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Abstract. In this paper, we consider the uniform deployment problem of mobile agents in asynchronous
uniditrectional ring networks. The uniform deployment problem requires agents to uniformly spread in
finite time. In this paper, we consider the uniform deployment problem for the case that agents know
neither the number of nodes nor agents. At first we show that, when termination detection is required,
there exists no algorithm to solve the uniform deployment problem. For this reason, we consider the relaxed
uniform deployment problem that does not require termination detection, and we propose an algorithm to
solve the relaxed uniform deployment problem. This algorithm requires O(k/¢log(n/¢)) memory per agent,
O(n/f) time, and O(kn/f) total moves, where n is the number of nodes, k is the number of agents, and
¢ is the symmetry of the initial configuration (¢ > 1). Note that both the algorithms achieve the uniform
deployment from any initial configuration, which is a striking difference from the rendezvous problem
because the rendezvous problem is not solvable from some initial configurations.

keyword: distributed system, mobile agent, uniform deployment, ring network, token

1 Introduction

A distributed system is a system that consists of a set of computers (nodes) and communication links. Recently,
distributed systems have become large and design of distributed systems has become complicated. As a way to
design distributed systems, (mobile) agents have attracted a lot of attention [1]. Agents can traverse the system
and process tasks on each node, and hence they can simplify design of distributed systems [2].

Many fundamental problems for cooperation of mobile agents have been studied. For instance, Suzuki et
al. [3] considered a gossip problem, which requires all agents to share their information. They proposed gossip
algorithms on the assumption that agents can communicate with others staying at the same node and can use
whiteboard on each node. Another fundamental and the most investigated problem is the rendezvous problem,
which requires all agents to meet at a single node. The rendezvous problem is considered in rings [4, 5], torus
[6], trees [7], and arbitrary networks [8]. Some works assume that agents can use whiteboard on each node, and
others assume that agents can use only tokens, which are markers that agents can release on nodes. Chalopin et
al. [9] considered black hole search, which makes agents locate a particularly dangerous node called black hole.
They investigated the minimum resources (the numbers of agents and tokens) necessary for locating all links
incident to the black hole.

In this paper, we consider the uniform deployment (or uniform scattering) problem, which requires all
agents to spread uniformly. From a practical point of view, the uniform deployment is useful for the network
management. For instance, if agents that can repair faulty nodes are deployed uniformly, such agents can
quickly reach and repair faulty nodes after the faults are detected. If agents with database replicas are deployed
uniformly, each node can quickly access the database. The uniform deployment is interesting to investigate
also from a theoretical point of view. The problem exhibits a striking contrast to the rendezvous: the uniform
deployment aims to attain the symmetry of agent locations while the rendezvous aims to break the symmetry.
It is well known that the symmetry breaking is difficult (and sometimes impossible) to attain in distributed
systems. Consequently, it is interesting to clarify how easily the uniform deployment can be attained compared
to the rendezvous.

As related works, Flocchini et al. [10] and Elor et al. [11] considered the uniform deployment problem in
ring networks, while Barriere et al. [12] considered it in grid networks. All of them propose uniform deployment
algorithms under the assumption that agents are oblivious (or memoryless) but can observe multiple nodes
within its visibility range. On the other hand, Mega et al. [13] considered the uniform deployment problem for
agents that have memory but cannot observe nodes except for their currently visiting nodes. They assumed
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Table 1. Results in each model

| [First result in [13][Second result in [13]] Model 1 | Model 2 |
Knowledge of k& Available Available Not Available| Not Available
Termination detection Required Required Required Not Required
Solvable / Unsolvable Solvable Solvable Unsolvable Solvable
Agent memory O(klogn) O(n) - O(k/llog(n/?))
Time complexity O(n) O(nlogk) - O(n/0)
Total moves O(kn) O(kn) - O(kn/0)

n: the number of nodes, k: the number of agents, £: the symmetry of the initial configuration

agents with knowledge of the number of agents and proposed two move-optimal algorithms to solve the uni-
form deployment problem in unidirectional synchronous ring networks. In addition to the two algorithms, they
considered the trade-off between the time complexity and the memory requirement par agent.

In this paper, we consider the uniform deployment problem in unidirectional asynchronous ring networks.
Similarly to [13], we consider agents that have memory but cannot observe nodes except for their currently
visiting node. Each agent initially has a token and can release it on a visiting nodes. After a token is released at
some node, agents cannot remove such a token. Different from [13], we assume that agents have no knowledge
of the number of agents or nodes. At first we show that, when termination detection is required, there exists no
algorithm to solve the uniform deployment problem. Intuitively, it is due to impossibility of finding k£ or n when
the initial configuration has symmetry: when an agent misestimates these at smaller numbers than actual ones, it
prematurely terminates and the uniform deployment cannot be achieved. For this reason, we consider the relaxed
uniform deployment problem that does not require termination detection, and we propose an algorithm to solve
the relaxed uniform deployment problem. In this algorithm, each agent estimates k and n (possibly at smaller
values than actual ones) and behaves based on the estimation. Thus, the efficiency of the algorithm depends on
the estimation. To evaluate the efficiency, we introduce the following parameter ¢ to denote the symmetry degree
of an initial configuration: we say that an initial configuration has symmetry ¢ when the its distance sequence
can be represented as ¢-times repetition of some non-periodic sequence. For example, an asymmetric initial
configuration has symmetry 1, and the symmetry becomes larger for a higher symmetric initial configuration.
Note that agents cannot know ¢ but the efficiency depends on it. Using the symmetry parameter ¢, the efficiency
of the algorithm is denoted as follows: this algorithm requires O(k/¢log(n/¢)) memory per agent, O(n/f) time,
and O(kn/f) total moves. This result shows a natural but interesting property: the algorithm achieves the
uniform deployment more efficiently when the initial configuration has higher symmetry. For an asymmetric
initial configuration, this algorithm requires O(klogn) memory per agent, O(n) time, and O(kn) total moves.
However, when ¢ is w(1), this algorithm requires o(k log n) memory per agent, o(n) time, and o(kn) total moves.
When £ is £2(n), this algorithm requires O(1) memory per agent, O(1) time, and O(k) total moves.

