig.5 ఏҊख๏ͱ ISK ϓϩτίϧͷதܧσʔλྔ
ͷൺֱΛ͍ࣔͯ͠Δɻ͜ͷγϛϡϨʔγϣϯ Route
Discoveryϓϩηεͱܦ࿏બΞϧΰϦζϜͷҧ͍ʹΑ
ΔࠩΛ͍ࣔͯ͠Δɻαʔόʔੑ࣭ϊʔυͱΫϥΠΞϯ
τੑ࣭ϊʔυͷதܧσʔλྔͷࠩఏҊख๏ͷํ͕খ
͍͞ɻ͜Ε௨৴ͷྨͷఆٛΛมͨ͜͠ߋͱʹΑΓɺ
αʔόʔੑ࣭ϊʔυͷෛՙͷूத͕ݮগ͔ͨ͠ΒͰ͋
ΔɻఏҊख๏ UploadσʔλΛଞϊʔυ௨৴ͱྨ͠
ͨ͜ͱͰɺISKϓϩτίϧͷෛՙूத͕վળ͞Εͨɻ
ఏҊख๏ެฏੑΛୡ͢ΔͨΊͷௐޮՌ͕͍͜ߴͱ
ͱɺࣗݾརӹͱଞͷݙߩͷྨͷෆެฏײͷվળ͕ࣔ
͞ΕɺMANET ͷ࣮ӡ༻ʹ͓͍ͯϢʔβʔͷݒ೦Ͱ
͋ͬͨɺॏཁͳใΛͭ࣋ϊʔυ͕ใΛଟ͘ൃ৴͢Ε
͢Δ΄Ͳࣗͷෛ୲͕૿Ճ͢Δͱ͍͏͕ܰ͞ݮ
Εͨɻ

5 ݁
զʑެฏੑΛୡ͢ΔͨΊͷ৽͍͠ AODVϓϩτ

ίϧΛఏҊͨ͠ɻ͜ͷϓϩτίϧެฏԽϧʔςΟϯά
Λࡍ͏ߦʹಛఆͷϊʔυதܧίετ͕ूத͢ΔΛ
վળ͠ɺ·ͨ AODVʹ͓͍ͯެฏੑΛୡ͢ΔͨΊʹ
దͨ͠ܦ࿏ͷߏஙΛ͑ߦΔΑ͏Route Discoveryϓϩη
εͷมߋΛͨͬߦɻ͜ΕʹΑΓطଘख๏ͱൺֱ͠ωοτ
ϫʔΫશମͰϊʔυؒͷެฏੑ্͕ͨ͠ͱ͍͑Δɻࠓ
ճެฏͷஅج४ͱͯ͠ UploadͱDownloadΛࢦ
ඪͱ͕ͨ͠ɺ࣮௨৴ʹ͓͍࣮ͯଶʹ͏ެฏͳ௨৴͕ߦ
ΘΕ͍ͯΔ͔ͷূݕͱެฏੑΛୡ͢ΔͨΊͷΦʔόʔ
ϔουͷ૿Ճ͕ͲͷΑ͏ʹMANETӨ͢ڹΔ͔ࠓ
ͷ՝ͱ͢Δɻޙ
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ແઢηϯαωοτϫʔΫʹ͓͚Δϕʔεεςʔγϣϯ͔Βͷ
ແઢใΛར༻ͨ͠ෛՙࢄಈతϧʔςΟϯάΞϧΰϦζϜ

෦࿈ଠ ֯༟࣍ ૿ᖒརޫ
େࡕେֶ େֶӃใՊֶڀݚՊ ίϯϐϡʔλαΠΤϯεઐ߈

ɹ֓ཁɹଟͷ҆Ձͳখܕແઢஔଂηϯα͕૬ޓʹϚϧνϗοϓ௨৴Λ͜͏ߦͱͰߏ͞ΕΔແઢηϯαωοτϫʔΫ,ͦ
ͷద༻ͷ͔͞Β༷ʑͳΞϓϦέʔγϣϯʹར༻͞Ε͍ͯΔɽແઢηϯαωοτϫʔΫʹ͓͍ͯηϯαؒͰͷফඅిྗΛฏ
ઃ͔Βࢪଘిྗηϯγϯάใऩू֤ηϯαϊʔυ͕ڀݚΛԆ͢͜ͱ͕ॏཁͰ͋Δ.ຊؒ࣌Խ͠ɼωοτϫʔΫͷଘଓۉ
ͷڑΛ্ྀͨ͠ߟͰɼϝοηʔδͷૹ৴ઌΛ֬తʹܾఆ͢Δख๏ͷߟҊΛతͱ͢ΔɽຊߘͰͦͷख๏ͷ֓ཁΛઆ໌͠ɼ༧
උ࣮ݧʹΑΓख๏ͷଥੑΛ؆қʹ݁ͨ͠ূݕՌΛࣔ͢ɽ

1 ͡Ίʹ

ແઢηϯαωοτϫʔΫ (WSNs) ͱɼଟͷ҆Ձ
ͳখܕແઢஔଂηϯαʢϊʔυʣΛϑΟʔϧυʹ
ஔ͠ɼϊʔυ͕ηϯγϯάʹΑΓಘͨใΛऩूࢪઃ
ʢϕʔεεςʔγϣϯʣసૹ͢Δ͜ͱͰϑΟʔϧυશ
ମͷใΛऩू͢ΔωοτϫʔΫͰ͋ΔɽWSNsର
ͷڥϞχλϦϯάͳͲ༷ʑͳΞϓϦέʔγϣϯ
ʹར༻͞Εɼͦͷద༻ͷ͔͞Βେ͖͘ظ͞Εͯ
͍ΔɽWSNs ʹ͓͍ͯηϯαిۦಈͰ͋Δ߹͕
ଟ͘ɼ͕͋ݶ੍ʹྗి༺ΔɽΑͬͯωοτϫʔΫͷଘ
ଓؒ࣌ΛߴΊΔͨΊʹ֤ϊʔυͷফඅిྗΛ͑ɼ͔ͭ
ϊʔυؒͰͷফඅిྗΛฏۉԽ͢Δ͜ͱ͕ॏཁͰ͋Δɽ
֤ϊʔυ௨৴Մڑͷϊʔυͱ૬ޓʹ௨৴͢Δ
͜ͱ͕ՄͰ͋Γɼऔಘͨ͠ใϚϧνϗοϓ௨৴ʹ
ΑΓϕʔεεςʔγϣϯʹूΊΒΕΔɽ͜ͷΑ͏ͳωο
τϫʔΫͷੑ্࣭ɼϕʔεεςʔγϣϯʹ͍ۙϊʔυ΄
ͲσʔλసૹΛ͏ߦස͕͍ͨߴΊɼফඅిྗ͕ඇۉҰ
ͱͳΓωοτϫʔΫͷଘଓؒ࣌Λ͘͢ΔݪҼͱͳΔՄ
ੑ͕͍ߴɽͦ͜ͰωοτϫʔΫͷଘଓؒ࣌ΛԆͨ͢
Ίɼϊʔυͷଘిྗϕʔεεςʔγϣϯ͔Βͷڑ
ʹΑͬͯదͳϝοηʔδసૹܦ࿏Λܾఆతʹ͢ࢉܭΔ
ख๏͕ߟҊ͞Ε͍ͯΔɽ
ຊڀݚͰɼ֤ϊʔυ͕ଘిྗϕʔεεςʔγϣ
ϯ͔ΒͷڑΛ্ྀͨ͠ߟͰɼϝοηʔδͷૹ৴ઌΛ֬
తʹܾఆ͢Δख๏ͷߟҊΛతͱ͢Δɽຊख๏Ͱ֤
ϊʔυ͕֬త͔ͭہॴతʹϝοηʔδͷૹ৴ઌΛܾఆ
͢Δ͜ͱͰɼಛఆͷϊʔυͰେྔͷϝοηʔδ͕ੜ͞
ΕΔ߹ʹ֬ߴͰෛՙΛ͠ࢄɼωοτϫʔΫଘଓ
ΛԆ͢͜ͱ͕ՄͰ͋Δɽ·ͨωοτϫʔΫͷؒ࣌
Ͳͷϕʔεεςʔγϣϯϊʔυϝοηʔδͷసૹܦ
࿏શମΛѲͤͣಈ͢࡞ΔͨΊɼ͘ߴ͕ੑ݈ؤɼద༻͢
ΔΞϓϦέʔγϣϯͷηΩϡϦςΟ໘Ͱͷ҆શੑ্Λ
Ή͜ͱ͕Ͱ͖Δɽࠐݟ
ຊߘͰఏҊख๏ͷ֓ཁͱɼख๏ͷଥੑΛ؆қʹݕ
ূ͢Δ༧උ࣮ݧͷ݁ՌΛհ͢Δɽ

2 ॾఆٛ

WSNsͷωοτϫʔΫΞʔΩςΫνϟͷϞσϧɼ
ద༻͢ΔΞϓϦέʔγϣϯʹԠ༷ͯ͡ʑͳͷ͕༻͍Β
ΕΔ.ຊߘͰఏҊ͢Δख๏ͱ༧උ࣮ݧʹ͓͍ͯҎԼͷ
ϞσϧΛఆٛ͢Δ.

2.1 ωοτϫʔΫϞσϧ

2.1.1 ηϯαϊʔυ

શͯͷηϯαϊʔυʢҎ߱ϊʔυʣͷॳظஔϥϯ
μϜͰେہతʹҰҙͳ IDׂΓͯΒΕͳ͍.ηϯγ
ϯάՄྖҬ͔ࣗΒܘ RsҎɼଞϊʔυͱͷ௨
৴ՄྖҬ Rc(≤ Rs)Ҏͱ͢Δ.·ͨϊʔυॳظ
ஔ͔ΒҠಈͤͣɼϑΟʔϧυʹ͓͚Δࣗͷ࠲ඪΛೝ
ࣝ͢Δ GPSͳͲͷػอ༗͍ͯ͠ͳ͍ͱԾఆ͢Δ.

2.1.2 ϕʔεεςʔγϣϯ

ϥϯμϜʹஔ͞ΕͨɼϑΟʔϧυʹ̍ͭͷϕʔεε
ςʔγϣϯΛԾఆ͢Δ.ϕʔεεςʔγϣϯʹ҆ఆ͠
ΕΔ.·ͨωοτϫʔΫશମʹ౸ୡ͢Δ͞څڙ͕ྗిͯ
.ͳిΛൃ৴͢Δ͜ͱ͕ՄͳͰ͋Δྗڧ

2.2 ిྗফඅϞσϧ

ҎԼͷిྗফඅϞσϧΛԾఆ͢Δ.

ૹ৴࣌ : ETx(l, d) = lEelec + lεfsd2

ड৴࣌ : ERx(l) = lEelec

lΛϝοηʔδͷ bitɼdΛૹड৴͢Δϊʔυؒͷڑ
ͱ͢Δ.Eelec ৴߸ͷූ߸Խํࣜৼ෯,ϑΟϧλํ
ࣜͳͲʹͮ͘جͰ͋Δɽεfs৴߸૿෯ثͷిྗফ
අʹؔΘΔͰ͋Δɽ

3 ఏҊख๏ͷ֓ཁ

ຊষͰɼ֤ϊʔυ͕ϝοηʔδͷసૹઌΛϕʔεε
ςʔγϣϯ͔Βͷϗοϓͱྡϊʔυͷଘిྗɼྡ
ϊʔυͱͷڑʹ͍֬ͯͮجతʹܾఆ͢Δख๏Λ
ఏҊ͢Δɽϝοηʔδͷసૹܦ࿏͕֬తʹมԽ͢Δ͜
ͱͰɼಛʹϝοηʔδ͕ಛఆͷΤϦΞͰେྔʹൃੜ͢Δ
߹ʹɼಛఆͷܦ࿏্ͷϊʔυͷूதతͳిྗফඅΛ؇
͢Δ͜ͱ͕Ͱ͖Δɽຊख๏֤ϊʔυ͕ࣗͱ֤ྡ
ϊʔυͷɼϕʔεεςʔγϣϯ͔ΒͷϗοϓΛͬͯ
͍Δ͜ͱΛԾఆ͍ͯ͠Δɽϊʔυ iͷྡϊʔυू߹Λ
Niɼϕʔεεςʔγϣϯ͔ΒͷϗοϓΛ diͱ͢Δ.֤
ϊʔυ iϕʔεεςʔγϣϯ͔ΒͷϗοϓʹΑͬͯ
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ྡϊʔυू߹ΛҎԼͷ Ldi−1,Ldi ,Ldi+1ׂ͠ɼͦ
ΕͧΕͷૹ৴֬Λઃఆ͢Δɽ

Ldi−1= {j ∈ Ni|dj = di − 1}

Ldi = {j ∈ Ni|dj = di}

Ldi+1= {j ∈ Ni|dj = di + 1}

ϊʔυ iϝοηʔδૹ৴࣌ɼઃఆ͞Εͨ֬ʹ͖ͮج
ૹ৴͢Δྡϊʔυू߹Λܾఆ͢Δɽܾఆͨ͠ϊʔυ
ू߹தʹෳͷϊʔυ͕ଘ͢ࡏΔ߹ɼࣗͱͦΕΒͷ
ϊʔυͷڑͱଘిྗʹ͖ͮجɼૹ৴ઌͷϊʔυΛ 1

ܾͭఆ͢Δɽ

4 ༧උ࣮ݧ

ϝοηʔδ͕ಛఆͷΤϦΞͰूதతʹൃੜͨ͠߹ɼ
ඞͣ͠ϝοηʔδ͕ϕʔεεςʔγϣϯ͔ۙͮͳ͍
Α͏ͳసૹΛ͢Δ͜ͱͰɼωοτϫʔΫͷଘଓ͕ؒ࣌Ԇ
ͼΔ͜ͱΛγϛϡϨʔγϣϯ࣮ݧʹΑΓͨ͠ূݕɽఏҊ
ख๏ͱൺֱख๏ʹ͓͍ͯɼ֤ϊʔυϕʔεεςʔγϣ
ϯ͔Βͷϗοϓʹ͖ͮجɼϝοηʔδͷૹ৴ઌͱͳΔ
ྡϊʔυू߹Λબ͢Δɽ͜ͷͱ͖બͨ͠ϊʔυू
߹͕ۭू߹ͳΒͦͷϝοηʔδফࣦ͢ΔɽΞϧΰϦ
ζϜ։͔࢝Βফࣦͨ͠ϝοηʔδͷ߹ܭ͕Ұఆ LL

Λӽ͑Δ·ͰͷϥϯυΛωοτϫʔΫଘଓؒ࣌ͱΈ
ͳ͠ɼ֤ΞϧΰϦζϜΛධՁ͢Δɽ

4.1 ֤छఆٛ

Ͱ؆୯ͷͨΊɼϊʔυ͕ϝοηʔδΛૹݧճͷ࣮ࠓ
৴͢Δྡϊʔυू߹Λܾఆͨ͠ޙɼෳͷૹ৴ઌϊʔ
υީิ͕ଘͨ͠ࡏ߹ɼͦΕΒͱͷڑͦΕΒͷଘ
ిྗʹґଘ͠ͳ͍Ұ༷ϥϯμϜͳૹ৴ઌϊʔυͷબΛ
ɽ·ͨϝοηʔδϥϯμϜʹબ͞ΕͨϊʔυͰ͏ߦ
I ճ࿈ଓͰൃੜ͢Δͱ͢Δɽ

4.1.1 ൺֱख๏

ఏҊख๏ͱൺֱ͢Δख๏ɼ֤ϊʔυ͕ඞͣϕʔε
εςʔγϣϯۙͮ͘Α͏ʹϝοηʔδΛૹ৴͢Δख๏
Λ༻͍ΔɽϊʔυϝοηʔδΛૹ৴͢ΔࡍɼࣗΑΓ
ϕʔεεςʔγϣϯ͔Βͷϗοϓ͕খ͍͞ྡϊʔυ
ू߹Λબ͢Δɽෳͷϊʔυؚ͕·ΕΔ߹ɼఏҊ
ख๏ͱಉ༷ɼҰ༷ϥϯμϜʹͦͷத͔Β̍ͭͷϊʔυΛ
બ͢Δɽ