Note that all proposed algorithms achieve the uniform deployment from any initial configuration, which is
a striking difference from the rendezvous problem because the rendezvous problem is not solvable from some
initial configurations. Due to limitation of space, we describe several proofs of lemmas and theorems in the
appendix. In Table 1, we compare our contributions with results in [13].!

2 Preliminaries

2.1 System model

A wunidirectional ring network R is defined as 2-tuple R = (V, E), where V is a set of anonymous nodes (i.e,
nodes having no IDs) and E is a set of unidirectional links. We denote by n (= |V|) the number of nodes. Then,
we define V' = {vo,v1,...,vp—1} and E = {eg,e1,...,€n_1} (€; = (Vi,V(i+1) mod n))- For simplicity, operations
to an index of a node assume calculation under modulo n, that is, v(;41) mod » is simply represented by v;y1.
We define the direction from v; to v;+1 as the forward direction. In addition, we define the j-th (j # 0) forward
agent a’ of agent a as the agent that exists in the a’s forward direction and there are j — 1 agents between a
and a’. Moreover, the distance from v; to v; (0 < i,j <n — 1) is defined to be (j — i) mod n.

An agent is a state machine having an nitial state. Let A = {ag,a1,...,ar—1} be aset of k (< n) agents. For
simplicity, operations to an index of an agent assume calculation under modulo k. Since the ring is unidirectional,
agents staying at v; can move only to v; 1. We assume that agents are anonymous (i.e., agents have no IDs). In
addition, each agent initially has a 1-bit memory called token and can release it on a node that it visits. After
a token is released at some node, agents cannot remove the token. Note that since agents are anonymous, they
cannot recognize the owner of each token. Moreover, we assume that agents can send a message of any size to

! The model in [13] can be easily to applied to our paper.
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any agent at the same node. We consider two types of agents: agents with knowledge of k and agents with no
knowledge of k or n.

Each agent executes the following five operations in an atomic action: 1) The agent reaches a node, say v
(or it starts operations at v), 2) the agent receives messages (if any), 3) the agent executes local computation
at v, 4) the agent sends a message to agents v (if any) if it decides to send a message, and 5) the agent leaves
v if it decides to move. We assume that agents move through a link in a FIFO manner, that is, when agent a,
leaves v; after agent aq leaves v;, a, reaches v after a4 reaches v; 1. We consider an asynchronous system,
that is, the time for each agent to perform an operation is finite but unbounded.

A (global) configuration C is defined as a 5-tuple C = (S,T, M, P,Q). The first element S is a k-tuple
S = (s0,81,--.,8x—1) representing the agent states where s; is the state (including the state of holding a
token or not) of a; (0 < i < k — 1). The second element T is an n-tuple T" = (fo,t1,...,t,—1) denoting
the node states where ¢; is the state (i.e., the number of tokens) of v; (0 < 4 < n — 1). The third element
M is a k-tuple M = (mg,mq...mg_1), where m; is a sequence of messages that are sent to a; and not
received by a;. The remaining elements P and () represent the positions of agents. The element P is an n-tuple
P = (po,p1,---,Pn-1), where p; is a set of agents staying at node v; (0 < i < n — 1). The element @ is an
n-tuple @ = (q0,¢1,---,9n-1), where ¢; is a sequence of agents residing in the FIFO queue corresponding to
link (v;—1,v;) (0 <i<n—1). Hence, agents in ¢; are those in transit from v;_1 to v;.

We denote by C the set of all the possible configurations. In initial configuration Cy € C, all agents are in the
initial states and placed at distinct nodes respectively, and no node has any token. In addition, in C the node
where agent a stays is called the home node of a and denoted by vgomr(a). We assume that in Cy agent a is
in the head of queue ¢; if v; is the home node of a. This assures that agent a starts the algorithm at vgoyze(a)
before any other agent visits vgomr(a), that is, a is the first agent that takes an action at vgomg(a).

In addition, we define periodic rings. For initial configuration Cy, we define the distance sequence of agent
a; as D;(Co) = (dj(Co), ..., dj,_1(Co)), where di(Cp) is the distance from the j-th forward agent of a; to
the (j + 1)-th forward agent of a; in Cy. Then, we define the distance sequence of configuration Cy as the
lexicographically minimum sequence among {D;(Cp)|a; € A}, and we denote it by D(Cp). In addition, let
shift(D,x) = (dg,dgs1,-..,dg—1,do,d1,...,dy—1) for sequence D = (dp,ds,...,dg—1). Then, when D(Cy) =
shift(D(Cp), z) holds for some x such that 0 < x < k holds, we say the ring is periodic. Otherwise, we say the
ring is not periodic.

A schedule is an infinite sequence of agents. A schedule X = pi, ps,... is fair if every agent appears in X
infinitely often. An infinite sequence of configurations £ = Cy,C1, ... is called an execution from Cj if there
exists a fair schedule X = pq, po, ... that satisfies the following conditions for each h (h > 0):

— If pp, € p; holds for some 7 in a configuration C}, the states of pj and v; in Cj_; are changed to those in C}
by a local computation of py. Let aj = pp,. If m; # 0, all messages in m; are delivered to a; and consumed,
that is, m; becomes (). In addition if p; sends a message to some agent a; at v;, the message is appended to
the tail of sequence m;. Moreover if p, releases its token at v;, t; changes, that is, the number of tokens at
v; increments. After this if p, decides to move to v;11, pp is removed from p; and is appended to the tail
of sequence g; 1. If pp, decides to stay, py, is still in p;. The other elements in C}_; are the same as those in
Ch.

— If pp is at the head of ¢; for some ¢ in a configuration C},, p;, moves to v;, that is, pp is removed from g;.
Then, the states of p;, and v; in C}j,_1 are changed to those in C}, by a local computation of py. If p;, sends a
message to some agent a; at v;, the message is appended to the tail of sequence m;. Moreover if pj releases
its token at v;, t; changes, that is, the number of tokens at v; increments. After this if p;, decides to move
to vi4+1, pr is appended to the tail of sequence g;4+1. If pp decides to stay, pp is inserted in p;. The other
elements in Cj,_1 are the same as those in C},.

— Otherwise, C},_1 is the same as C},.

2.2 The uniform deployment problem

The uniform deployment problem requires k (> 2) agents to spread uniformly in the ring, that is, the distance
between any two adjacent agents should become identical like Fig. 1. Here, we say two agents are adjacent
when there exists no agent between them. However, we should consider the case that n is not a multiple of
k. In this case, we aim to distribute the agents so that the distance d of two adjacent agents should satisfy
In/k] < d < [n/k].

We consider the uniform deployment problem with termination detection and the uniform deployment problem
without termination detection. At first, we define the uniform deployment problem with termination detection.
In this case, a halt state is defined as follows: when agent a; enters a halt state, it terminates the algorithm, that
is, a; neither changes its state nor leaves the current node even if another agent sends a message to a;. Hence
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Fig. 1. An example of the uniform deployment (n = 16,k = 4,d = 3)

if an agent enters a halt state, it can detect its termination. Now, we define the uniform deployment problem
with termination detection as follows.

Definition 1. An algorithm solves the uniform deployment problem with termination detection if any execution
satisfies the following conditions.

— All agents change their states to halt states in finite time.

— When all agents are in the halt states, q; = () holds for any q; € Q and each distance d of two adjacent
agents satisfies [n/k] <d < [n/k].

Next, we define the uniform deployment problem without termination detection. In this case, a suspended
state is defined as follows: when agent a; enters a suspended state, it neither changes its state nor leaves the
current node unless another agent sends a message to a;. If a; receives a message, it can resume its behavior
and leave the current node. The uniform deployment problem without termination detection allows agents to
stop in suspended states.

Definition 2. An algorithm solves the uniform deployment problem without termination detection if any exe-
cution satisfies the following conditions.

— All agents change their states to suspended states in finite time.

— When all agents are in the suspended states, ¢; = () holds for any q; € Q and each distance d of two adjacent
agents satisfies [n/k|] < d < [n/k].

For the uniform deployment problem, we have the following lower bound of total moves.

Theorem 1. When k < cn holds for some constant c(c < 1), a lower bound of the total moves to solve the
uniform deployment problem (with or without termination detection) is £2(kn) even if agents have knowledge of

k.

Proof. We consider the initial configuration such that all agents stay in a quarter part of the ring like Fig. 2.
In this case, the ring is divided into four quarter parts, and in the initial configuration, all agents are in the
part a (we assume k < n/4). To achieve the uniform deployment, k/4 agents need to move to the part ¢, the
opposite part of a, and each of them must move at least n/4 times. Thus the total number of moves is at least
(k/4) x (n/4) = kn/16. O

Next, we evaluate the time complexity as the time required to achieve the uniform deployment. Since there
is no assumption about the period of each action of agents in asynchronous systems, it is impossible to measure
the exact time. Instead we consider the ideal time complexity, which is defined as the execution time under
the following assumptions: 1) The time required for an agent to move from a node to its neighboring node is
at most one, and 2) the time required for local computation is ignored (i.e., zero). In the following, we simply
use terms ”time complexity” and ”time” instead of ”ideal time complexity”. Then, we can show the following
theorem similarly to Theorem 1.

Theorem 2. A lower bound of the time complexity to solve the uniform deployment problem (with or without
termination detection) is £2(n).
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Fig. 2. The initial configuration to derive a lower bound {2(kn) of the total moves

3 Impossibility result

In this section, we consider the uniform deployment problem with termination detection. We have the following
theorem.

Theorem 3. Even when the ring is not periodic, there exists no algorithm to solve the uniform deployment
problem with termination detection.

Proof. We prove the theorem by contradiction, that is, we assume that there exists algorithm A to solve the
uniform deployment problem with termination detection.

At first, let us consider n-node ring R and the initial configuration Cy such that k agents ag,aq,...,ax_1
exist in this order. Let V' = {vg,v1,...,v,-1} and assume that d = n/k is a positive integer. From hypothesis,
there is an execution Egr of A to solve the uniform deployment problem in R. We define T'(Eg) as the length
of Er and denote Er = Co,C1,...,Cr(gy)- Note that in Cp(gy), all agents are in the halt states and every
distance between two adjacent agents is d.

Next, let us consider a larger ring R’ consisting of 2¢gn + 2n nodes, where ¢ is the minimum integer such
that gn > T(ER) holds. Let V' = {vg,v],...,v34,42,_1}- We consider the initial configuration Cj such that
kq + k agents ag,al,...ap,,,_, exist in this order in R'. Then in R’, the interval of the uniform deployment
is 2d. In addition, we define the initial position of each agent in R’ as follows. Let vy(;) be the node where
agent a; initially stays in R. We assume that f(i) < f(i +1) holds if ¢ # k — 1 and f(i) > f(¢ + 1) holds
otherwise. Then, we assume that agent o initially stays at node v}(z mod k)+n-[i/k]" That is, the initial positions
for R are repeated from v to vy, 1,1, and there is no agent from vy, ., to vy, 5, 1. For each node v} in I/,
we define C,, (v J) = Vj mod n s the corresponding node of UJ in R. In the following, we show that each agent
a; (0 < i <k —1) behaves in the exactly same way as agent a; in R and a} enters a halt state at the same
time as a;. Then, the distance between the two adjacent agents is d, which contradicts that the interval of the
uniform deployment in R’ is 2d.