4.1.2 ֬ઃఆ

ϝοηʔδૹ৴࣌ʹར༻͢Δ֬ͷઃఆʹ͍ͭͯઆ
໌͢Δɽϊʔυ i ͕ɼϕʔεεςʔγϣϯ͔Βͷϗο
ϓ͕ h(di − 1 ≤ h ≤ di + 1) Ͱ͋Δϊʔυू߹ Lh

ͷ͍ͣΕ͔ʹϝοηʔδΛૹ৴͢Δ֬Λ P (di, h) ͱ
͢Δɽࠓճɼϊʔυ i ͕ૹ৴ͨ͠ϝοηʔδ͕ϕʔ
εεςʔγϣϯ౸ୡ͢Δ·Ͱʹసૹճͷظ͕
kdi(k ύϥϝʔλͱͯ͠ೖྗΛઃఆ)ͱͳΔΑ͏ʹ
P (di, di− 1),P (di, di),P (di, di +1)Λઃఆ͢Δɽ۩ମత
ʹҎԼͷࣜΛຬͨ͢Α͏ɼϥϯμϜʹઃఆ͢ΔɽఏҊ
ख๏ʹ͍ͭͯ k > 1ͱ͢Δɽ

1

k
≤ P (di, di − 1) ≤ 1

2
+

1

2k

P (di, di) = 1 +
1

k
− 2P (di, di − 1)

P (di, di + 1) = P (di, di − 1)− 1

k

Ұํɼൺֱख๏ʹ͓͍ͯඞͣϕʔεεςʔγϣϯۙ
ͮ͘Α͏ʹϝοηʔδΛૹ৴͢ΔͨΊɼk = 1ͱͯ͠Ҏ
ԼͷΑ͏ʹ֤֬ΛఆΊͨͷͱΈͳ͢͜ͱ͕Ͱ͖Δɽ

P (di, di − 1)= 1

P (di, di) = 0

P (di, di + 1)= 0

4.1.3 ύϥϝʔλ

Δ֤छύϥϝʔλͷઃఆΛද͢༺ʹݧ࣮ 1ʹࣔ͢ɽ

ύϥϝʔλ 

ϑΟʔϧυαΠζ (100× 100)m

ϊʔυ 100, 200

ॳྗిظ 2.0J

௨৴Մڑ 20m

k 1.0, 2.0 ,...,10.0

I 10, 100, 1000

Eelec 50 nJ/bit

εfs 10 pJ/bit/m2

l 4000 bit

LL 10000

ද 1: ֤छύϥϝʔλ
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4.2 ݁Ռͱߟ

ϝοηʔδ͕ϕʔεεςʔγϣϯ౸ୡ͢Δ·Ͱͷస
ૹճظͷ k ͱϝοηʔδ࿈ଓൃੜ I ʹΑ
ΔωοτϫʔΫଘଓؒ࣌ͷมԽΛهͨ͠ɽϊʔυ͕
100ͷ߹ͷ݁ՌΛਤ 1ʹɼ200ͷ߹ͷ݁ՌΛਤ 2ʹ
ࣔ͢ɽ

ਤ 1: ϊʔυ 100Ͱͷ݁Ռ

ਤ 2: ϊʔυ 200Ͱͷ݁Ռ

ԣ࣠ kͷ͕ 1ͷσʔλ͕ൺֱख๏ɼ2ʙ10ͷσʔλ
͕ఏҊख๏ͷ݁ՌΛ͍ࣔͯ͠Δɽ
ϊʔυ͕ 100ͷ߹ɼ͍ͣΕͷ I ʹ͍ͭͯɼൺֱ
ख๏ʹରͯ͠ఏҊख๏ͷํ͕ωοτϫʔΫଘଓ͕ؒ࣌
͘ͳΓɼ͔ͭ k͕૿Ճ͢ΔʹͭΕͯωοτϫʔΫଘଓ࣌
ؒ͘ͳΔݟ͕ΒΕΔɽ
Ұํɼϊʔυ͕ 200ͷ߹ɼk͕૿Ճͤ͞ΔʹͭΕ
ͯωοτϫʔΫଘଓؒ࣌؇͔ʹݮগ͍ͯ͠Δɽ͜Ε
ϑΟʔϧυαΠζʹରͯ͠ϊʔυ͕ଟ͘ͳͬͨ͜ͱ
Ͱɼάϥϑͷݮ͕ܘগɼϊʔυͷฏ࣍ۉ͕૿Ճͨ͠
ͨΊʹൺֱख๏ωοτϫʔΫଘଓ૿͕ؒ࣌ՃɼఏҊख
๏ڧΈ͕ബΕωοτϫʔΫଘଓݮ͕ؒ࣌গͨͨ͠Ίͱ
ΒΕΔɽ͑ߟ

5 ͓ΘΓʹ

ຊߘͰಛఆͷϊʔυͰେྔͷϝοηʔδ͕ੜ͞Ε
Δ߹ʹɼҰ෦ͷϊʔυʹෛՙ͕ूத͢Δ͜ͱΛճආ͢

Δ͜ͱͰɼωοτϫʔΫͷଘଓؒ࣌ΛԆ͢Δख๏ͷ֓
ཁΛઆ໌ͨ͠ɽ·ͨ༧උ࣮ݧʹΑΓɼಛఆͷέʔεͰ
ఏҊख๏ʹΑΓωοτϫʔΫͷଘଓ͕ؒ࣌Ԇ͞ΕΔ͜
ͱΛͨ͠ূݕɽ͔͠͠ঢ়گʹΑͬͯଘଓ͕ؒ࣌͘ͳ
Δ݁ՌΛࣔ͢έʔε͋ΔͨΊɼޙࠓϊʔυͷଘి
ྗࣗͱͷڑΛྀͨ͠ߟϝοηʔδૹ৴ઌͷܾఆ๏
Λͭͭ͠ࡧຊख๏ͷੑ࣭Λৄ͢ূݕʹࡉΔඞཁ͕͋Δɽ
͞ΒʹɼෳͷϕʔεεςʔγϣϯͷରԠɼྗڧͳ
ૹΛૹ৴͢Δ͜ͱ͕Ͱ͖Δϕʔεεςʔγϣϯͷ
ྗΛ͔ͨ͠׆վྑΛ͏ߦ༧ఆͰ͋Δɽ
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ΧΤϧͷαςϥΠτߦಈʹͮ͘ج࿈݁ࢧू߹ͷߏங
Ҫ ᴈɹɹ౻ڿݪ

भۀେֶେֶӃ

Email: m232052r@mail.kyutech.jp, fujiwara@cse.kyutech.jp

֓ཁ
ηϯαωοτϫʔΫͰɼใͷऩूΛͨ͏ߦΊʹɼ

ใୡͷܦ࿏ͱͳΔηϯαू߹ΛٻΊΔඞཁ͕͋Δɽ
͜ͷηϯαωοτϫʔΫʹ͓͚Δू߹ͷҰͭͱͯ͠ɼશ
ηϯαʹྡ͢Δ࿈݁ͳηϯαू߹Ͱ͋Δ࿈݁ࢧू
߹͕͋Δɽ
ຊڀݚͰɼ͜ͷ࿈݁ࢧू߹ʹରͯ͠ɼ֝ͷας

ϥΠτߦಈʹࣗͮ͘جࢄΞϧΰϦζϜͷఏҊΛߦ
͏ɽ·ͨɼఏҊΞϧΰϦζϜΛγϛϡϨʔγϣϯڥ
ʹ࣮͠ɼ༗༻ੑͷධՁΛ͏ߦɽ

1 ͡Ίʹ
ηϯαωοτϫʔΫͰɼใΛऩू͢ΔͨΊʹɼ

ใୡͷܦ࿏ͱͳΔηϯαू߹ΛٻΊΔඞཁ͕͋Γɼ͜
ͷηϯαू߹ͷҰͭͱͯ͠ɼ࿈݁ࢧू߹͕͋Δɽ࿈
ू߹ͱɼશηϯαू߹ʹྡ͢Δηϯαͷूࢧ݁
߹Ͱ͋Γɼ͞Βʹू߹ͷҙͷηϯαͱू߹ͷଞͷη
ϯαͱ͕࿈͍݁ͯ͠Δ߹ɼ͜ͷू߹Λ࿈݁ࢧू߹
[1]ͱ͍͏ɽ࠷খͷ࿈݁ࢧू߹ΛٻΊΔ NPࠔ
Ͱ͋Γ [2]ɼଟ͘ͷۙࣅղΛٻΊΔํ๏͕ߟҊ͞Εͯ
͍Δ [3]ɽ
ຊڀݚͰɼ͜ͷ࿈݁ࢧू߹ʹରͯ͠ɼ֝ͷας

ϥΠτߦಈʹࣗͮ͘جܕࢄΞϧΰϦζϜͷఏҊΛ
Δ߹ɼ໐͘͢ࡏɽ֝ʹɼपลʹଟ͘ͷ͕֝ଘ͏ߦ
͜ͱΛࢭΊɼମྗΛԹଘ͢Δͱ͍͏शੑ͕͋Δ [4]ɽ͜
ͷशੑΛ༻͍ͯηϯαͷࢭٳɼՔಈΛ͜͏ߦͱʹΑΓɼ
࿈݁ࢧू߹Λߏங͢ΔɽఏҊΞϧΰϦζϜͰɼप
ลͷηϯαͱͷΈ௨৴Λ͍ߦɼ࿈݁ࢧू߹Λߏங͢
Δ͜ͱΛతͱ͢Δɽ
·ͨɼఏҊΞϧΰϦζϜΛγϛϡϨʔγϣϯڥʹ

࣮͠ɼ༗༻ੑͷධՁΛ͏ߦɽຊγϛϡϨʔγϣϯ݁Ռ
ΑΓɼ֝ͷαςϥΠτߦಈΛ༻͍ͨఏҊΞϧΰϦζϜ
ʹΑΓಘΒΕΔղɼ࿈݁ࢧू߹Λߏங͢Δ͜ͱ͕
Ͱ͖ͨɽ͞ΒʹɼఏҊΞϧΰϦζϜΛվળ͢Δ͜ͱͰɼ
ΑΓେׂ͖͍߹Ͱ࿈݁ࢧू߹Λߏங͠ɼ·ͨɼ࿈݁
Δ͜ͱ͕Ͱ͖ͨɽ͢ݮू߹ͷΛࢧ

2 ४උ
2.1 ηϯαϞσϧ

ຊڀݚͷରͰ͋ΔηϯαωοτϫʔΫG = (V,E)
ɼηϯαू߹ V = {I1, I2, · · · , In}ͱ௨৴Մͳη
ϯαؒͷܦ࿏Λද͢ϦϯΫू߹ EͰఆٛ͞ΕΔɽηϯ
α Ii ͱηϯα Ij ௨৴ՄͰ͋Δͱ͖ɼάϥϑʹ͍ޓ͕
G্ͷ Ii, Ij ؒʹํ௨৴ϦϯΫ ei,j ∈ E ͕ଘ͢ࡏ
Δɽͳ͓ɼ͜ͷͱ͖ͷηϯα Ii ͱ Ij ྡ͍ͯ͠Δͱ
͍͏ɽ·ͨɼ͜ͷྡ͢Δηϯα Ii ͱ Ij ͱͷؒͷΈɼ
ϝοηʔδͷૹड৴͕ՄͰ͋Δͱ͢Δɽ͞Βʹɼ௨
৴িಥͳͲʹΑΔϝοηʔδͷফࣦ͜ىΒͳ͍ͷ
ͱ͢Δɽ

ਤ 1: ࿈݁ࢧू߹

Ͱ௨৴Λճͷηϯαྡ͍ͯ͠Δͱ͖ɼํࠓ
Δͷͱ͢Δɽ·ͨɼηϯα͑ߦ 2ͭͷϞʔυΛ࣋
ͪɼϞʔυຖʹػ͕ҟͳΔɽҎԼʹɼηϯαͷ֤Ϟʔ
υΛઆ໌͢Δɽ

ΞΫςΟϒɿ௨৴ྖҬͷηϯαͱ௨৴Λ͍ߦɼϝο
ηʔδΛૹ৴͢Δɽ

εϦʔϓɿΞΫςΟϒͳηϯα͔ΒϝοηʔδΛड৴
͢Δɽ

2.2 ࿈݁ࢧू߹

ηϯαू߹V = {I1, I2, · · · , In}ͱϦϯΫू߹EͰఆ
ٛ͞ΕΔηϯαωοτϫʔΫΛද͢άϥϑG = (V,E)
ʹର͢Δ࿈݁ࢧू߹ͱɼҎԼͷ 3݅Λຬͨ͢
ͷू߹ V ′ Ͱ͋Δɽ

1. V ′  V ͷ෦ू߹Ͱ͋Δɽ

2. V ′ ࿈݁Ͱ͋Δɽ

3. V ′ ʹؚ·Εͳ͍શͯͷɼV ′ ʹؚ·ΕΔྡ
Λͭɽ

ਤ 1ʹ࿈݁ࢧू߹ͷྫΛࣔ͢ɽਤͷΦϨϯδ৭ͷ
ԁ࿈݁ࢧू߹ʹؚ·ΕΔηϯαΛද͓ͯ͠Γɼ੨
৭ͷԁ࿈݁ࢧू߹ʹؚ·Εͳ͍ԁΛද͍ͯ͠Δɽ
ͭʹඪࢦू߹ͷධՁࢧΔ࿈͚͓݁ʹڀݚɼຊʹ࣍

͍ͯઆ໌͢ΔɽຊڀݚͰɼ࿈݁ࢧू߹ͷߏஙΞϧ
ΰϦζϜΛఏҊ͢Δ͕ɼධՁࢦඪҎԼͷ௨ΓͰ͋Δɽ
ͳ͓ɼຊఏҊΞϧΰϦζϜ΄ͱΜͲ௨৴ΛߦΘͳ͍
ࢄΞϧΰϦζϜͰ͋Γɼඞͣ͠࿈݁ࢧू߹͕ಘ
ΒΕΔΘ͚Ͱͳ͍͜ͱʹҙ͕ඞཁͰ͋Δɽ
ධՁࢦඪɿ

• ग़ྗͱͯ͠ಘΒΕͨ࿈݁ࢧू߹ͷηϯα

• ग़ྗ͞Εͨηϯαू߹͕࿈݁ࢧू߹ͷ݅Λຬ
ׂͨ͢߹
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3 ֝ͷαςϥΠτߦಈʹͮ͘ج࿈݁
ஙΞϧΰϦζϜߏ߹ूࢧ

3.1 ֝ͷαςϥΠτߦಈ

ຊΞΠσΞͱͳجॳʹɼఏҊΞϧΰϦζϜͷ࠷ͣ·
Δ֝ͷαςϥΠτߦಈʹ͍ͭͯઆ໌͢Δɽ֝ͷαςϥ
Πτߦಈͱɼ֝ͷൃߦಈʹ͓͚ΔಛͷҰͭͰ͋
Δɽ͋Δछͷ֝ʹपғʹଟ͘ͷ༤͕ଘ͢ࡏΔ࣌ɼ໐
͘͜ͱʹΑͬͯٻѪΛޭͤ͞Δ֬Λ্͛ΔརӹΑ
Γɼ໐͘͜ͱʹΑͬͯফඅ͢Δମྗͷଛࣦͷ΄͏͕
େ͖͍ͱஅ͠ɼ໐͘͜ͱΛࢭΊΔͱ͍͏ಛ͕͋Δɽ
·ͨɼଞͷ༤ͱಉ࣌ʹ໐͍ͯٻѪରͷ֝ʹԻΛฉ
͖͚ͯΒ͑ͳ͍ͨΊɼ໐͘λΠϛϯάΛͣΒ͢ͱ
͍͏ಛ͍ͯͬ࣋Δɽ
ຊڀݚͰηϯαΛ֝ͱཱͯݟɼ͜ΕΒͷಛΛη