At first, we have the following lemma. We define the local configuration of node v as the 2-tuple that consists
of the state of v and the states of all agents at v.

Lemma 1. Let us consider execution Er = C{,C1,. .., éf‘(ER)’ ... for ring R'. We define V/ = {v;,v;,1,...,
Vypin—1}- For any t < E(T), configuration c; satisfies the following condition: for each v € V/, the local

J
configuration of v} in Cy is the same as that of Cy(v) in Ci.

Proof. We prove Lemma 1 by induction on ¢. For ¢ = 0, Lemma 1 holds from the definition of R’. Next, we
show that when Lemma 1 holds for ¢ (t < T(ERr)), Lemma 1 holds for ¢ + 1.

From the hypothesis, for each v; € V//,; the local conﬁgurations of vj_; and v} in Cy are the same as those
of Cy(vj_1) and Cy(v}) in Cy respectlvely Hence, agents at v;_; and v} in C} behave in the exactly same way as
those at C (V%) and Cy(v}) in Cy. Since only agents at nodes v;_; and v} can change the local configuration
of v} in unidirectional rings, the local configuration of v} in Cy, is the same as that of C,(v}) in Cyy1.

Therefore, we have the lemma. ad

From Lemma 1, in CF ) local configuration of each node in V* = {vg,,, vgpi1s- -5 Vgnin—1t € Vi, i
the same as that of the corresponding node in Cry Er)- Note that the set of nodes corresponding to nodes in
V* is equal to V, and every agent in V* also stops in the halt state in configuration CT En)" Hence in CT( En
there exist k agents in the halt states in V*. Then, the distance between the adjacent agents in V*is d, Wthh
is a contradiction.

Therefore, we have the theorem. a
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Fig. 3. An example that an agent guesses the number of nodes

4 An algorithm for uniform deployment without termination detection

4.1 Proposed algorithm

In this section, we propose an algorithm to solve the uniform deployment problem without termination detection
and we show that this algorithm requires O(k/¢log(n/¢)) memory per agent, O(n/¢) time, and O(kn/¢) total
moves, where £ is the symmetry of the initial configuration. At first, we consider the case that the ring is not
periodic. After this, we show that our proposed algorithm achieves the uniform deployment also in periodic
rings.

4.1.1 Case for non-periodic rings The algorithm consists of three phases: guessing phase, patrolling phase,
and deployment phase. In the guessing phase, each agent a; moves in the ring and guesses the number of nodes.
At the end of this phase, we can show that at least one agent guesses the correct number n of nodes. In the
patrolling phase, a; moves in the ring several times depending on its guessed number of nodes. During the
movement, if a; visits the node where another agent exists, a; sends its guessed number of nodes (with some
information) to the agent. By this behavior, we can show that every agent eventually gets the correct number
n of nodes and its correct target node. In the deployment phase, a; moves to its target node and enters a
suspended state. After this, if a; receives a message and recognizes that it mistakenly guesses the number of
nodes, a; decides its new target node from the message and moves there. For simplicity we assume n = ck for
some positive integer ¢ in the following description, and this restriction can be removed Appendx A. In addition
for sequence Y, we define Y! =Y and Y =Y'!.Y.

Guessing phase. In the guessing phase, each agent a; firstly releases its token at its home node. After this,
a; moves in the ring and memorizes the distance dis between two adjacent token nodes. Agent a; continues such
a behavior until it completes guessing the number of nodes. Concretely, a; continues to move until it observes
the same distance sequence four times consecutively. After this, a; considers it travelled four times around the
ring and guesses the number of nodes: if a; observes the same distance sequence four times consecutively when
a; visits 4n’ nodes, a; guesses n’ as the number of nodes. For example, let us consider Fig.3. Each number in
the figure represents the distance between two adjacent token nodes. Agent a; moves from node v; to vg» and
gets the distance sequence D = (1,3,1,3,1,3,1,3) = (1,3)%. Then, a; guesses 4 as the number of nodes. By this
behavior, we can show that 1) at least one agent guesses the correct number n of nodes, and 2) if the guessed
number n’ is not correct, n’ < n/2 holds. The pseudocode is described in Algorithm 1. Variable & represents
the guessed number of agents (tokens) in the ring, and variable nodes represents the number of nodes a; has
ever visited.

Patrolling phase. In the patrolling phase, a; moves 8n/ times. Finishing this behavior, a; considers it
traveled twelve times around the ring from the beginning about its guessed number of nodes n’. During the
movement, a; may observe some agent a;, staying at some node. In this case, aj, may guess the incorrect number
of nodes and prematurely stop moving at an incorrect target node. Hence if a; observes such an agent, a; sends
n', k', nodes, and D to aj. By this behavior, we can show that every agent eventually gets the correct number
n of nodes and its correct target node. The pseudocode is described in Algorithm 2.

Deployment phase. In the deployment phase, agent a; selects its target node and moves there as follows.
Let D = (do,ds,...,d—1)* be the distance sequence a; obtained in the guessing phase, where d; is the distance
from the j-th token node it found to the (j + 1)-th token node. Note that, a;'s home node vgomg(a;) is
considered as the 0-th token node. In addition, « be the minimum number such that shift(D,x) = D, holds,
where D,y is the lexicographically minimum distance sequence among {shift(D,x)|0 < z < k' — 1}. Then, a;
selects base node vp,s. Where the agent whose distance sequence is D,,;, initially stays. For example in Fig. 4
(a), we assume that each agent finishes the patrolling phase and returns to its home node. Then agents select
the node where agent aq initially exists as a base node because ay’s distance sequence is the lexicographically
minimum. In addition, a; considers that it is rank-th agent (0 < rank < k' — 1) from vpese (the agent staying
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Algorithm 1 The behavior of agent a; in the guessing phase
Behavior of Agent a;

1: /* guessing phase */
2: release a token at its home node vgome(a;)
3: while n’ =0 do
4:  move to the next token node and get the distance dis between two token nodes
5 Dli|=dis,i=1i+1
6: if (1 mod4=0)A(Vz (0<z<i/4—-1)
Diz] = D[z +i/4] = Dz + 2 x i/4] = D[z + 3 x i/4]) then
7 // completing guessing the numbers of nodes and tokens
8: K =i/4
9: n' = D[0]+ D[1]+ --- + D[k’ — 1]
10: nodes = 4n’
11:  end if

12: end while
13: change to the patrolling phase

Algorithm 2 The behavior of agent a; in the patrolling phase
Behavior of Agent a;

1: /* patrolling phase */

2: while nodes # 12n’ do

3 move to the forward node
4:  nodes = nodes + 1
5
6
7

if there exists another agent aj, then send (n’, k', nodes, D[]) to a,
: end while
: change to the deployment phase

at Upgse is considered as 0-th agent). Let disBase be the distance between the current node and the vpgse (if
a; already stays at vpgse, we assume that disBase = n’). At first, a; moves disBase times and reaches vpgse.
After this, a; moves to its target node by moving rank x n/k times and enters a suspended state. In Fig.4 (b),
each agent firstly moves to vpese, moves to its target node, and enters a suspended state. When all agents enter
suspended states, agents solve the uniform deployment problem.

However, a; may stay at an incorrect target node with incorrect guessed number of nodes. In this case,
a; eventually receives a message from another agent ap. Let n), kj, nodes;, and D, be the guessed number of
nodes, the guessed number of agents, the number of nodes ever visited, and the distance sequence included
in a message from a; respectively. If n’ < n}/2 holds and there exists ¢ such that (Vi(0 < i < 4k — 1)
Dli] = Dy[i +t]) A (De[0] 4 - - - Dg[t — 1] = nodesy — nodes) hold, it means that a; guesses at least twice number
of nodes than a; and memorizes a;’s whole distance sequence D as a part of Dy. Then, a; recognizes that it
mistakenly guesses the number of nodes and resumes its behavior. Concretely, a; firstly moves 12nj, — nodes
times. Note that, we show later that 12n, — nodes is positive. Then, a; considers it traveled twelve times around
the ring from the beginning about new guessed number of nodes nj. After this, it decides the new base node
and its new target node from nj, kj, nodes; and Dy, moves to its new target node as mentioned before, and
enters a suspended state again. When all agents enter suspended states, agents solve the uniform deployment
problem. The pseudocode is described in Algorithm 3.

An example As an example, let us consider the ring like Fig. 5. This ring is not periodic but has some
periodic subsequence, that is, some agent observes 4-times repeated subsequence before it travels once around
the ring. In such a ring, some agent mistakenly guesses the number of nodes and enters a suspended state
at an incorrect target node. However in this case, we can show that at least one agent a; guesses the correct
number n of nodes and informs prematurely suspending agents of n during the patrolling phase. Let us consider
the behavior of agents a; and ay. For simplicity, we assume that they behave in a synchronous manner. In
the guessing phase, agent ap gets the distance sequence D = (1,3,1,3,1,3,1,3) = (1,3)* and guesses 4 as
the number of nodes, which is incorrect (Fig.5 (a) to Fig.5 (b)). After this as executes the patrolling and
deployment phases, and enters a suspended state at incorrect target node v} (Fig.5 (b) to Fig.5 (c)). On the
other hand, agent a; is still in the guessing phase. When a; observes D = (11,1,3,1,3,1,3,1,3)?, it completes
the guessing phase and guesses the correct number of nodes 27. After this in the patrolling phase, a; observes
ap at v}, sends its guessed number of nodes with other information to az (Fig.5 (c) to Fig.5 (d)), and moves to
its target node. When ay receives the message from aq, it recognizes that it mistakenly guesses the number of
nodes and resumes its behavior.

In the following, we show that every agents eventually gets the correct number n of nodes and its correct
target node. To show this, we use the following lemmas.
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Fig. 4. An example of the deployment phase (n =12,k = 3,d = 4)

Algorithm 3 The behavior of agent a; in the deployment phase
Behavior of Agent q;

: /* deployment phase */

let Dynin be the lexicographically minimum sequence among {shift(D,z)|0 < z < k' — 1}
rank = min{z > 0|shift(D, x) = Dpin}

disBase = D[0] + D[1] + - - - + D[k — 1 — rank]

move disBase times

nodes = nodes + disBase

move rank X n/k times

nodes = nodes + rank x n/k

change its state to a suspended state

—_

: /* behavior in the suspended state */
: wait at the current node until a; receives (nj, kj, nodese, D¢[]) from some agent ag
o if (n’ < mj/2) A (there exists ¢ such that (Vi (0 <14 < 4k" —1)
DI[i] = D¢[i +t]) A (D¢[0] + - - - De[t — 1] = nodes; — nodes) hold) then
14:  // a; recognizes that it misunderstands the number of nodes
15:  n' =ny, k' = ki, D[] = shift(De]],t)
16:  move 12n’ — nodes times
17:  nodes = 12n’
18:  go to line 2
19: end if

=
wW N

Lemma 2. [14] Consider an p-length sequence A = ay,...,a,—1 and an p'-length sequence B = by, ..., by _1
such that p' < p holds. If B® is the prefiz of A, either p’ < p/2 holds or B is periodic.

Lemma 3. If agent ay guesses the incorrect number of nodes ny (i.e., ng # n holds), ny < n/2 holds.