ϯαωοτϫʔΫʹԠ༻͢Δɽ͕֝ൃ͢Δ߹ɼηϯ
αपลʹܹΛ༩͑ΔΞΫςΟϒϞʔυʹͳΓɼ֝
͕໐͔ͣʹ͍ͯ͠ػΔ߹ɼηϯα͠ࢭٳεϦʔ
ϓϞʔυʹͳΔɽ͜ΕΒ 2ͭͷϞʔυΛ֝ͷಛʹΑ
ΓΓସ͑Δ͜ͱͰɼ࿈݁ࢧू߹ΛߏஙͰ͖Δͱߟ
͑ΒΕΔɽ

3.2 ֝ͷαςϥΠτߦಈʹطͮ͘جଘΞϧ
ΰϦζϜ

ຊઅͰɼલड़ͷ֝ͷαςϥΠτߦಈʹطͮ͘جଘ
ΞϧΰϦζϜ [5]Λઆ໌͢Δɽ͜ͷΞϧΰϦζϜɼॳ
ஈ֊Ͱηϯαʹൃᮢظ vͱɼϥϯμϜͳঢ়ଶ cɼ
ঢ়ଶͷਐΈ෯ aΛ༩͑Δɽ֤ηϯαҎԼͷ 3ϑΣʔ
ζΛ܁Γฦ͢ɽ

ϑΣʔζ 1: ঢ়ଶ c͕ൃᮢ v ʹୡ͍ͯ͠Δ߹ɼ
ηϯαΞΫςΟϒϞʔυʹҠ͠ߦपғͷηϯα
Λ༩͑Δɽܹʹ

ϑΣʔζ 2: ΞΫςΟϒϞʔυʹͳͬͨηϯαঢ়ଶ
cΛϦηοτ͠ɼηϯαεϦʔϓϞʔυʹҠߦ
͢Δɽ

ϑΣʔζ 3: ΞΫςΟϒϞʔυʹͳΒͳ͔ͬͨηϯαɼ
1εςοϓͷ࣮ޙߦʹɼ֤ηϯαʔͷঢ়ଶ cʹ
ਐΈ෯ aΛՃ͢ࢉΔɽ

ਤ 2ͷྫΛ༻͍ͯɼຊΞϧΰϦζϜͷઆ໌Λ͏ߦɽਤ
2ͷ (a)ॳظঢ়ଶͷൃᮢɼ֤ηϯαͷঢ়ଶΛ
ද͢ɽ͜ͷͱ͖ͷ֤ηϯαͷൃᮢ v = 3 ͱ͢Δɽ
·ͨɼঢ়ଶͷਐΈ෯ a vΛ 2Ͱׂͬͨͷ෦
Ͱ͋Δ a = 1ͱ͢Δɽ·ͨɼηϯα Aɼηϯα Bɼ
ηϯα CɼηϯαDͷॳظঢ়ଶΛͦΕͧΕ cAɼcBɼ
cCɼcD ͱ͢Δɽਤ 2ͷ (a)ͷ߹ͰɼcA=0ɼcB=1ɼ
cC=1.5ɼcD=2ΑΓɼঢ়ଶ c͕ൃᮢ vʹୡͯ͠
͍Δηϯα͕ଘ͠ࡏͳ͍ͨΊɼΞΫςΟϒϞʔυʹҠ
ͳ͍ɽ͠ࡏΔηϯαଘ͢ߦ
ਤ 2 ͷ (b)  1 εςοϓޙͷঢ়گΛද͢ɽ͜ͷ

ͱ͖ɼ֤ηϯαͷঢ়ଶ c ߋ৽͞ΕɼcA=0+1=1ɼ
cB=1+1=2ɼcC=1.5+1=2.5ɼcD=2+1=3ͱͳΔɽ͜
ͷ࣌ηϯαDͷঢ়ଶ cD ͕ 3ͱͳΓɼൃᮢ v=3
ʹୡͨͨ͠ΊΞΫςΟϒϞʔυʹҠ͍ͯ͠ߦΔɽ
ਤ 2ͷ (c)͞Βʹ 1εςοϓޙͷঢ়گΛද͢ɽ͜

ͷͱ͖ɼηϯα D ͷঢ়ଶ cD ͕ 0 ʹϦηοτ͞Εɼ
ηϯα Aɼηϯα Bɼηϯα C ͷঢ়ଶ͕ߋ৽͞Εɼ
cA=1+1=2ɼcB=2+1=3ɼcC=2.5+1=3.5ͱͳΔɽ

ਤ 2: ྫ࡞ଘΞϧΰϦζϜͷಈط

4 ఏҊΞϧΰϦζϜ
ຊઅͰɼఏҊख๏ʹΑΔܕࢄ࿈݁ࢧू߹ߏங

Λ͏ߦΞϧΰϦζϜΛհ͢ΔɽຊઅͰड़ΔΞϧΰ
ϦζϜɼલઅͰઆ໌ͨ͠ΞϧΰϦζϜʹਐΈ෯Λௐ
͢Δ֓೦ΛΈࠐΜͩΞϧΰϦζϜͰ͋Δɽ֤ηϯ
α͕ɼࣗͷঢ়ଶʹԠͯ͡εςοϓ͕૿͑ͨ࣌ͷ
ঢ়ଶͷਐΈ෯Λௐ͢Δ͜ͱͰɼҰఆͷλΠϛϯά
ͰΞΫςΟϒϞʔυʹͳΔ͜ͱΛ͢ࢦɽ͜ͷΞϧΰ
ϦζϜɼҎԼͷ 3ͭͷϑΣʔζͰߏ͞ΕΔɽ

ϑΣʔζ 1: ηϯα sv ͷঢ়ଶ cv ͕ൃᮢ vv ʹୡ
ͨ͠߹ɼsv ͷྡηϯα܈ SN ֤ηϯα si(∈
SN )ͷঢ়ଶʹԠܹͨ͡Λड͚ɼsi ͷঢ়ଶͷ
ਐΈ෯ ai Λߋ৽͢Δɽ

ϑΣʔζ 2: ϑΣʔζ 1ͰΞΫςΟϒϞʔυʹͳͬͨη
ϯα sv ɼਐΈ෯ͱঢ়ଶΛϦηοτ͠ɼεϦʔ
ϓϞʔυʹҠ͢ߦΔɽ

ϑΣʔζ 3: 1εςοϓͷ࣮ޙߦʹɼঢ়ଶͷਐΈ෯ ai
ɼ֤ηϯα si ͷঢ়ଶ ci Λߋ৽͢Δɽ

ҎԼͰɼͦΕͧΕͷϑΣʔζͷৄࡉʹ͍ͭͯड़
Δɽ
ϑΣʔζ 1: ηϯα sv ͷঢ়ଶ cv ͕ɼൃᮢ vv ʹ
ୡͨ͠߹ɼྡηϯα܈ SN ֤ηϯα si(∈ SN)ͷ
ঢ়ଶʹԠܹͨ͡Λड͚ɼsiͷਐΈ෯ aiΛߋ৽͢Δɽ

161



͋Δηϯα͕ΞΫςΟϒϞʔυͱͳΔʹɼपลͷ
ηϯαࣗͷঢ়ଶʹԠܹͨ͡Λड͚Δɽൃᮢ
 vv ͷͷΛج४ vv

2 ɼࣗͷঢ়ଶΛ ciɼΧ
ϯτͷਐΈ෯Λ ai ͱ͢Δɽܹͷେ͖͞ɼ| vv

2 − ci|
ʹൺྫ͢Δͷͱ͠ɼvv

2 > ci ͷ߹ɼਖ਼ͷܹΛड͚
ਐΈ෯ ai େ͖͘ͳΓɼҎԼͷࣜͰ༩͑ΒΕΔͷͱ
͢Δɽ

ai = ai +
∣∣∣
vv
2
− ci

∣∣∣

Ұํɼci >
vv
2 ͷ߹ɼෛͷܹΛड͚ਐΈ෯ ai খ

͘͞ͳΔͷͱ͠ɼҎԼͷࣜͰ༩͑ΒΕΔͷͱ͢Δɽ

ai = ai −
∣∣∣
vv
2
− ci

∣∣∣

ci =
vv
2 ͷ߹ɼਖ਼ͱෛͷ͕ܹଧͪফ͍͋͠ɼਐΈ෯

ai ʹӨͣͤڹɼҎԼͷࣜͰ༩͑ΒΕΔͷͱ͢Δɽ

ai = ai

͜͜Ͱɼηϯα sv ͷ௨৴ྖҬʹ͋ΔࣗΛআ͘ηϯ
αͷΛNv ͱ͢Δͱɼൃᮢ vv = Nv ͱͳΔɽ
ϑΣʔζ 2: ϑΣʔζ 1ͰΞΫςΟϒϞʔυʹͳͬͨ
ηϯα sv ɼਐΈ෯ av ͱঢ়ଶ cv ΛϦηοτ͠ɼε
ϦʔϓϞʔυʹҠ͢ߦΔɽ
ΞΫςΟϒϞʔυʹͳͬͨηϯα sv ɼҎԼͷࣜͷ

௨ΓɼਐΈ෯ av ॳظঢ়ଶͷਐΈ෯ ar ʹϦηοτ͞
Εɼঢ়ଶ cv Λ 0ʹϦηοτ͢Δɽ

Ћv =Ћr

cv = 0

ͨͩ͠ɼෳͷηϯα͕ಉ࣌ʹΞΫςΟϒʹͳͬͨ
߹ɼҎԼͷࣜʹैͬͯঢ়ଶΛϦηοτ͢Δɽঢ়ଶ
cv ֬ม x = 0ͷ࣌ɼ0ʹϦηοτ͞Εɼx = 1
ͷ࣌ 1ʹϦηοτ͞ΕΔɽ֬ม x = 0ʹͳΔ֬
P0 = 1

2 Ͱɼx = 1ʹͳΔ֬ P1 = 1
2 ͱ͢Δɽ

cv =

{
0 ʢx = 0ʣ
1 ʢx = 1ʣ

ϑΣʔζ 3: εςοϓ͕ ਐΈ෯ʹ࣌1૿͑ͨ ai ɼ
ঢ়ଶΛߋ৽͢Δɽ
ਐΈ෯ ai Λঢ়ଶ ci ʹՃ͢ࢉΔɽߋ৽ޙͷঢ়ଶ

ci ɼҎԼͷࣜͰ༩͑ΒΕΔɽͨͩ͠ɼΞΫςΟϒ͔
ΒεϦʔϓͱͳͬͨηϯαͷঢ়ଶߋ৽͠ͳ͍ɽ

ci = ci + ai

ਤ 3ͷྫΛ༻͍ͯɼຊΞΠσΞͷઆ໌Λ͏ߦɽਤ 3
ͷ (a)ॳظঢ়ଶΛࣔ͢ɽ͜ͷͱ͖ɼൃᮢ vv=3ͱ
͠ɼঢ়ଶͷਐΈ෯ ai=1ͱ͢Δɽηϯα Aɼηϯα
Bɼηϯα CɼηϯαDͷॳظঢ়ଶΛͦΕͧΕ cAɼ
cBɼcCɼcD ͱ͢ΔͱɼcA=0ɼcB=1ɼcC=2.5ɼcD=3
Ͱ͋Δɽ
ਤ 3ͷ (b)ͰϑΣʔζ 1ͰͷਐΈ෯ͷߋ৽ͷ༷ࢠ

Λࣔ͢ɽ੨͍ҹෛͷܹΛɼ͍ҹਖ਼ͷܹ
Λࣔ͠ɼҹͷܹ͞ͷେ͖͞Λࣔ͢ɽதԝͷ
ઢج४ vv

2 Λࣔ͢ɽঢ়ଶ cD=3ͱͳΓɼηϯαD
͕ΞΫςΟϒϞʔυͱͳͬͨͷͰɼ֤ηϯαܹΛ
ड͚Δɽ
ਤ 3ͷ (c)ͰηϯαDͷεϦʔϓϞʔυͷҠߦ

ͱɼ֤ηϯαͷਐΈ෯ͷߋ৽Λࣔ͢ɽ֤ηϯαߋ৽
͞ΕͨਐΈ෯ ai ɼঢ়ଶΛߋ৽͢Δɽ

ਤ 3: ఏҊΞϧΰϦζϜͷಈྫ࡞

ਤ 3ͷ (d)ͰηϯαDͷਐΈ෯ͱঢ়ଶ͕Ϧηο
τ͞Εɼ֤ηϯα͕ঢ়ଶΛߋ৽༷ͨ͠ࢠΛࣔ͢ɽ͜
ͷ࣌ɼൃᮢʹୡͨ͠ηϯα͕ଘ͠ࡏͳ͍ͨΊਐΈ
෯ͷߋ৽ߦΘΕͣɼ࠶ͼਐΈ෯ ai ɼঢ়ଶΛߋ৽
͢Δɽ
ਤ 3ͷ (e)ʹεςοϓ͕ेܦաͨ͠ঢ়ଶΛࣔ͢ɽ

ਐΈ෯Λߋ৽͠ɼਖ਼ͱෛͷ͕ܹΓ߹ͬͨ࣌ɼηϯ
αޮΑ͘ϞʔυΛҠߦͰ͖Δঢ়ଶʹͳΔɽ
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5 ߟՌͱ݁ݧ࣮
5.1 ଘख๏ͱͷൺֱط

ఏҊख๏ΛγϛϡϨʔγϣϯڥʹ࣮͠ɼධՁ࣮
ɼLEDA[6]Λ༻͍࣮ͯݧɽͳ͓ɼຊ࣮ͨͬߦΛݧ
Λͨͬߦɽ·ͨɼηϯα 100 ʷ 100ͷۣྖܕҬʹϥ
ϯμϜʹஔ͞ΕΔͷͱ͠ɼ֤ηϯαͷ௨৴ܘ
10ͱͯ͠ɼ࣮ݧΛͨͬߦɽਤ ՌΛࣔ͢ɽ݁ݧ࣮ʹ4
ਤ 4ΑΓɼఏҊख๏͕ɼطଘख๏ΑΓ࿈݁ࢧू

߹Λߏங͢Δׂ߹͕େ͖͍͜ͱ͕Θ͔Δɽ͔͠͠ɼ࿈
Βͳ͍ɽҰํɼ࿈ݶங͞ΕΔͱߏू߹͕ඞͣࢧ݁
ଘΞϧΰϦζϜͷํ͕গͳ͍ɽ͜طू߹ͷࢧ݁
Ε୯७ʹɼ࿈݁ࢧू߹ͷ͕૿͑ͨͨΊɼׂ߹͕
େ͖͘ͳͬͨͨΊͩͱ͑ߟΒΕΔɽ
࿈݁ࢧू߹͕ߏங͞Εͳ͍ͷɼηϯα͕ਖ਼ํྖ

ҬʹϥϯμϜͰஔ͞Εͨ࣌ʹɼηϯα͕ਖ਼ํྖҬͷ
ԑʹஔ͞ΕΔͱɼͦͷۙͷηϯαू߹͕ૄʹͳΔ
ͨΊͰ͋Δͱ͑ߟΒΕΔɽ·ͨɼ֤ηϯα͕ΞΫςΟ
ϒϞʔυʹͳΔִ͕ؒۉʹͳ͍ͬͯͳ͍ɼεςοϓ
͕গͳ͍ஈ֊Ͱͷׂ߹Λ͍ͨͨͯ͠ࢉܭΊɼׂ߹͕
খ͘͞ͳͬͨͷͱ͑ߟΒΕΔɽ

5.2 ఏҊख๏ͷվળ

ՌΑΓɼ2ͭͷ݁ݧଘख๏ͱఏҊख๏ͷൺֱͷ࣮ط
͕͋ͬͨɽ͜͜Ͱɼͦͷ 2ͭͷΛվળ
ͯ͠ఏҊख๏ͷධՁ࣮ݧΛͨͬߦɽ
1ͭͷվળɼਤ 5ͷΑ͏ʹɼηϯαͷۣྖܗ