Proof. Let k¢ (< k) be the number of agents (tokens) guessed by a,. Since a, observes 4k, tokens in the guessing
phase, it stores the same distance sequence (DI0],..., D[k, — 1]) four times, that is, (D[0],..., D[4k, — 1]) =
(D[0],...,D[ky — 1])* holds. Then, ny = D[0] + -+ + D[k; — 1] holds. On the other hand since the number of
tokens in the ring is k > k¢, sequence (D[0],..., D[k, — 1])* is the prefix of (D[0],..., D[k — 1])*. Note that,
n = D[0] + --- 4+ D[k — 1] holds. Then from Lemma 2, (D[0],..., D[k; — 1]) is periodic or k; < k/2 holds. If
D([0],..., D[k, — 1]) is periodic, there exists kj < k¢ such that (D[0],..., D[4k, —1]) = (D[0],..., D[k, — 1])*
holds. This is a contradiction because a, should guess n, as the number of nodes. Hence, k; < k/2 holds.
Then since (D[0],..., D[k, — 1]) is the prefix of (D[0],..., D[k — 1]), (DI[0],...,D[k — 1]) = (D]0],..., D[ke —
1], D[0],..., D[ke — 1], D[2k¢], D[2k¢ + 1],...) holds. Thus, (D[0] + - -+ D[k, — 1]) < (D[0] + --- + D[k — 1])/2
holds, that is, ny < n/2 holds. Therefore, we have the lemma. a

Then, we have the following lemmas.

Lemma 4. If ring R is not periodic, at least one agent guesses the correct number n of nodes and gets distance
sequence D of the initial configuration in R.

Proof. We show that at least one agent guesses the correct number n of nodes. Then from Algorithm 1 and
3, the agent clearly gets the distance sequence D for the initial concifgration in R. We prove the lemma by
contradiction, that is, we assume that the number of nodes guessed by each agent is less than n. Without loss
of generality, we assume that in the initial configuration agents ag,as,...,ax—_1 exist in this order. We define
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Fig.5. An example in the ring having some periodic subsequence (n = 27,k = 9,d = 3)

n; as the number of nodes guessed by a; and D; as the distance sequence observed by a;. In addition, let S; be
the distance sequence such that D; = S# holds.

Let a,, be the agent that guesses the maximum number of nodes n,, (< n) among all agents, and let
¢ =S| (< k). We assume that the distance sequence a,, observes in Algorithm 1 is D,,,=(d’, ... ,d}*,,d}, . ..
AT dy Ll dy)=(d L dp )t = S3 . Note that, S, = (dt,...,d}J" ) is not periodic and
Vi(0<j<l-1)dy'= diy, = d' o, = dj' 5, holds.

Next, let us consider the agent a,,4+¢. Then, either n,,+¢ < n,, or n,4¢; = n,, holds because n,, is the
maximum. We show that n,,y¢ = n,, always holds by contradiction, that is, we assume that n,,4+¢ < n,,
holds. Then, |Sy,1¢| < [Sp| clearly holds. Consequently, S2 . , is the prefix of SJ, because @i gets the

distance sequence (d},...,d5;_;) = Sy when it observes £ tokens. Then from Lemma 2, either |Sp,4¢| < [Sm|/2
holds or Sp,y¢ is periodic. If [Syi¢| < [Sp]/2 holds, agent an, observes Sy, before observing Sy, because
(dgr,....d5,_y) = (dy*,...,d%,_,) contains S;ln-&-f as its prefix. Consequently, a,, guesses n,,1¢ < M., as the
number of nodes, which is a contradiction. If Sy, 4, is periodic, Syqe = (S),,,)" holds for some distance

sequence S;, , and some positive integer ¢ (S, , is not periodic and |S],_ ,| < [Sy4e|/2 holds). Hence, ay,
observes (S . ,)* before observing Sy, and the number of nodes a,, guesses is less than n,,, which is also a
contradiction. Therefore, n,,+¢ = n,, holds.

Let m(i) = m + il and Ay, = {an|i > 0}. As mentioned above, 1, = Npmye and Sy 0) = Sp1) = Sm
hold. In addition, a,, (1) observes the same distance sequence of length 4|Sp,| as am(0y- Hence recursively, @, (i41)
observes the same distance sequence of length 4|S,,| as a,(;) and consequently each agent in A,, observes S,,
as the first £ consecutive distances. When k is divided by /, since every agent a,,(;) observes Sy, as the first ¢
consecutive distances and ¢ < k holds, the ring is periodic, which is a contradiction. In the following, we consider
the case that & is not divided by ¢ and show that S,,)(= Si) is periodic in this case. When k is not divided
by £, k = al + 3(0 < 3 < {) holds for some integers a and 3. Let m(a) = m + af. Then, the prefix of S, )
is identical to the suffix of S;,,(4) because the trajectories of a,, )y and a,,() include the same part of the ring.
We assume that t elements are overlapped, that is, (dgn(o), e 7dtni(?)) = (dzn_(ta), e dzl_(lo‘)) holds. In addition
since (o) = Sm(ay holds, (dg"”, ... d)" Py = (dg"'™,...,d]"") holds. Tf t > £/2 holds, (d]",...,d"") =
(d ™, d",) holds. Hence, shift(Sp(0),t) = Sm(a) = Sm(o) holds. If t < £/2 holds, (dj", ... d" V) =
@) dr ey = @@, dr Oy = @ dr Y and (@M dr O ) = (@ dr)) hold.
Thus, (d:n(o)7... ,d?i(?)) = (dgn(a),...7dﬁgl) holds. Consequently, shift(Sy,(0),t) = Sm(a) = Sm(o) holds.
Therefore, S, (o) is periodic since 0 < ¢ < £ holds. However, this contradicts the assumption that S, o) (= Sm)
is not periodic.

Therefore, we have the lemma. a

Lemma 5. If ring R is not periodic, every agent eventually gets the correct number n of nodes and distance
sequence D of the initial configuration in R.