Ҭͷதʹ͞Βʹখ͍ۣ͞ྖܗҬΛ࡞Γɼͦͷখ͍ۣ͞
ू߹ͷ݅Λຬ͍ͨͯ͠ΔࢧҬͷதͰͷΈ࿈݁ྖܗ
͔ΛௐΔɽ͜ΕʹΑΓɼۣྖܗҬͷԑͰ࿈݁ࢧू
߹ͷ݅Λຬͨ͞ͳ͘ͳΔͷΛ͑Δɽ
2ͭɼ1ͭͷߦࢼͰ 1000εςοϓΛ࣮͢ߦΔࡍ

ͷॳΊͷ 100εςοϓ·ͰΛ४උؒظͱ͠ɼग़ྗΛߦ
Θͳ͍Α͏ʹ͢Δɽ͜ΕʹΑΓɼेʹεςοϓ͕
ա͍ͯ͠ͳ͍ঢ়ଶͰͷ݁ՌΛग़ྗ͠ͳ͍Α͏ʹ͢Δɽܦ
·ͨɼఏҊख๏ͷΞϧΰϦζϜʹ͓͍ͯɼηϯα͕

ΞΫςΟϒʹͳΓɼঢ়ଶ͕ 0Ϧηοτ͞ΕΔ͕ɼ͜
ͷ࣌ͷঢ়ଶΛൃᮢʹ͚ۙͮΔɽ͜ΕʹΑΓɼη
ϯα͕ΑΓΞΫςΟϒʹͳΓ͘͢ɼ࿈݁ࢧू߹Λ
ͳΔɽ͘ߴ͕߹ங͢Δׂߏ
͜ͷ 3ͭͷվળΛΞϧΰϦζϜʹ࣮͠ɼ࣮ݧΛ

ՌΛද݁ݧɽ࣮ͨͬߦ 1ʹࣔ͢ɽͳ͓ɼεςοϓ
1000εςοϓɼߦࢼճ 100ճͱ͢Δɽ·ͨɼվળ
ʹैͬͯɼ1000εςοϓதͷॳΊͷ 100εςοϓ
ग़ྗ͠ͳ͍ͷͱ͢Δɽ͞Βʹɼঢ়ଶͷϦηοτ
cr=

v
3 ͱ͢Δɽද 1ͷ CDSׂ߹࿈݁ࢧू߹ͷ݅

Λຬׂͨ͢߹ɼCDS࿈݁ࢧू߹ͷΛࣔ͢ɽ
ද 1ΛݟΔͱɼվળલΑΓ͍ߴ͕ग़͍ͯΔ͜

ͱ͕Θ͔Δɽ·ͨɼ௨৴ྖҬͷ͕ܘখ͘͞ͳΔͱɼΞ
ΫςΟϒͱͳΔηϯαͷ͕૿͍͑ͯΔɽ͜ΕʹΑΓɼ
पғʹΞΫςΟϒͳηϯα͕গͳ͍ͱɼΑΓଟ͘ͷη
ϯα͕ΞΫςΟϒͱͳΔ͜ͱ͕Θ͔Δɽ·ͱΊΔͱɼ࿈
ू߹ͷ݅Λຬׂͨ͢߹શηϯαͱ௨৴ྖࢧ݁
Ҭͷܘʹൺྫ͠ɼ࿈݁ࢧू߹ͷɼશηϯα
ʹൺྫ͢Δ͕ɼ௨৴ྖҬͷܘʹൺྫ͢Δɽ
͜ͷ݁ՌΑΓɼηϯα͕গͳ͔ͬͨΓɼ௨৴ྖҬ

ͷ͕ܘখ͗͢͞Δͱɼ࿈݁ੑΛอͯͳ͘ͳΔ͜ͱ͕
Θ͔ΔɽͦͷͨΊɼదͳηϯαͱ௨৴ྖҬͷܘ
Λબ͢Δඞཁ͕͋Δɽ

ਤ 4: ଘख๏ͱఏҊख๏ͷൺֱط

ਤ 5: 2ͭͷۣྖܗҬͷྫ

ද 1: ఏҊख๏ͷվળ݁Ռ
ɹ શηϯα
ɹ 1000 1500 2000

CDSׂ߹ վળલ 22.3810 66.1680 84.5150
(ˋ) վળޙ 94.3905 99.5994 99.5943

CDS վળલ 311.589 472.393 630.000
(ݸ) վળޙ 282.452 419.422 556.121

163



6 ·ͱΊ
ຊڀݚͰɼ֝ͷߦಈಛੑΛ༻͍Δ͜ͱʹΑΓɼ࿈݁

طɽͨͬߦங͢ΔΞϧΰϦζϜͷఏҊΛߏू߹Λࢧ
ଘख๏ͱఏҊख๏ͷൺֱ࣮ݧΛ͍ߦɼ͔ͨͬͭݟ
Λվળͯ͠ূݕΛͨͬߦɽηϯαपลͷڥઃఆʹ
Αͬͯ݁Ռ͕มΘΔͨΊɼదͳΛબ͢Δඞཁ͕
͋Δɽ
ͷ՝ͱͯ͠ɼηϯαʹόοςϦʔΛԾఆ͠ɼϥޙࠓ

ϯμϜʹΞΫςΟϒͱͳΔηϯαͱͷण໋ൺֱΛ͏ߦ
͜ͱɼηϯαू߹͕ૄͳ߹Ͱ࿈݁ࢧू߹͕ߏ
ஙՄͳΞϧΰϦζϜͷఏҊ͕͛ڍΒΕΔɽ
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ͷදతͳNPશͷҰͭͰ͋ΓɼཧػࢉܭՊֶతͳҙຯͰͷ͠͞ͷ

ΞϧΰϦζϜࣅಛʹѻ͍ʹ͍͘ͷҰͭͰ͋ΔɽMDSۙͯݟ͔Β؍

Λݕ౼ͨ͠߹ʹ͓͍ͯLOGAPXશɼ͢ͳΘͪۙࣅʹؔͯ͠Ω(log n)

ͷԼքΛͭ࣋͜ͱ͕ٙ͘ڧΘΕΔͰ͋Γɼ·ͨɼݻఆύϥϝλ༰қੑͷ

จ຺ʹ͓͍ͯW[2]-ࠔɼ͢ͳΘͪղͷେ͖͞Λύϥϝλͱͨ͠ݻఆύϥϝ

λΞϧΰϦζϜͷଘ͕ࡏઈ͞ࢹΕ͍ͯΔͰ͋ΔɽຊߘͰɼೖྗͱ

ͯ͠༩͑ΒΕΔάϥϑΛ୯Ґԁάϥϑʹ੍ͨ͠ݶ߹ʹ͓͚Δ࠷খࢧू߹

ͷޮతͳΞϧΰϦζϜͷݕ౼Λ͏ߦɽ࠷খࢧू߹ೖྗΛ୯Ґ

ԁάϥϑʹ੍ͨ͠ݶͱͯ͠ NPશͰ͋Δ͜ͱ͕ΒΕ͍ͯΔ͕ɼҰํͰ
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͍͓ͯʹͷΞϧΰϦζϜط (1+ ϵ)-ۙࣅΛୡ͢ΔͨΊʹඞཁͳؒ࣌ࢉܭ

O(n1/ϵ+O(1))ؒ࣌Ͱ͋Δɽ·ͨɼ୯ҐԁάϥϑʹೖྗΛ੍ͨ͠ݶ߹ͷݻఆ

ύϥϝλΞϧΰϦζϜʹؔͯ݁͠Ռ͕ΒΕ͍ͯͳ͍ɽຊڀݚͰɼ୯Ґ

ԁάϥϑʹର͢ΔղͷαΠζΛύϥϝλͱͨ͠ݻఆύϥϝλΞϧΰϦζϜͷ

ଘͷطΔͱͱʹɼͦΕ͕ಘΒΕͨ߹ɼ͢౼ݕ͍ͯͭʹՄੑߏ PTAS

ΞϧΰϦζϜͷ࣮͕ؒ࣌ߦO(exp(1/ϵ)nO(1))ͱ্ͤ͞ΒΕΔ͜ͱΛհ

͢Δɽ
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状態を持つ 2台の自律分散ロボットの計算能力について 
奥村 太加志 1 和田 幸一 2 片山 喜章 3 

1 法政大学大学院理工学研究科応用情報工学専攻 
2 法政大学理工学部応用情報工学科 

3 名古屋工業大学大学院工学研究科情報工学専攻 
 

概要：本稿では,従来の自律分散ロボットの理論モデルに,新たに状態を持つ機能を追加した
モデルを考え,ロボットの動作の同期性や自分と周囲のロボットの状態の見え方の異なる各
モデルの計算能力の比較を,2台のロボットの集合問題(ランデブー)などを用いて行う. 
 
1.はじめに 
 自律分散ロボット群とは,分散システム
の研究の一つであり,複数のロボットが自
律的に計算,移動を行い,全体である問題を
解決するシステムである.研究では理論モ
デル[3]を扱ったものが主である.ロボット
は平面上で自律的に計算,移動を行う点で
あり,外見によって個体を識別することは
できない.ロボットはactiveと inactiveの状
態があり,前者では周囲の観測(Look 命令),
行き先の計算(Compute命令),移動(Move命
令)を順に行う(LCM サイクル).後者の状態
では休止状態となり,LCM サイクル後に成

り,ここから新たな LCMサイクルを開始す
る.Look 命令で得られた情報はサイクル終
了時に削除される(無記憶).また,各ロボット
の LCM サイクルの同期の程度から 3 つの
スケジュール FSYNC(全同期:全ロボット
の LCMサイクルの動作が共通),SSYNC(半
同期:FSYNCに似ているが,動作しないロボ
ットを 1 台以上許す),ASYNC(非同期:全ロ
ボットが独立して動作する)を定義できる.3
つの計算能力を比較すると,ASYNC が一番
弱く,続いて SSYNC,FSYNC の順に強くな
ることが知られている.例として,2 台のロ

ボットの集合問題 (ランデブー問題 )は
FSYNC では解けるが SSYNC,ASYNC で
は解くことができない. 
本稿ではこの理論モデルに,自身の状態

を記録できる定数ビットの記憶領域を搭載

したモデル[1,2]について考察した.この状
態はLook命令で観測し,Compute命令で更
新できるものとする.自身の状態のみを観
測できるものを internal-light,相手の状態
のみを観測できるものを external-light,双
方の状態を観測できるものを full-light と
する.状態を持つことで可解となる問題が
あり,例えばランデブー問題は状態を持つ
場合は SSYNC,ASYNC でも解くことがで
きる[1,2](表 1).本稿では,ロボットが Move
命令で,目的地に確実に移動できる rigid の
場合,full-light, ASYNC でランデブー問題
を 3状態で解くアルゴリズムを提案した.ま
た,5 状態,full-light, ASYNC ロボット群で
SSYNC ロボット群が実行するプロトコル
P の実行条件を満たすアルゴリズム

Protocol-SIM が存在する[1].このアルゴリ
ズムについて考察し,ロボットが 2 台の場
合,4 状態 full-light, ASYNC ロボット群で
プロトコル Pの実行条件を満たすアルゴリ
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ズムを提案し, ロボットが 2 台の場合,4 状
態 full-light, ASYNC ロボット群は計算能
力において SSYNC ロボット群より優れて
いることを証明した.また external-lightの
ASYNC ロボット群では 5 状態でプロトコ
ル P を実行するアルゴリズムを提案し, ロ
ボットが 2台の場合,5 状態 external-light, 
ASYNC ロボット群は SSYNC ロボット群
と計算能力が少なくとも同等であることを

証明した. 
 
2.モデルの定義 
2.1.理論モデル 
モデルに関しては[3]で扱われたものを採

用する.ロボットは平面空間上に存在する
点として扱い,平面空間上を自由に移動で
きる.各ロボットを外見で識別することは
できず,ロボット群に対する集中制御,ロボ
ット間で通信を行う直接的な手段はないも

のとする.ロボットは独自の計算能力と記
憶領域,また個々に単位距離,原点正負の向
きを持つ 2 軸から成る局所座標系を有して
いる.ロボットは周囲の状況を観測できる
センサを持っているものとする.すべての
ロボットは等しい性能を持ち,同一のアル
ゴリズムに従って自律的に動作する. 
 ロボットには activeと inactiveの 2つの
状態がある.active の場合,以下の命令サイ
クル Look-Compute-Move(LCM)サイクル
を実行する. 
① Look命令 
センサを使用し周囲のロボットを観し,
座標を得る. 

② Compute命令 
Look 命令で得た観測結果を元に,移動
先の座標を計算する. 

③ Move命令 
実際に計算された位置に移動する. 
 

inactive の場合,ロボットは休止状態であ
り,LCM サイクル終了後になるものとし,こ
こから次のLCMサイクルを開始する.また,
ロボットは休止状態を無限時間行うことは

できない .LCM サイクルが終了する度

に,Look 命令で得た情報は消去され,次サイ
クルでは使用できないものとする.これを
無記憶という.Move命令を実行した際,計算
された目的地へ確実に到達できる場合,そ
の移動は厳密(rigid)であるという.移動が厳
密でない場合(non-rigid),ロボットは一度の
Move 命令で計算された目的地にたどり着
けないことがある.その場合,最小移動距離
δは必ず移動するものとする.また,このδ
の距離を知っているかでも計算能力が変わ

る(δ知識有). 
 ロボットの各命令の同期の程度によっ

て,3 種類のスケジュールが考えられてい
る. 
z FSYNC(全同期) 
すべてのロボットの LCM サイクルの

各命令を行う開始時刻が一致してい

る. 
z SSYNC(半同期) 
上記のFSYNC同様,各動作は同期して
いるが,サイクルを実行しないロボッ
トの存在を 1台以上許す. 

z ASYNC(非同期) 
すべてのロボットが独立して LCM サ

イクルを実行していて,各動作が同期
していない. 
 

ASYNC の場合,他のロボットが Move命令
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を実行しているにも関わらず,Look 命令を
実行することなどが考えられる.計算能力
としては FSYNC,SSYNC,ASYNC の順に
優れていることが知られている[1]. 
 
2.2.状態(light) 
本稿では,上記で示した基本的な理論モデ
ルに,自身の内部状態を記録できる定数ビ
ットの記憶領域を搭載したモデルを扱う[1].
これにより,そのモデルでは非可解な問題
に対しても対処することができる.状態は
Look命令で観測し,Compute命令で更新す
ることができる.また,自身の状態,他のロボ
ット状態の見え方によって,以下の 3つのモ
デルが考えられる[2]. 
z full-light 

Look 命令時に,自分と他のロボットの
状態を観測できる. 

z external-light 
他のロボットの状態は観測できるが,
自分の状態は観測できない. 

z internal-light 
自分の状態は観測できるが,相手の状
態は観測できない. 

[2] で は ,internal-light は FSTATE, 
external-lightはFCOMMと記述している. 
本稿では,k個の状態を持つ n台のロボッ

トに対して,スケジュール A,搭載されてい
る lightがxのモデルのもとで解くことので
きる問題の集合を,𝐴𝑛(𝑥, 𝑘)と記述する. 
 
3.各モデルの比較 
3.1.ランデブー問題による比較 
複数のロボットが任意の初期配置から有

限時間内に一点に集合する問題を集合問題

という.特に 2台のロボットによる集合問題

をランデブー問題(Rendezvous)という.各
モデルについて,ランデブー問題の可解性,
状態の使用数で比較を行った. 
 
3.1.1.先行研究 
先行研究の結果から得られた定理を以下

に示す.状態を持たないロボット群では以
下の定理が知られている. 

定理 1[1] 
Rendezvous ∈ 𝐹𝑆𝑌𝑁𝐶2(𝑛𝑜𝑡ℎ𝑖𝑛𝑔, 1) 
Rendezvous ∉ 𝑆𝑆𝑌𝑁𝐶2(nothing, 1) 
Rendezvous ∉ 𝐴𝑆𝑌𝑁𝐶2(𝑛𝑜𝑡ℎ𝑖𝑛𝑔, 1) 

 状態を持つロボット群では以下の定理が

知られている. 