Proof. We show that all agents eventually get the correct number n of nodes. Then from Algorithms 1 to
3, all agents can clearly get distance sequence D of the initial configuration in R. We prove the lemma by
contradiction, that is, we assume that when all agents are in the suspended states, there exists at least one
agent aj, whose guessed number of nodes n’ is less than n. Then from Lemma 3, n’ < n/2 holds. On the other
hand from Lemma 4, at least one agent a. guesses the correct number n of nodes. In the following we show that
a. observes ap during the patrolling phase and sends its guessed number of nodes n to aj, which contradicts
the assumption of n’ < n.

-17 -



At first, let us consider the number of nodes a, visits. Let ny; be the number of nodes aj; guesses in the
guessing phase. From Algorithms 1 to 3, aj, moves at most 14n; times by the time a;, enters a suspended state
for the first time. After this, we assume that aj receives messages and updates its guessed number of nodes
to ma,n3,...,n; = n’ in this order. When a; updates it guessed number of node to ns, ap’s total moves at
that point (i.e, nodes) is at most Tny since ny < ny/2 holds. Hence, 12ns — nodes is clearly positive. Then, ay,
firstly moves in the ring until its total moves becomes 12ns by moving 12ns — nodes times. After this, a;, moves
to a new target node and enters a suspended state again. This requires at most 14n, total moves. Then since
nsg < ng/2 holds from Algorithm 3, nodes is at most 7ng and 12n3 — nodes is clearly positive. Thus recursively,
we can show that 12n; — nodes is always positive (2 < i < [) and ap’s total moves unless it does not get the
correct number n of nodes is at most 14n” < 7n. On the other hand, agent a. moves 8n times in the patrolling
phase. Thus, a. clearly observes a;, during the patrolling phase and sends its guessed number n of nodes to ay,
which is a contradiction.

Therefore, we have the lemma. a

Finally, we have the following lemma.

Lemma 6. When ring R is not periodic, agents solve the uniform deployment problem without termination
detection.

Proof. From Lemma 5, all agents eventually get the corect number n of nodes and distance sequence D for the
initital configuration in R. Then, each agent can compute its correct target node from D and move there. Thus,
we have the lemma. O

4.1.2 Case for periodic rings Next, let us consider the case that the ring is periodic. Let R’ be a periodic ring
and D’ be the distance sequence of the initial configuration in R’. We say R’ is a (N, £)-node ring if there exists
a non-periodic distance sequence D such that D’ = D’ holds and the total sum of elements of D is N. Then,
n = N/ holds and ¢ is equivalent to the symmetry of the initial configuration in R’. We call the ring R with the
distance sequence D the fundamental ring of R’ (e.g. Fig.6). Note that a non-periodic ring can be denoted by
a (n,1)-node ring. In addition for each agent a; in R, there exist £ agents in R’ such that the distance sequence
of each agent is /-times repetition of the distance sequence of a;. We say such agents in R’ are corresponding
agents of agent a; in R and denote by a! (0 < j < ¢ —1). We assume that agents a,aj;,... ,af_l are deployed
in this order and operations to an above index of a! assume calculation under modulo ¢. Then, the distance
from az to af s N. In this case, all agents eventually guess the incorrect number N = n/¢ of nodes, but we
can show that agents can solve the uniform deployment problem similarly to in R. Concretely from Algorithms
in Section 4.1, each agent moves to its target node after considering, based on the guessed number N of nodes,
it traveled twelve times around the ring. This means that each agent stays at its target node during its twelfth
or thirteenth circulations in the ring of the guessed size N, which guarantees that when all agents are in the
suspended states, no agents stay at the same node and they can achieve the uniform deployment. For example,
let us consider rings in Fig. 6. Ring R’ is the (6,2)-node periodic ring and R is the fundamental ring of R'. In
R, each agent guesses the correct number 6 of nodes in the guessing phase and moves to its correct target node
(Fig.6 (a)). On the other hand in R’, each agent also guesses the number 6 of nodes, which is incorrect (Fig. 6
(b)). By Algorithms 1 to 3, each agent moves to its target node after considering, based on the guessed size 6, it
travelled twelve times around the ring, that is, after each agent moves 72 times (actually, each agent travelled
six times around ring R’). This guarantees that when all agents are in the suspended states, no agents stay at
the same node and they can achieve the uniform deployment (Fig.6 (c)).

Now, we have the following lemmas, which can be proved similarly to the case of non-periodic rings.

Lemma 7. Let R’ be a (N,{)-node periodic ring and R be the fundamental ring of R'. Let a; in R be the agent
guessing the number N of nodes in the guessing phase. Then in R', agent a] (0 < j < £ — 1) corresponding to
a; also guesses the number N of nodes.

Proof. From the definition of R/, a{ observes the same distance sequence as that of a;. In addition since agents
have no knowledge of k or n, agents determine their guessed number of nodes depending only on the distance
sequence they observe. Thus, a] guesses the same number of nodes as that of a;. a

Lemma 8. Let R’ be a (N, {)-node periodic ring and R be the fundamental ring of R'. Then in R’, every agent
eventually gets the number N of nodes and distance sequence D of the initial configuration in R.

Proof. We show that all agents eventually get the number n of nodes. Then from Algorithms 1 to 3, all agents
can clearly get distance sequence D of the initial configuration in R. We prove the lemma by contradiction, that
is, we assume that when all agents are in the suspended states, there exists at least one agent a;, whose guessed
number of nodes n’ is less than N. On the other hand from Lemma 7, there exists agent a (0 < j < £ — 1)
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Fig. 6. An example for the periodic ring

guessing the number N of nodes in the guessing phase. Let A, = {a%,al ..., a’"1}. In the following, we show
that some agent in A, observes aj during the patrolling phase and sends its guessed number N of nodes to ay,
which contradicts the assumption of n’ < N.

At first, let us consider the number of nodes ay, visits. Similarly to the case for non-periodic rings, when ay,
updates its guessed number of nodes from n” to n’, it firstly moves in the ring until its total moves becomes
12n’ by moving 12n’ — nodes times. After this, a; moves to a new target node and enters a suspended state
again. This requires at most 14n’ total moves. Hence unless a;, does not get the number n of nodes, its total
moves is at most 14n’ < 7N.