定理 2[1] 
 移動が non-rigidの場合, 

Rendezvous ∈ 𝐴𝑆𝑌𝑁𝐶2(𝑓𝑢𝑙𝑙– 𝑙𝑖𝑔ℎ𝑡, 4) 

 

定理 3[2] 
 移動が rigidの場合, 
Rendezvous ∈ 𝐴𝑆𝑌𝑁𝐶2(𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙– 𝑙𝑖𝑔ℎ𝑡, 12) 
 移動が non-rigid でδの知識を持ってい
る場合, 
Rendezvous ∈ 𝐴𝑆𝑌𝑁𝐶2(𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙– 𝑙𝑖𝑔ℎ𝑡, 3) 

 

定理 4[2] 
 移動が non-rigidの場合, 

Rendezvous ∈ 𝑆𝑆𝑌𝑁𝐶2(𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙– 𝑙𝑖𝑔ℎ𝑡, 3) 

 

定理 5[2] 
 移動が rigidの場合, 

Rendezvous ∈ 𝑆𝑆𝑌𝑁𝐶2(𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙– 𝑙𝑖𝑔ℎ𝑡, 6) 
 移動が non-rigid でδの知識を持ってい
る場合, 

Rendezvous ∈ 𝑆𝑆𝑌𝑁𝐶2(𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙– 𝑙𝑖𝑔ℎ𝑡, 3) 
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 このようにスケジュールによって非可解

である問題も,状態を持つことで可解とな
る場合がある. 
 
3.1.2.アルゴリズム 
本稿では以下のアルゴリズムを提案し

た. 

補題 1 
 ロボットの移動が rigidである full-light、
ASYNC のロボット群によるランデブー問
題を,3 状態を用いて解くアルゴリズムが存
在する. 

ア ル ゴ リ ズ ム :Rendezvous for rigid 
ASYNC 
 2台のロボットは初期状態 Aから始まり,
相手が状態Aの場合は状態Bになり 2台の
中点に移動,相手が状態 B の場合は移動し
ない,そして相手が状態 C の場合は相手の
位置に移動し,集合完了となる.自分が状態
B の場合,状態 Cになる.自分が状態 Cの場
合は移動しない.このアルゴリズムにおけ
るロボットの状態遷移図を図 1に示す. 

L[x]：自分の状態 
L[y]：相手の状態 

Case L[x] 
 ・A 
   If L[y] = A Then 
   L[x] := B 
   2台の中点に移動 
   If L[y] =B Then 
   移動しない 
   If L[y] = C Then 
   L[x] := B 
   相手の位置に移動 
 ・B 
   L[x] := C 

 ・C 
   移動しない 

証明 
全てのロボットが状態 A になった時刻を𝑡0

とする.時刻𝑡1 ≥ 𝑡0を,2台のうち少なくとも
1台が状態 Bになった時刻とする.また時刻
t(𝑡0 < t < 𝑡1)に Look 命令を行ったロボッ
トの台数を nとする.これにより次の 2つの
場合が考えられる. 
①n=1の場合 
時刻t(𝑡0 < t < 𝑡1)に Look 命令を行ったロ
ボットが 1台の場合を考える.そのロボット
を xとし,もう一方のロボットを yとする. x
は自分の状態 A と y の状態 A を観測し,自
分の状態を B に変える(時刻𝑡1).時刻𝑡1以降

に Look命令を行う yは,自分の状態 Aと x
の状態 Bを観測した場合は移動を行わない. 
xはMove命令で 2台の中点に移動する.そ
の後の Look命令で自分の状態 Bを観測し,
状態を C に変える.この時の時刻を𝑡2とす

る. 𝑡2以降に Look命令を行なった yは,自分
の状態 A と x の状態 C を観測し,自分の状
態をBにする.その後,yはMove命令で相手
ロボット(x)の位置へ移動する.yはその後の
Look 命令で自分の状態 B を観測し,状態 C
となる.状態 C となったロボットはそれ以
降動作しない. 
②n=2の場合 
時刻t(𝑡0 < t < 𝑡1)に 2台のロボットが Look
命令を行なった場合を考える.2 台のロボッ
トは互いに自分と相手の状態Aを観測し,𝑡1

以降の時刻に状態 Bとなり,その後のMove
命令で 2台のロボットの中点に移動する.こ
のとき,2 台のロボットは Look 命令で同じ
スナップショットを取得しているため 2 台
のロボットは同じ点を目的地として計算す
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る .中点に移動したロボットはその後の
Look 命令で自分の状態 B を観測し,状態 C
となる.状態 C となったロボットはそれ以
降動作しない.           □ 
 

定理 6 
 移動が rigidの場合 

Rendezvous ∈ 𝐴𝑆𝑌𝑁𝐶2(𝑓𝑢𝑙𝑙– 𝑙𝑖𝑔ℎ𝑡, 3) 

 
定理 1,2,3,4,5,6 より,各モデルの状態数

を表 1に示す.表 1において空欄になってい
る internal-light, ASYNC のロボット群に
ついては,未だランデブー問題を解くこと
ができるアルゴリズムが知られていない. 

 
3.2.シミュレートによる比較 

[1]では,5状態を持つ full-lightのASYNC
のロボット群で,SSYNC のロボット群が実
行するプロトコル Pの実行条件を満たすア
ルゴリズム,Protocol SIM が紹介されてい

る.これを用いて,ロボットの台数を 2 台に
制限した場合 ,状態を持つ full-light の
ASYNC のロボット群でプロトコル P の実
行条件を満たすアルゴリズムを提案する.
また,external-light の ASYNC ロボット群
でプロトコル Pの実行所条件を満たすアル
ゴリズムについても提案する. 

 

補題 2 
2 台の full-light,4 状態の ASYNC ロボ

ット群で,2台の SSYNCロボット群が実行
するプロトコル Pの実行条件を満たすこと
ができるアルゴリズムが存在する. 

 
アルゴリズム:Protocol SIM for two robots 
 使用する 4 状態を T(rying), M(ove), 

S(topped), F(inished)とする.2 台のロボッ
トは初期状態 Tから始まり,相手が状態 T,S
の場合は状態MとなりプロトコルPを実行
し,相手が状態 M の場合は状態を変えない.
自分が状態Mで相手が状態T,M,Sの場合は
状態 S となる.自分が状態 S で相手が状態
S,Fの場合は状態 Fとなる.そして自分が状
態 Fで相手が状態 F,Tの場合は再び状態 T
となる.このアルゴリズムにおけるロボッ
トの状態遷移図を図 2に示す. 
state Look 
スナップショット取得 
Pos[x] : 自分の位置 
L[x] : 自分の状態 
L[y] : 相手の状態 
state Compute 
p := Pos[x] 
Case  L[x] 
 ・T 
  If  L[y]∈{T , S}  Then 
     プロトコル Pを実行 
     p:=計算によって求められた位置 
     L[x] := M 
   If  L[y]∈{M}  Then 
     L[x] := T 
  ・M 
   If  L[y]∈{M , T , S}  Then 
     L[x] := S 
  ・S 
   If  L[y]∈{S ,F}  Then 
     L[x] := F 
・F 

  If L[y]∈{F , T} Then 
   L[x] := T 
state Move 
  Move(p) 
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証明 
すべてのロボットが初期状態 Tから終了状
態 F になるまでのサイクルを Mega-Cycle
とする.初期状態Tから始まる 2台のロボッ
トを x,yとする. xがはじめて Look命令を
行った時刻を𝑡𝑥, xが状態 Tから状態 Mに
遷移した時刻を𝑡𝑥′ > 𝑡𝑥とする.yについても
同様に時刻𝑡𝑦, 𝑡𝑦′を定義する.このとき 2 つ
の場合が考えられる. 
①𝑡𝑥 ≤ 𝑡𝑦 < 𝑡𝑥′ 
xの Look命令, yの Look命令,または 2台
が同時に Look命令を行い, xの状態遷移の
順に操作が行われたとする. xは時刻𝑡𝑥に y
の状態 Tを観測する.次に時刻𝑡𝑦に yが xの
状態Tを確認する.互いに状態Tを観測した
x,yはそれぞれ時刻𝑡𝑥

′ , 𝑡𝑦′に状態 Tから状態
M に遷移する.移動を行うのは状態 M にな
ったあとのみなので,2 台は同じ観測結果を
Look命令で得ている.その後, x,yは他ロボ
ットが状態MまたはSなのを観測し,状態S
に遷移する.最終的に 2台のロボットは他ロ
ボットが状態SまたはFなのを観測し,状態
Fになり,Mega-Cycleが終了する. 
②𝑡𝑥 < 𝑡𝑥′ ≤ 𝑡𝑦 
xの Look命令, xの状態遷移, yの Look命
令の順に操作が行われたとする. xは時刻𝑡𝑥

に y の状態 T を観測し,時刻𝑡𝑥′に状態 T か
ら状態 M に遷移する.次に y が時刻𝑡𝑦に x
の状態を確認する.このとき, xが状態Mな
らば, y は状態遷移を行わず,状態 T のまま
となる. yは, xが状態 Sに遷移した以降の
時刻に状態 M に遷移し,プロトコル P を実
行する.状態Mになった yは, xが状態 Sな
のを観測し,状態 S になる.最終的に 2 台の
ロボットは他ロボットが状態 Sまたは Fな
のを観測し状態 Fとなり,Mega-Cycleを終

了する. 
①,②より,一度のMega-Cycleにすべてのロ
ボットが必ず一度,プロトコルPを実行して
いる.      □ 
 
補題 2より以下の定理が成り立つ. 

定理 7 
𝐴𝑆𝑌𝑁𝐶2(𝑓𝑢𝑙𝑙– 𝑙𝑖𝑔ℎ𝑡, 4)

⊃ 𝑆𝑆𝑌𝑁𝐶2(𝑛𝑜𝑡ℎ𝑖𝑛𝑔, 1) 

証明 
 定理 1,2 よりランデブー問題は SSYNC
のロボットでは解くことができない

が,full-light,4状態を持つASYNCのロボッ
トでは解くことができる 

𝐴𝑆𝑌𝑁𝐶2(𝑓𝑢𝑙𝑙 − 𝑙𝑖𝑔ℎ𝑡, 4) ∖

𝑆𝑆𝑌𝑁𝐶2(𝑛𝑜𝑡𝑖𝑛𝑔, 1) ≠ ∅. 
補題 2より 

𝐴𝑆𝑌𝑁𝐶2(𝑓𝑢𝑙𝑙 − 𝑙𝑖𝑔ℎ𝑡, 4)

⊇ 𝑆𝑆𝑌𝑁𝐶2(𝑛𝑜𝑡ℎ𝑖𝑛𝑔, 1) 
よって定理 1が成り立つ.  □ 
 

補題 3 
2 台の external-light,5 状態の ASYNC

ロボット群で,2台の SSYNCロボット群が
実行するプロトコル Pの実行条件を満たす
ことができるアルゴリズムが存在する. 

 
ア ルゴ リズ ム :Protocol SIM for two 
external-light robots 
 使用する5状態をR(equest), E(xecution), 
M(ove), W(ait), F(inish)とする.2台は初期
状態Rから始まる.相手が状態Rの場合は状
態 E となる.相手が状態 E の場合は状態 M
となり,プロトコル P を実行し,移動を行う.
相手が状態Mの場合は状態Wとなる.相手
が状態Wの場合は状態Fとなり,1台でも状
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態Fになったらサイクル終了とする.そして
相手が状態 F の場合は再び状態 R となる.
プロトコル Pを実行したロボットが 1台の
みでサイクル終了を迎えた場合,次サイク
ルでは少なくとももう一方のロボットがプ

ロトコル P を実行する. このアルゴリズム
におけるロボットの状態遷移図を図 3 に示
す. 
state Look 
スナップショットを取得 
Pos[x] : 自分の位置 
L[x] : 自分の状態 
L[y] : 相手の状態 
state Compute 
p := Pos[x] 
  If  L[y]∈{R}  Then 
   L[x] := E 
 If  L[y]∈{E}  Then 

L[x]: = M 
    プロトコル Pを実行 
    p:=計算によって求められた位置 
  If  L[y]∈{M}  Then 
    L[x] := W 

If  L[y]∈{W}  Then 
    L[x] := F 
  If  L[y]∈{F}  Then 

L[x] := R 
state Move 
  Move(p) 

 
証明 
初期状態 R から始まる 2 台のロボットを
x,yとする.また,少なくとも 1台のロボット
が状態 F になるまでのサイクルを

Sub-Cycleとする. xがはじめて Look命令
を行った時刻を𝑡𝑥, xが状態Rから状態遷移

した時刻を𝑡𝑥′ > 𝑡𝑥とする.yについても同様
に時刻𝑡𝑦, 𝑡𝑦′を定義する.このとき,2 つの場
合が考えられる. 
① 𝑡𝑥 < 𝑡𝑥′ ≤ 𝑡𝑦 < 𝑡𝑦′ 
このとき, xは時刻𝑡𝑥′に状態 E, yは時刻𝑡𝑦′

に状態 M となりプロトコル P を実行,移動
を行う.その間 yが Look命令を行う場合は
状態Eから状態Wに遷移するので移動しな
い.x は移動後,y の状態が W ならば,状態 F
となり Sub-Cycleは終了する.Sub-Cycle終
了後は新たなSub-Cycleが始まり,移動を行
っていない yが状態Rとなり,xが状態Eに
なる. 
② 𝑡𝑥 ≤ 𝑡𝑦 < 𝑡𝑥′ ≤ 𝑡𝑦′ 
このとき,x,yはそれぞれ時刻𝑡𝑥

′ , 𝑡𝑦′に状態 E
となる.時刻𝑡𝑦′以降に,状態 E の x がはじめ
てLook命令を行った時刻を𝑡𝑥′′,状態Eから
状態遷移を行った時刻を𝑡𝑥′′′ > 𝑡𝑥′′とする.y
についても同様に時刻を定義する. 
ⅰ. 𝑡𝑥′′ < 𝑡𝑥′′′ ≤ 𝑡𝑦′′ < 𝑡𝑦′′′ 
このとき,xは時刻𝑡𝑥′′′に状態M, yは時刻
𝑡𝑦′′′に状態Wとなる.以降は①と同様の操
作となる. 
ⅱ. 𝑡𝑥′′ ≤ 𝑡𝑦′′ < 𝑡𝑥′′′ ≤ 𝑡𝑦′′′ 
このとき,x,y は時刻𝑡𝑥′′′ ≤ 𝑡𝑦′′′に状態 M
となりプロトコル P を実行,移動を行う. 
移動を行うのは状態Mになったあとのみ
なので,2 台は同じスナップショットを得
ている.また,一方が相手の状態 M を観測
し状態Wに遷移した後,もう一方が Look
命令を実行した場合,①と同様の操作と
なる.  

① ,②より ,2 台のロボットは 2 回の
Sub-Cycle 内で確実に一度プロトコル Pを
実行している.           □ 
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定理 8 
𝐴𝑆𝑌𝑁𝐶2(𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙– 𝑙𝑖𝑔ℎ𝑡, 5)

⊇ 𝑆𝑆𝑌𝑁𝐶2(𝑛𝑜𝑡ℎ𝑖𝑛𝑔, 1) 

 
4.今後の課題 
 表 1 において空欄になっている
internal-light, ASYNC のロボット群にお
けるランデブー問題アルゴリズムは提案さ

れていないので,その可解性について検討
する.また,n(>2)ロボットにおける各モデル
の集合問題の可解性について,状態の見え
方による計算能力の比較等が挙げられる. 
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表 1.ランデブー問題での各モデルの状態数 

 
 

 
図 1.Rendezvous for rigid ASYNCの状態
遷移図(矢印の文字は,相手の状態と自身が
移動する位置を示している) 

 
図 2. Protocol SIM for two robotsの状態遷
移図(矢印の文字は,相手の状態を示してい
る) 

 
図 3. Protocol SIM for two external-light 
robots の状態遷移図(矢印の文字は,相手の
状態を示している) 
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自律分散ファットロボットに対する様々なグリッド上における汎用集合

アルゴリズムについて 
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あらまし  本稿ではグリッド上において質量を持つ円または球で表現される自律分散ロボットの集合問題を扱

う．グリッドは平面格子，六角格子，立方格子を考える．それぞれのグリッド全てにおいて同様のモデルで集合

を達成する汎用的なアルゴリズムを考察する． 

キーワード:自律分散ロボット，ファットロボット，集合問題 
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Abstract  This paper concerns gathering problems in grid for fat robots.We consider a two dimensional orthogonal grid, a 

hexagonal grid and a three dimensional orthogonal grid. We propose general algorithmse to solve gathering problems in a 

similar model for each grid. 

Keywords  Autonomous Mobile Robots，Fat Robots， Gathering Problem 

 
1. はじめに  
複数の自律的に動作する計算機群が，互いに通信し

あいながら共通の目的を持って動作するようなシス

テムを，分散システムと呼ぶ．その中で自律分散ロボ

ット群とは自律的に動作する複数のロボットが協調

的に動作することにより全体でひとつの問題を達成

するというものである．この自律分散ロボット群にお

いては全体を効率的に動作させるアルゴリズムの設

計が重要である． 

本稿では自律分散ロボット群の中で任意の位置に

配置されたロボットを一点に集める問題である一点

集合問題を扱っている．ロボットは平面上を自由に移

動する(質量を持たない)点で考えられている．この一

点集合問題は一見簡単そうに思えて(1)記憶(アルゴリ

ズムが過去の動作履歴を認識できるか)(2)匿名性(各ロ

ボットが固有の識別子を持ち､お互いに異なることを

認識できるか)(3)非同期性(ロボットの動作のタイミン

グにずれが生じるかどうか)(4)観測能力(他のロボット

の位置をどれだけ正確かつ一貫して検知できるかど

うか)といった少しの要因を緩和するだけで非可解で

あることが知られている．そして可解となる最弱の件

もこれまでに知られておらず，また，非可解となるい

くつかの条件が知られている[3]．よって一点集合問題

のテーマとして解くべきタスクが与えられた時にそ 
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れを解くべきアルゴリズムの設計やその問題を解

くための必要なロボットの最小能力を明らかにする

といった問題がある．文献[1-5]は実際にロボットの観

測や移動の能力や知り得る情報と問題に対する関す

る研究がされている． 

実際のロボットを考えた時ロボットは質量を持ち

ロボットが他のロボットの観測および移動において

障害物となる可能性を考慮すべきである．文献[1]はロ

ボットを点ではなく円盤で表すファットロボットの

集合問題を扱った研究である．本稿では，ファットロ

ボットが 2 次元平面の格子点上を移動する場合の集合

問題を考える．文献[6-8]が従来の結果であり，実際に

ファットロボットの 8 通りのモデルで一般的な平面格

子の知識有無も考えた．集合問題が考えられておりそ

の結果が表 1 である．本稿ではその先行研究から平面

格子と集合した際の形態が異なる六角格子や立方格

子上に拡張した集合問題を解くアルゴリズムを設計

する．その結果を表 2，3 に示す．六角格子において

は，座標系の知識有の場合，非同期，small ロボット

で台数未知のとき集合問題を解くアルゴリズム

hexagonSpiral を示し，large ロボットの場合は，非同期，

small ロボットで台数を知らないときは正方格子と同

様に非可解であること，それ以外のときは視野範囲 1

で非可解となることを示す.また座標系の知識無の場

合でも，半同期，small ロボットで台数既知のときに

集合問題を解くアルゴリズム hexagonPullSpin を提案

する．さらに，立方格子上ではおいて座標系の知識有

の場合，非同期，small ロボットで台数未知のとき集

合問題を解くアルゴリズム Spiral3 を示す． 

 

 

 

 

 

 

 

 

 

 

 

 

 

2. モデルの定義 
2.1 ロボットのモデル 

本稿で考える二次元直交座標系 S，(三次元直交座標

系 C)は，単位長さ，原点 O，x と y(と z)で識別され互

いに直交する 2(3)つの座標軸とその方向，正と負で識

別される座標軸の向きで定義される．平面格子 GSを S

のすべての格子点の集合，立方格子 GCを C のすべて

の格子点の集合とする．u=(ux,uy)および v= (vx,vy)を GS

上の点とした時，u と v の距離 distS(u,v)はマンハッタ

ン距離で定義され dist(u,v)=|ux – vx|+|uy – vy|と定義され

る．また u=(ux,uy,uz)および v= (vx,vy,vz)を Gc上の点と

した時，同様にマンハッタン距離で定義され u と v の

距離 distS(u,v)は distc(u,v,z)=|ux – vx|+|uy – vy|+| uz - vz |と

なる．六角格子座標系 H は，(図 1(a))に表される様な

P={(√ ,n+ |m,n∈ℤ}で定義されるの点の集合があ

り，P に対応する六角格子 GH={(m,n)|m,n∈ℤ}を持ち，

単位長さ，原点 O､x 軸と y 軸で識別されお互いに 60°

で交わる 2 つの座標軸とその方向，正と負で識別され

る座標軸の向きで定義されるものである(図 1(b))． 点

同士の距離は GS，GC 同様にマンハッタン距離で定義

される． 

   
(a)                    (b) 

図 1．六角格子と六角格子座標系 

表 1†. 先行研究でのモデルと提案アルゴリズム 表 2†. 本稿でのモデルと提案アルゴリズム 1 

表 3†. 本稿でのモデルと提案アルゴリズム 2 

†表において，括弧つきのアルゴリズム（または非可解性）は，括弧なしのアルゴリズムの可解性(または非可解性)を示すことにより，より強い(または弱い)

仮定の場合が示されることを意味している． 
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n 台のロボットの集合 R を R={r0，…，rn-1}とし，ロ

ボットは格子上の点に存在し，格子上の点間を離散的

に移動する計算能力を持ったデバイスとする．このロ

ボットは区別不可能で同じアルゴリズムを実行し，匿

名で，記憶領域を持たない．また，ロボットは共通の

座標系を持つ場合と持たない場合を考える．ロボット

が共通の座標系を持つ場合は共通の原点，単位距離，

座標軸とその方向および向きを知っており，ロボット

はその共通した座標軸において自身の位置の座標を

認識できる．また ロボットが共通の座標系を持たな

い場合は共通の原点，単位距離， 右回り方向のみ知

っている，ロボットの視野範囲は自身の点を v とし二

次元直交座標系では NS(v)={(ux,uy)|(|ux-vx|≦1)⋀(|uy-vy|

≦ 1)} の 集 合 で あ り 三 次 元 直 交 座 標 系 で は

NC(v)={(ux,uy,uz)|(|ux-vx|≦1)⋀(|uy-vy|≦1)⋀(|uz-vz|≦1)}で

ある．六角格子座標系上では距離 1 となる周囲の 6 点

の集合 NH(v)={(ux,uy)|dist(v,u)=1}とする．Nx (v)(x∈

{S,C,H})は v にいるロボットが 1 回の移動で移動でき

る点を表している．ただし，ロボットが同一線上をす

れ違う移動と複数のロボットが同一の点に移動する

ことは許されない．また，図 2 に示す様にロボットの

サイズでによってはあるロボットは他のロボットが

存在する周囲の点へは他のロボットに接触するため

移動することができない．ロボットの大きさが十分に

小さいロボットが他のロボットが存在しない点に自

由に移動できるロボットのサイズを small，周囲のロ

ボットとの接触を避けるため移動に制限が付くロボ

ットのサイズを large と名付ける．平面格子上と六角

格子上ではその条件は異なってくる．それぞれの条件

を以下に示す． 

 

 
図 2．平面格子におけるロボットの半径 radius と格子

サイズの関係 

 

平面格子上では，ロボットの半径を radius として図 2

の例に示すように，ロボットの大きさが十分に小さく

斜めに移動したときに他のロボットに接触すること

がないモデル small とあるロボットが斜めに移動した

とき他のロボットに接触する可能性があるモデル

large を 

・small:：radius < √2 

・large： √2  radius <  

と定義される． 

 

 
図 3．六角格子上におけるロボットの半径 radius と格

子サイズの関係 

 

図 3 に示す様に六角格子上では平面格子上とは条件が

異なる．ロボットの半径の大きさを radius とし radius

が線を超えた際にあるロボットが移動した時に周辺

のロボットと接触する可能性がある．六角格子上では

正六角形の一辺の大きさを R とし 

・small：radius <  

・large：   radius < √  

と定義する． 

立方格子上では半径 radius の球と変える以外は平面格

子上と同様である． 

次にロボットの実行モデルについて説明する．各ロ

ボットは以下の 4 つの状態を繰り返し，この 4 つの状

態の 1 回の繰り返しをサイクルと呼ぶ． 

(1) Wait:ロボットは待機状態．全てのロボットの初期

状態はこの状態である． 

(2) Look:ロボットは他のロボットの位置を観測する． 

(3) Compute:ロボットは観測結果を入力にアルゴリズ

ムに従って行き先を計算する．ロボットが無記憶

の場合は入力は直前の Look の情報のみである． 

(4) Move:Compute で計算した行き先に移動する 

各ロボットが動作する同期の程度によっても図 4 の様

な 3 つのモデルが定義される． 

 

 

176



 

図 4． 同期のモデル 

 

･完全同期(FSYNC):全てのロボットが完全に同期し，

全てのロボットが完全に同じ時刻にアルゴリズムを

開始し，その後，同じ時刻に Look，Compute，Move

を実行する． 

･半同期 (SSYNC):FSYNC において同じ時刻にのみ

Look，Compute，Move が実行されるが，サイクルを実

行しないモデルの存在は許すモデルである． 

･非同期(ASYNC):FSYNC や SSYNC のようなロボット

の実行において同期の仮定を一切置かないモデルで

ある． 

これら 3 つのモデルに関して FSYNC のロボットモデ

ルで実現可能な動作は SSYNC のロボットモデルでも

実現可能であり，また，SSYNC のロボットモデルで

実現可能な動作は ASYNC でも実現可能である．すな

わちある問題を ASYNC で解くアルゴリズムが存在す

る場合は，そのアルゴリズムは SSYNC，FSYNC でも

問題を解く．SSYNC と FSYNC の関係も同様である． 

動作サイクルの各状態は，仮定するロボットの能力に

よって細かい定義が異なる． 本稿では，ロボットの

視野範囲に制限が存在する．Gxの点 v 上のロボットは

Look の結果，ロボットが共通して持つ座標系における

Nx(v)のうちロボットがいる点の集合 C を得る．

Compute で計算される行き先は Nx(v)-C のうち現在の

座標を除く一点，もしくは移動しないかのいずれかで

あり，Move における行き先への移動は一瞬であると

仮定し移動中のロボットが他のロボットに観測され

ることはないとする． 

ロボットが透明か不透明かの問題についてはここで

提案するアルゴリズムにおいてはどちらでもかまわ

ない． 

 

2.2 集合問題の定義 
本稿では，あらかじめ決められた原点 O を中心にロボ

ットを集合させる集合問題を扱う．集合時にロボット

が構成する形状が問題の可解性に影響し，原点に近い

距離からロボットで埋めていき，集合を達成した際に

原点からの距離が最も遠いロボットへの距離が最小

となるようにロボットを集合させる． 

集合の定義は，グリッド x に対し ai
xを原点からの距離

が i である点の数，原点からの距離が j 以下である点

の数を Sj
x とし，ロボットが集合を達成したときの原

点から最も遠いロボットまでの距離を Lmax
x とする．

原点 Oからの距離が iであるロボットの集合をR(i)={r

∈R|dist(O,r)=i}としてグリッド上での集合問題を Lmax

を用いて以下のように定義する． 

定義  グリッド上で n 台のロボットが次の条件を満た

すときロボットは集合したという． 

･∀r∈R， dist(O,r)≦Lmax
x 

･|R0|=1 

･0 < i <Lmax
x ，|Ri| = ai

x 

本稿で扱う六角格子上での，ai
H，Sj

H は以下の様にな

る 

･a0
H = 1 

･ai
H = 6i (i>0) 

･Sj
H = 3j(j+1)+1 (j≧0) 

Sj
Hの逆関数を考えることで Lmax

Hは以下の式で決まる． 

Lmax
H= √( - )-	  

また立方格子上では 

･a0
C = 1 

･ai
C = 4 2 (i>0) 

･Sj
C = +2 + +1 

となり，Lmax
Cは Sj

Cとロボットの台数 n から 

+2 + +1-n=0 を満たす実数解の小数点以下の切

り上げで得られる．この定義を満たす集合問題を解く

アルゴリズムの集合を，同期のモデル sync ∈

{async,ssync,fsync}，ロボットの n を知るか否か num∈

{known,unknown}，ロボットの大きさのモデル size∈

{small,large}をパラメータとし，GA(sync,num,size)で定

義する． 

 

2.3 諸定義 
文献 [6] では，二次元直交座標系 S において

u=(ux,uy),v=(vx,vy)の 2 点を考えた時，(ux*vy - uy*vx)<0

を満たすとき原点を中心に v は u の右回りに位置する

としていた.本稿では六角格子座標系 H においても，
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格子点上の 2 点，u=(ux,uy),v=(vx,vy)を考えた時，u’=(ux’= 

√ ux, uy‘=ux + uy), v’=(vx’= 
√ vx, vy‘=vx + vy)として二次

元直行座標系の値に適用し，(ux’*vy’-uy’*vx’)<0 を満た

すとき原点を中心に v’は u’の右回りに位置するとす

る． 

ある v’∈H に対して，NH(v)の点のうち下記の条件を

満たす点に対して表記を付ける． 

pv’:(dist(O,pv’)=dist(O,v’)-1)∧(vx’py’-vy’px’<0) 

ev’:( dist(O,ev’)=dist(O,v’))∧(vx’ey’-vy’ex’<0) 

 

3. 六角形格子状の集合アルゴリズム 
3.1 共通座標系知識有の場合 
六角格上で共通座標知識有の場合についてのアルゴ

リズム hexagonSpiral∈GA(async,unknown,small)につい

て述べる． 

既存アルゴリズムとその一般化 
文献[6]で提案された GA(async,unknown,small)のアル

ゴリズムが spiral であり，その動きのパターンは図 5

である．  

 

 

 
図 5． アルゴリズム Spiral の移動パターン 

 

正方格子における GA(async,unknown,small)では，ロボ

ットのサイズが small であるため斜めに移動するロボ

ットが他のロボットに接触することはない．しかし，

非同期に移動するロボットがすれ違う移動をするこ

となく，また複数のロボットが同一の点に移動してし

まうことなく集合を達成しなくてはならない．このた

めにアルゴリズム Spiral で取られた戦術はロボットを

原点に対して右回りで移動させ特定の位置において

のみ距離を縮めるような一本道を設計することであ

る．このとき，ロボットは移動先にロボットがいない

とき移動する．一本道であるので，複数のロボットが

同一の点へ移動したり，すれ違うように移動してしま

うことはない． 

このアルゴリズム Spiral は正方格子上のみでなく一

般的な様々な座標軸上に対応する形で同様の戦術で

動くように記述できる．共通の座標系，右周りに対す

る合意を持ち，移動可能な点同士が線で繋がったグラ

フを考えた際に，距離が同じ点 viで誘導される部分グ

ラフがハミルトン閉路を含むといった条件を満たす

時，下記の戦略で条件を満たす様々な座標系における

集合を達成するアルゴリズムを設計できる．  

 
 

この戦略において特に二次元直交座標系や六角形格

子上では eiと oiまたハミルトン閉路の順序付けを以下

の同様のアルゴリズムで作成できる． 
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六角格子への適用 
二次元直交座標系上で GeneralAlgorithm1 において

e1=(0,-1)と定めることで全てのハミルトン閉路が一意

に決まり，図 5 の移動をするアルゴリズム 1 を設計で

きる.そして六角格子上でも GeneralAlgorithm1 を適用

し e1=(0,-1)と定めることで図 6 のような移動パターン

のハミルトン閉路を一意に作成するアルゴリズム

hexagonSpiral を作成できる． 

 

 
図 6．hexagonSpiral の移動パターン 

 

ロボットが hexagonSpiral に従って移動すると，原点か

らの距離が Lmax-1 以下である点と Lmax の距離で

(vx≦0∧vy=-1)の点から順次すべての点にロボットが

移動する．以降移動を行うロボットが存在せずにこの

ときロボットは集合を達成している．集合を達成する

までの間少なくとも 1 台のロボットは移動可能であり，

複数のロボットが同時に同一の点に存在することは

ない． 

 

よって 次の定理が成り立つ． 

定理 1 hexagonSpiral∈GA(async,unknown,small) 
 

Large ロボットの六角格子上での非可解性 
ロボットサイズ large の場合での非可解性について示

す． 

視野範囲 1 でサイズ large のロボットにおいて集合問

題を解くことができないことを証明する． 

補題 1 六角格子において直線状にいる距離が 2 つ離

れたロボット同士において片方が距離を縮める移動

をする可能性がある場合，もう片方は原点から遠ざか

る移動はできない 
 

 

図 7． 設定できない移動パターン 

 

(証明) 図 7 において A と B がお互いに矢印の方向に

動いたときどのパターンでもロボット同士が接触す

る．この時 B のロボットは視野範囲 1 のため A のロボ

ットを認識することができない．よって A のロボット

が矢印に移動するかどうかを判断できずにロボット

同士の接触を避けるためにはAへの 3方向への移動を

設定することができない． 

補題 2 原点からの距離が i である全ての点の中で必

ず１つは，軸上または|vx|=|vy|の位置において原点に距

離を縮める移動が存在する． 
 

 

(a)                    (b) 

図 8． 軸上とそれ以外での移動 

 

(証明) ロボットは集合を達成するためには残り 1 つ

のロボットを除いて集合を達成済みという状況にな

る必要がある．このとき図 8(a)の状態のように，軸上

または|vx|=|vy|となる点以外の点１つを除いて Lmax-1 と

Lmaxにおける全ての点が集合を達成しているとする時，

その点にロボットが入ることができず集合が達成で

きない．よって図 8(b)の状態のように Lmax-1と Lmaxに

おける全ての点が集合を達成しているとしても残り

の位置に入ることができる軸上または|vx|=|vy|の点で

距離を原点に近づける必要がある． 

定理 2 視野範囲 1 かつサイズ large のロボットで集

合問題を解くアルゴリズムは存在しない． 
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(証明) 補題 2 より必ず存在する軸または|vx|=|vy|の点

からの移動を 1 つ考える．そこから直線状の距離 2 離

れた位置にいるロボットは補題 2 より図 9(a)のように

原点に距離を縮める 3 方向にしか移動できない．ロボ

ットが集合を達成するためにはこのロボットが移動

する必要があり 3 方向どこに移動するときでも直線上

で原点に対して距離 1 近い点にロボットがいる場合は

移動できない．より図 9(b)のようにその点のロボット

は原点に対し距離が１遠い点にロボットが存在する

状態で移動する必要があるがその時この点のロボッ

トは原点に近づく 3 方向にしか移動できない．またそ

の点に対する直線状で原点に１近いロボットについ

ても同様でありこれが繰り返される． 

原点のロボットが動かない場合，図 9(c)のようにロボ

ットが直線状にいる時どのロボットも移動できず集

合が達成できない．また原点のロボットが動く場合は

直線状にいるそれ以降のロボットは原点から離れる

移動しかできず永遠に原点に近づくことができない

ため集合を達成することができない 

 

図 9(a)      図 9(b)         図 9(c) 

 

3.2 共通座標系なしの場合 
共通の座標系なしでのアルゴリズム 

hexagonPullSpin∈GA<ssync,known,small>の説明を行

う．文献[7,8]では二次元直交座標系で共通の座標系な

しの場合は，共通の原点，単位距離，識別されない互

いに直交する 2 つの座標軸の方向，右回り方向を知っ

ており，ロボットらはそれぞれが持つ座標系において

自分の座標を認識することができるといった定義で

あった．六角格子座標系では時計回りの回転を正とし

て y→x に+60 度でありそのときの X，Y 軸それぞれの

向きを固定する 6 パターンの状態とする．  

既存アルゴリズム 
文献[7]で提案された GA(async,unknown,small)の場合

の集合問題を解くアルゴリズムが PullSpin であり，そ

の動きのパターンは図 10 である．Pull は原点に対し右

回りで距離を縮める移動であり，Spin は原点に対し右

回りで同距離の点に動く移動である．複数のロボット

が同一に移動させないために Pull を Spin より優先さ

せ，軸上のロボットは Pull しないことで実現した．ま

た永遠に移動し続けるロボットを無くすことを Lmax

に存在するロボットの Spin を禁止することで実現し

た． 

 

 
図 10． アルゴリズム PullSpin の移動パターン 

 

六角格子への適用 
先行研究の方法を六角格子座標系上に当てはめ作成

する．まず原点に対する右回りと特定の位置を実現す

るために六角格子座標系を図 11 のような 6 つのエリ

アに分ける． 

 

図 11． 6 つのエリア 

180



これにより Pull と Spin を実現し実際にそれを実現し

たアルゴリズムが hexagonPullSpin であり，そのアルゴ

リズムの移動パターンが図 12 である． 

 
 

 
図 12． hexagonPullSpin の移動パターン 

 

図 12 の各エリアがどのエリアに重なるように回転さ

せても移動方向は一致しており共通の座標系を持た

ない場合でも集合を達成できる．文献[7]の二次元直交

座標系と同様の方法で正当性の証明も行うことがで

きる．より，次の定理が成り立つ 

定理 3 hexagonPullSpin∈GA(ssync,known,small) 

 

4. 立方格子上での集合問題 
3.1 の汎用アルゴリズムを実際に立方格子上に適用す

る． 

アルゴリズム上で使用する移動パターンとして平面

格子上では u=(ux,uy)，v=(vx,vy)を二次元直交座標系 S

上の 2 点とし，(uxvy-uyvx)<0 を満たす時，原点を中心

に v は u の右回りに位置するとしており，  

･ev:(dist(O,pv)=dist(O,v)-1)⋀(vxpy-vypx≦0)が存在した． 

ここでは右回りの移動を考える際三次元上で 2 軸を固

定し，平面上での右回りを考える． 

u=(ux,uy,uz)，v=(vx,vy,vz)を三次元直交座標系 C 上の 2

点とした時，xz 平面上での右回りの移動を 

･evxz: (dist(O,evxz)=dist(O,v)-1)⋀(evpz-eypx<0)とし他の平

面も同様の定義とする． 

さらにそれと逆方向の移動を 

･Levxz: (dist(O,evxz)=dist(O,v)-1)⋀(vxez-vyex≧0) とし他の

平面も同様の定義とする． 

 

4.1 汎用アルゴリズムの三次元への適用 
3.1 の GeneralAlgorithm1 は二次元座標系上での汎用ア

ルゴリズムである．同様の条件を持ち，このアルゴリ

ズムに用いた戦略を再帰的に書くことで三次元上に

適用することができる． 

 

 

4.2 アルゴリズム Spiral3 
4.1 の戦略を立方格子に適用する． 

三次元としての only reduce point が一つ二次元平面の

同距離内に 1 つ only reduce point という形で図 13 のよ

うな移動パターンを作成することで一方通行の経路
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が得られる．実際にそれを実現したアルゴリズムが

Spiral3 である． 

 
図 13．三次元上での一方通行の経路 

 

 
 

図 13 での移動パターンは基本的に右回りの点に移動

し丸の位置で平面移動を行い四角の位置に移動する

パターンである．ロボットがそれを実現した Spiral3

に従って移動すると， 原点からの距離が Lmax-1以下で

ある点と Lmax の距離では各距離の二次平面で次に oi’

に移動する点から順次移動し oi’からは，各距離の三次

元上で oiに近い面に移動する．同距離内ですべての点

に移動しており，oi では三次元上で距離を縮める移動

をしているので順次すべての点にロボットが移動す

る．以降移動を行うロボットが存在せずにこのときロ

ボットは集合を達成している．集合を達成するまでの

間少なくとも 1 台のロボットは移動可能であり，複数

のロボットが同時に同一の点に存在することはない． 

よって 次の定理が成り立つ 

定理 4‡  Spiral3∈GA(async,unknown,small) 

 

5. むすびに 
本稿では，共通の座標系を持つ場合において六角格子

座標系上ではロボットサイズが小さい時に集合問題

を解くアルゴリズムの提案と，ロボットサイズが大き

い時に集合達成不可能となる非可解性を示した．また

共通の座標系を持たない場合において六角格子座標

系上でロボットサイズが小さくロボットの総数を知

っており半同期の時集合問題を解くアルゴリズムも

提案した．三次元直交座標系上ではロボットサイズが

小さいときに集合問題を解くアルゴリズムを提案し

た．今後の研究課題としては六角格子座標系上でロボ

ットサイズが大きい時に視野範囲を拡大して集合問

題を解くアルゴリズムについての考察や三次元直交

座標系上での他のモデルにおける集合問題を解くア

ルゴリズムの考察があげられる． 
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ࣗࢄϩϘοτ܈ʹ͓͚Δั֫ΞϧΰϦζϜ

খۄ ༔ਓ ݪ౻ ڿ
भۀେֶେֶӃ ઌใֶઐ߈

Email: q676113y@mail.kyutech.jp, fujiwara@cse.kyutech.jp

֓ཁ
ࣗࢄϩϘοτ܈ͱɼෳͷϩϘοτ͕ࣗతɼ

Δ͜ͱʹΑͬͯશମͱͯ͠Ұͭͷ͢࡞ௐతʹಈڠ
Λղܾ͢ΔϩϘοτ܈Ͱ͋Δɽ͜ͷࣗࢄϩϘοτ
ঢ়ܗ͢Δܗঢ়Λܗಛఆͷ͕܈ɼϩϘοτͯؔ͠ʹ܈
܈ϩϘοτࢄΛղ͘ΞϧΰϦζϜɼࣗܗ
Λ༻͍ͯҠಈ͢ΔඪͷΛ͏ߦΞϧΰϦζϜͳͲ
ఏҊ͞Ε͍ͯΔɽʹط͕

ຊڀݚͰɼෳͷࣗࢄϩϘοτ͕܈ɼಀ͢
Δ̍ͷϩϘοτΛ͠ɼั֫͢ΔΞϧΰϦζϜΛ
ఏҊ͢Δɽ·ͨɼఏҊΞϧΰϦζϜΛγϛϡϨʔγϣ
ϯڥʹ͓͍࣮ͯ͠ɼఏҊΞϧΰϦζϜͷੑ
Λ͢ূݕΔɽ

1 ͡Ίʹ
ࣗࢄϩϘοτ܈ [1]ͱɼෳͷϩϘοτ͕ࣗ

తɼڠௐతʹಈ͢࡞Δ͜ͱʹΑͬͯશମͱͯ͠Ұͭͷ
Λղܾ͢ΔϩϘοτ܈Ͱ͋Γɼނোੑɼ֦ுੑʹ
༏Εɼ͞ޙࠓΒʹൃల͍ͯ͘͠ͱ༧ଌ͞ΕΔڀݚςʔ
ϚͷҰͭͰ͋Δɽ

͜ͷࣗࢄϩϘοτ܈ʹ͍ͭͯɼจݙ [2]Ͱࣗ
ࢄϩϘοτ܈ʹΑΔ௨৴͕Ͱ͖ͳ͍ঢ়گͰͷΛ
ݙΞϧΰϦζϜ͕ఏҊ͞Ε͓ͯΓɼ·ͨɼจ͏ߦ [3]Ͱ
ϩϘοτ͕܈ಛఆͷܗঢ়Λܗ͢Δܗঢ়ܗΛ
ղ͘ΞϧΰϦζϜ͕ఏҊ͞Ε͍ͯΔ.

ͦ͜ͰຊڀݚͰɼෳͷࣗࢄϩϘοτ͕܈ɼಀ
͢Δ 1 ͷϩϘοτΛ͠ɼั֫͢ΔΞϧΰϦζ
ϜΛఏҊ͢Δ. ຊڀݚͷఏҊΞϧΰϦζϜɼͦΕͧ
ΕͷϩϘοτ͕ಀ͢ΔϩϘοτʹ͔ͯͬҠಈ
͢Δʮ୯७ΞϧΰϦζϜʯɼଞͷϩϘοτͷҐஔ
Λߟࢀʹ͠ͳ͕ΒλʔήοτΛʹ͍ࠐΜͰั֫Λ
͢ࢦʮڥքแғΞϧΰϦζϜʯɼͦͯ͜͠ͷ 2 ͭͷ
ΞϧΰϦζϜΛ߹ΘͤͨʮϋΠϒϦουΞϧΰϦζϜʯ
ͷ 3 ͭͰ͋Δ.

·ͨɼ͜ΕΒͷఏҊख๏ΛγϛϡϨʔγϣϯڥʹ
͓͍࣮ͯ͠ɼࣗࢄϩϘοτ܈ʹΑΔੑΛ
Δɽ͢ূݕ

2 ࣗࢄϩϘοτ܈
2.1 ͷఆٛ

ࣗࢄϩϘοτ܈ͱɼϩϘοτ܈શମΛཧ͢
ΔߏػΛͣͨ࣋ɼ֤ϩϘοτ͕ͦΕͧΕࣗతʹಈ࡞
͢Δ͜ͱʹΑΓɼશମͱͯ͠తΛୡ͢ΔϩϘοτ
ͷ͜ͱͰ͋Δɽ܈

ຊڀݚɼࣗ ࢄϩϘοτͷू߹R = {r0, r1, · · · rn−
1} ͕ɼͦΕͧΕͷΞϧΰϦζϜʹैͬͯɼ̍ͷλʔ
ήοτ rt Λ͠ɼಀϩϘοτʹ৮͢Δ͜ͱΛ
తͱ͢Δɽͳ͓ɼ֤ࣗࢄϩϘοτʢϩϘοτͱ
ݺͿʣޙड़ͷΞϧΰϦζϜΑΓಈ͠࡞ɼλʔήο

ਤ 1: ͷྫ

τʢಀϩϘοτͱݺͿʣਓతʹૢ͢࡞Δͷͱ
͢Δɽ

ਤ 1 ʹͷೖग़ྗͷྫΛࣔ͢ɽϩϘοτ܈ɼ
ฏ໘্ͷϥϯμϜͳҐஔ͔ΒಀϩϘοτͷݩ࣍̎
Λ࢝ΊΔɽ1Ҏ্ϩϘοτ͕λʔήοτʹ৮
͍ͯ͠Εɼऴྃͱ͢Δɽ

ຊڀݚͰλʔήοτϩϘοτΑΓߴʹ
ҠಈͰ͖Δͷͱ͠ɼͦͷɼϩϘοτͷ
ͷ α ഒͰ͋Δͱ͢Δʢα > 1)ɽ·ͨɼϩϘοτ
ͼɼλʔήοτͷՄಈൣғٴɼ܈ xy ͳߦฏʹܥඪ࠲
ɼՄಈൣғͷ܈ҬͰ͋Δͱ͠ɼϩϘοτྖܕۣ
քΛೝࣝͰ͖Δͷͱ͢Δɽڥ

2.2 ͯ͢ͷϩϘοτʹڞ௨͢Δఆٛ

ຊڀݚʹ͓͚Δͯ͢ͷϩϘοτɼ̎ݩ࣍ฏ໘্
Ͱಈ͢࡞Δͷͱ͠ɼڞ௨ͷ xy ͷͱͭ࣋͢Λܥඪ࠲
Δɽ·ͨɼ2ݩ࣍ฏ໘্ͷ 2 (x1, y1)ɼ(x2, y2)ͷڑ
D ΛɼҎԼͷϢʔΫϦουڑΛ༻͍ͯఆٛ͢Δ.

D =
√
(x1ʵ x2)2 + (y1ʵ y2)2

2.3 ϩϘοτ܈ͷఆٛ

ຊڀݚʹ͓͚ΔϩϘοτ܈ɼͯ͢ͷϩϘο
τʹڞ௨͢ΔఆٛʹՃ͑ͯɼҎԼʹࣔ݅͢Λຬͨ͢
ͷͱԾఆ͢Δɽ

• ϩϘοτ͍ޓʹ௨৴͢Δྗͳ͍ɽ

• ͯ͢ͷϩϘοτಉ͡ΞϧΰϦζϜΛ࣮ߦ
͢Δɽ

• ֤ϩϘοτɼʮػʯɼʮ؍ଌʯɼʮࢉܭʯɼʮҠ
ಈʯͱ͍͏ಈ࡞Λ 1 αΠΫϧͱͯ͠ɼαΠΫϧΛ
Γฦ͢ɽ܁

• ֤ϩϘοτɼҎલͷεςοϓͰಘΒΕͨ
ใΛهԱ͓ͯ͘͜͠ͱ͕Ͱ͖ͳ͍ɽ

• ֤ϩϘοτɼҙͷ؍ଌʹ͓͍ͯɼࣗͷ
ඪɼλʔήοτͷ࠲ඪɼશͯͷϩϘοτͷ࠲
ͼՄಈྖҬΛΔ͜ͱ͕Ͱ͖Δɽٴඪɼ࠲

·ͨɼ֤ϩϘοτ ri(0 ≤ i ≤ n ʵ 1) ͷ࠲ඪΛ Pi =
(xi, yi) ͱ͢Δɽ
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2.4 λʔήοτͷఆٛ

ຊڀݚͰλʔήοτͷૢ࡞ਓతʹߦΘΕΔͷ
ͱԾఆ͠ɼಀ࣌ৗʹਓؒͷࢦఆ͢ΔॴΛత
ͱͯ͠ಈ͢࡞Δɽ·ͨλʔήοτ rt  1 Ͱ͋Γɼ࠲
ඪΛ Pt = (xt, yt) ͱ͢Δɽ

2.5 ϩϘοτͷҠಈ

֤εςοϓʹ͓͚ΔϩϘοτͷҠಈํ๏Λࣔ͢ɽ
ϩϘοτͷ߹ɼత֤εςοϓຖʹ͞ࢉܭΕ
Δ࠲ඪͰ͋Γɼλʔήοτͷ߹ɼతਓؒʹ
ΑΓࢦఆ͞ΕΔ࠲ඪͰ͋Δɽͨͩ͠ɼతͷҠಈ
 1 εςοϓͰߴʑڑ d͚ͩҠಈͰ͖Δͷͱ͢Δɽ

ڑ d Λ x ɼํ y ΕͧΕʹղͨ͠ͷͦํ
ΛͦΕͧΕ dxɼdy ͱ͢Δɽ ඪ࠲ (x, y) ʹ͍Δϩ
Ϙοτ r ͕ɼత (X,Y )Ҡಈ͢Δ߹ͷҠಈڑ
dx, dy ͷಋग़ํ๏Λਤ 2 ʹࣔ͢ɽ֤ϩϘοτ͕ 1
αΠΫϧͰҠಈͰ͖Δڑ dͳͷͰɼਤ 2ΑΓɼdxɼ
ͼɼdyٴ ҎԼͷࣜͰࢉܭͰ͖Δɽ

dx =
d ʷ (X ʵ x)√

(X ʵ x)2 + (Y ʵ y)2

dy =
d ʷ (Y ʵ y)√

(X ʵ x)2 + (Y ʵ y)2

͜ΕΑΓɼ(x, y) ʹ͍ΔϩϘοτ͕త (X,Y ) ʹ
ͷҐஔޙҠಈ͢Δ߹ɼ1αΠΫϧ͔ͯͬ (x˄ , y˄ )ɼ
తͱͷϩϘοτؒͷڑΛ w ͱ͢ΔͱɼҎԼͷࣜ
Ͱද͞ΕΔɽ

• d < wͷ߹:

x˄ = x+ dx

y˄ = y + dy

• d ≥ wͷ߹:
x˄ = X

y˄ = Y

3 ΞϧΰϦζϜ
ຊจʹ͓͍ͯɼϩϘοτҎԼͷαΠΫϧΛ

Δɽ͢ߦ࣮

ػ: ϩϘοτ܈Կ͠ͳ͍ɽ

:ଌ؍ ϩϘοτ܈ɼࣗͷ࠲ඪɼશͯͷϩ
Ϙοτͷ࠲ඪɼλʔήοτͷ࠲ඪɼٴͼՄಈྖҬ
ͷใΛೖख͢Δɽ

:ࢉܭ ɼతΛ͍ߦΛࢉܭʹଌͰಘͨใΛͱ؍
ઃఆ͢Δɽ

Ҡಈ: ͔ͯͬʹతͨ͠ࢉܭ 2.5અͰઆ໌ͷҠಈํ
๏ͰҠಈ͢Δɽ

ҎԼͰɼఏҊ͢Δ̏ͭͷΞϧΰϦζϜʢ୯७Ξϧ
ΰϦζϜɼڥքํҐΞϧΰϦζϜɼٴͼɼϋΠϒϦο
υΞϧΰϦζϜʣͷ֓ཁΛࣔ͢ɽ

3.1 ୯७ΞϧΰϦζϜ

୯७ΞϧΰϦζϜɼશͯͷϩϘοτ͕ɼλʔ
ήοτΛతͱͯ͢͠ΔΞϧΰϦζϜͰ͋Δɽ֤
αΠΫϧʹ͓͍ͯɼҎԼͷΑ͏ʹతΛઃఆ͢Δ͜
ͱʹΑΓ࣮͞ߦΕΔɽ

ʢ୯७ΞϧΰϦζϜʣ

ਤ 2: Ҡಈڑͷࢉग़

ඪΛ࠲ଌʹ͓͍ͯಘΒΕͨλʔήοτͷ؍ (xt, yt)ͱ
͢Δɽ͜ͷͱ͖ɼతͷ࠲ඪ (X,Y )ʹ͍ͭͯɼX =
xt, Y = yt ͱ͢Δɽ

3.2 քแғΞϧΰϦζϜڥ

ΑΓՄʹ܈քํҐΞϧΰϦζϜɼϩϘοτڥ
ಈྖҬͷʹλʔήοτΛ͍ࠐΉ͜ͱΛతͱ͢Δ
ΞϧΰϦζϜͰ͋ΔɽຊΞϧΰϦζϜɼҎԼͷεςο
ϓʹΑΓߏ͞ΕΔɽ

(քแғΞϧΰϦζϜڥ)
Step 1: ϩϘοτͷू߹ΛλʔήοτΛத৺ͱ͢Δ
ภ֯ॱʹιʔτ͢Δɼ͜ͷͱ͖ɼภ֯ॱʹιʔτ͞Εͨ
ϩϘοτͷू߹ΛRs = {r0, r1, · · · , rn−1}ͱ͠ɼΞ
ϧΰϦζϜΛ࣮͢ߦΔϩϘοτΛ ri (0 ≤ i ≤ n−1)
ͱ͢Δɽ
Step 2: ֤ϩϘοτ ri ʹ͓͍ͯɼλʔήοτͱ ri Λ௨
ΔઢΛҾ͘ɽ͜ͷઢʹΑΓ̎ͭͷฏ໘ PL, PR ͕
ಘΒΕΔɽʢ؆୯ͷͨΊɼPL, PR ΛͦΕͧΕࠨฏ໘ɼ
ӈฏ໘ͱݺͿɽʣ࣍ʹɼPL, PR ʹଘ͢ࡏΔϩϘο
τͷΛ͠ࢉܭɼͧΕͧΕ nL, nR ͱ͢Δɽ͜ͷ nL ͱ
nR ʹΑΓɼҎԼͷΑ͏ͳ߹͚Λ͏ߦɽ

• nL = 0ͷ߹: ͜ͷͱ͖ɼฏ໘ PL ʹଘ͢ࡏΔ
ϩϘοτଘ͠ࡏͳ͍ɽͦ͜Ͱɼλʔήοτ͕Մ
ಈྖҬͷ͔Βಀ͢Δ͜ͱΛ͙ͨΊʹɼҎԼ
ͷΑ͏ʹԾతΛઃఆ͢Δɽ

(1) λʔήοτͱࣗΛ௨Δઢʹରͯ͠ɼํࠨ
֯ʹ 90Λ˃ͳ͠ɼࣗΛͱ͢Δ
ઢ L Λ͑ߟΔɽ

(2) ઢ Lʹ͓͍ͯɼ͔ࣗΒڑ d͚ͩΕ
ͨΛԾత Ps = (Xs, Ys) ͱ͢Δɽ

ͷԾతͷઃఆํ๏ͷ֓೦ਤΛਤه্ 3ʹࣔ͢ɽ
͜ΕʹΑΓ͜ͷϩϘοτΛՄಈҬͷ·ͰҠ
ಈͤ͞Δɽ

(3) Ծత Ps ͕ՄಈྖҬͷ߹ɼత
ͷ࠲ඪ (X,Y ) ʹ͍ͭͯɼͦͷ·· X =
Xs, Y = Ys ͱ͢ΔɽԾత Ps ͕ՄಈྖҬ
֎ͷ߹ɼҎԼͷखॱʹै͍ɼతͷઃ
ఆΛ͏ߦɽ

(3-1) λʔήοτͱࣗΛ௨Δઢʹରͯ͠ɼࠨ
֯ʹํ θ Λͳ͠ɼࣗΛͱ͢Δ
ઢ L2 Λ͑ߟΔɽ

(3-2) ઢ L2 ʹ͓͍ͯɼ͔ࣗΒڑ d ͚ͩ
ΕͨΛతͱ͢Δɽ
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ͷతͷઃఆํ๏ͷ֓೦ਤΛਤه্ 4 ʹࣔ͢ɽ

͜ͷΞϧΰϦζϜʹΑΓɼతΛ࠶ઃఆ͢Δ͜
ͱͰɼՄಈྖҬڥքʹ౸ୡͨ͠ϩϘοτλʔ
ήοτʹ͔ͯͬঃʑʹۙͮ͘Α͏ʹͳΔɽ

·ͨɼθ ͷΛେ͖͘͢Δͱɼλʔήοτʹ
͔ͬͯۙ͢ΔҠಈڑ͕େ͖͘ͳΓɼରʹ
Λখ͘͢͞Δͱɼۙ͢ΔҠಈڑ͕খ͘͞ͳΔɽ

• nR = 0ͷ߹: nL = 0 ͷ߹ͱಉ༷ͷํ๏Ͱɼ
ฏ໘ PR ʹతΛઃఆ͢Δɽ

• ͦΕҎ֎ͷ߹: ϩϘοτ ri ɼϩϘοτͷ
ִؒΛۉʹอͭ͜ͱΛతͱͯ͠ɼҎԼͷࣜͷ
Α͏ʹɼภ֯ॱʹ͓͍ͯલޙͷϩϘοτ ri−1,ri+1

ͱͷதΛత (X,Y ) ͱͯ͠ઃఆ͢Δɽ

X =
xi−1 + xi+1

2
, Y =

yi−1 + yi+1

2

ͳ͓ɼਤ 5 ʹຊεςοϓͷ֓೦ਤΛࣔ͢ɽ

3.3 ϋΠϒϦουΞϧΰϦζϜ

ຊΞϧΰϦζϜɼ୯७ΞϧΰϦζϜͱڥքแғΞ
ϧΰϦζϜΛ߹ͨ͠ΞϧΰϦζϜͰ͋Δɽλʔήο
τʹ࠷͍ۙ̍ͷϩϘοτͷΈ୯७ΞϧΰϦζϜΛ
ʹͳΔࠔΔ͜ͱʹΑΓɼλʔήοτͷಀ͕͢ߦ࣮
͜ͱΛతͱ͢Δɽ
(ϋΠϒϦουΞϧΰϦζϜ)

λʔήοτʹ࠷͍ۙϩϘοτ୯७ΞϧΰϦ
ζϜΛ࣮͠ߦɼͦΕҎ֎ͷϩϘοτɼڥքแғΞ
ϧΰϦζϜΛ࣮͢ߦΔɽͳ͓ɼڥքแғΞϧΰϦζϜ
ͷ࣮ߦʹ͓͍ͯɼλʔήοτʹ࠷͍ۙϩϘοτ
ɼΞϧΰϦζϜͷ࣮ߦର͔Βআ͔ΕΔͷͱ͢Δɽ

4 ߟՌͱ݁ݧ࣮
ఏҊΞϧΰϦζϜΛ Java ΞϓϨοτͱ࣮ͯ͠͠ɼ

ඃऀݧ 3 ໊ʹରͯ͠ɼϩϘοτ͕λʔήοτΛั
֫͢Δ·Ͱͷؒ࣌Λܭଌͨ͠ɽͳ͓ɼܭଌ݁Ռͷ
֤ඃऀݧʹ̑ճͣͭߦࢪΛͯͬߦΒͬͨ݁Ռͷฏۉ
Ͱ͋Δɽ

ਤ 6 ՌͷҰ෦Λࣔ͢ɽਤ݁ݧ࣮ʹ 6 ֤ΞϧΰϦζ
Ϝʹ͓͍ͯλʔήοτΛั֫͢Δ·Ͱͷಀؒ࣌Λද
͢άϥϑͰ͋Δɽ͜ͷ݁Ռ͕ࣔ͢Α͏ʹɼ୯७Ξϧΰ
ϦζϜΑΓɼڥքแғΞϧΰϦζϜϋΠϒϦουΞ
ϧΰϦζϜͷํ͕ั͕֫ؒ࣌͘ͳ͍ͬͯΔ͜ͱ͕Θ
͔Δɽ֤ʑͷϩϘοτͰλʔήοτ͚ͩΛͯݟత
Λܾఆ͢ΔΑΓɼଞͷϩϘοτΛ͠ྗڠͯݟͳ͕Β
λʔήοτͷั֫Λ͕ํ͢ࢦɼั֫ʹ͔͔Δؒ࣌Λ
ΒΕΔɽ͑ߟΒ͢͜ͱ͕Ͱ͖Δͱݮ

·ͨɼВ ͷʹ͍ͭͯɼڥքแғΞϧΰϦζϜ
В ͷʹΑͬͯั֫·Ͱͷ͕ؒ࣌ଟগมԽ͍ͯ͠Δ͕ɼ
ϋΠϒϦουΞϧΰϦζϜͷํ В ͷʹؔΘΒͣั
֫·Ͱͷ͕҆ؒ࣌ఆ͍ͯ͠ΔɽڥքแғΞϧΰϦζϜ
ͷํ֯Λখ͘͢͞Δ͜ͱͰแғΛڱΊΔ͕ؒ࣌
͘ͳΔͷͰɼั֫·Ͱͷؒ࣌ʹมԽ͕ग़Δ͕ɼϋΠ
ϒϦουΞϧΰϦζϜͷํɼ࠷ऴతʹϩϘοτΛั
֫͢Δͷ୯७ΞϧΰϦζϜͷϩϘοτͳͷͰแғ
Λ࡞Δ·Ͱͷؒ࣌ʹͦΕ΄Ͳґଘ͠ͳ͔ͬͨͨΊͰ
ͳ͍͔ͱ͑ߟΒΕΔɽ

ਤ 3: Ծతͷઃఆ

ਤ 4: తͷ࠶ઃఆ

ਤ 5: தΛతͱ͢ΔϩϘοτͷྫ

ਤ 6: ΞϧΰϦζϜͷ࣮݁ݧՌ

5 ·ͱΊͱޙࠓͷ՝
ຊڀݚͰɼࣗࢄϩϘοτ܈ʹ͓͍ͯɼλʔήο

τͷั֫Λඪͱ͢Δั֫ΞϧΰϦζϜΛఏҊͨ͠ɽத
ͰϋΠϒϦουΞϧΰϦζϜλʔήοτͷั֫ʹ
༗༻Ͱ͋Δͱ͍͏͜ͱΛࣔ͢͜ͱ͕Ͱ͖ͨɽ

ΘͤͨγϛϡϨʔ͋ʹڥͷ՝ͱͯ͠ɼΑΓ࣮ޙࠓ
γϣϯͷߏஙͱͯ͠ɼোͷಋೖɼϩϘοτͷࢹ
քൣғͷઃఆͳͲΛ͍ߦɼͦͷ্ͰͷΞϧΰϦζϜͷ
ΒΕΔɽ͛ڍҊ͢Δ͜ͱͳͲ͕ߟ
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