On the other hand from Lemma 7, there exists agent a? in A, such that it guesses N as the number of nodes
and the distance from vgoumr(al) to vgoue(ar) is less than N. Remind that, vgoar(a) is the home node of
agent a. Then, let us consider the behavior of agent aZ~%. Agent al~* firstly moves 4N times and finishes the
guessing phase at node vyoumg(al). After this, a?~* moves 8N times from vyonmg(al) in the patrolling phase. On
the other hand, aj, moves at most 7N times from vgorr(an). Since the distance from vyonmg(al) to vaome(ar)
is less than N, al~* observes a;, during the patrolling phase and sends the number N of nodes to ay, which is
a contradiction.

Therefore, we have the lemma. a

Lemma 9. Even when ring R’ is periodic, agents solve the uniform deployment problem without termination
detection.

Proof. From Lemma 8, all agents eventually get the number N of nodes and distance sequence D of the initial
configuration in R, where R is the fundamental ring of R’. From Algorithm 3 when agent a] gets the number N
of nodes it firstly moves in the ring until its total moves becomes 12N. Then, a! is at vHOME(cﬂHQ). After this,

al computes its target node from D and moves there, which requries at most 2N moves. Hence, a] eventually
stays between UHOME(aerH) and UHOME(an). This mean that letting vpese (vesp., vj,,.) be the base node

exsiting between vHOME(a{Hz) and vHOME(a{H?’) (resp., UHOME(a{H?’) and UHOME(aerM)) al

between vpqse and v,’ms .- Moerover, it crarly holds total moves of each of af (0 < j <{¢—1) are the same. Thus
when all agents are in the supended states, no agents stay at the same node and agents can achive the uniform
deployment.

Therefore, we have the lemma. a

eventually stays

Finally, we have the following theorem for (N, £)-node rings.

Theorem 4. For agents with no knowledge of k or n, the proposed algorithm solves the uniform deployment
problem without termination detection. This algorithm requires O(k/¢log(n /L)) memory per agent, O(n/l) time,
and O(kn/?) total moves.

Proof. From Lemmas 6 and 9, agents solve the uniform deployment problem. In the following, we analyze
complexity measures.

At first, we evaluate the memory requirement per agent. Each agent eventually gets the distance sequence
D = (do,dy, . ..,duk/e—1). Since each d; is at most n /¢, this sequence requires O(k/¢log(n/¢)) memory. More-
over, the other variables require O(log(n/¢)) bit memory. Therefore, the memory requirement per agent is
O(k/llog(n/f)).

Next, we analyze the time complexity. Let Acorrect be the set of agents that guess the number n/f (= N)
of nodes in the guessing phase. Each agent a. € Acorrect Mmoves its correct target node without stopping on
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the way, which requires at most 14n /¢ unit times. In addition from the proof of Lemmas 5 and 8, each agent
ap & Acorrect gets the number n/¢ of nodes within 12n/¢ unit times. After this, aj requires at most 14n/¢ unit
times to moves to its correct target node. Thus, the time complexity is O(n/¢).

At last, we analyze the total number of agent moves. Each agentrequires at most 14n/¢ moves to move to
its target node. Thus, the total number of agent moves is O(kn/¢). O

5 Conclusion

In this paper, we considered the uniform deployment problem of mobile agents in asynchronous unidirectional
ring networks. At first we showed that, when termination detection is required, there exists no algorithm
to solve the uniform deployment problem. Next, we proposed an algorithm to solve the uniform deployment
problem without termination detection in non-periodic rings. This algorithm requires O(k/¢log(n/¢)) memory
per agent, O(n/f) time, and O(kn/¢) total moves. As a future work, we want to consider the lower bound of
memory requirement per agent. We conjecture that it is £2(logn), and if the conjecture is correct, we can show
that the first algorithm is asymptotically optimal in terms of memory requirement.
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Appendix
A The uniform deployment for the case of n # ck

To remove the restriction of n = ck imposed in Section 4.1, only the parts for determining the target nodes and
for moving to a target node should be modified. In the case that n is not a multiple of k, the distance between
some adjacent target nodes should be [n/k] or |n/k].

The target nodes should be determined by each agent so that the decisions of different agents should be
identical. Since all the agents recognize the same nodes as the base nodes, the common target nodes can be
determined using the base node as a reference node: Let b be the number of the base nodes, and » = n mod k.
The distance of every pair of adjacent base nodes is identical even in the case of n # ck, and is n/b =
(In/k] xk+71r)/b=|n/k] x k/b+1/b (notice that k/b and r/b are integers). This implies that we should select
k/b — 1 target nodes between two adjacent base nodes so that the first r/b intervals between adjacent target
nodes should be [n/k] and others should be |n/k]. With considering the above, each agent can determine its
own target node by local computation so that all the agents can spread over the ring to achieve the uniform
deployment.
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1: match <1, state < L, ch + {1,2,..., F}
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1: if (candidate =1) then

2:  wait for 3 slots

3. else

4:  *F* 2 exchanges ***

5.  with probability 1/2 beep on candidate and listen
6:  otherwise listen on candidate and beep
7. if (collision in 2 exchanges) then

8 beep on candidate

9: else

10: listen on candidate

11: if (silent) then

12: match < candidate

13: state «— M
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Step 3 Bi: L DAIRRE@EAT - MR

1: if (state = L) then

2:  beep on 0

3:  if (silent) then terminate
4: else

5.  wait for 1 slot

6: for each z € {1,2,...,F} do
7. if (state = M A x = match) then
8: beep on x

9: terminate

10: else if (state = L) then

11: listen on x

12: if (beep or collision) then
13: ch < ch \ {z}

14: end for
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Self-Oscillations in Population Protocols

Anissa Lamani
Department of Informatics, Kyushu University, Japan
Joint work with Masafumi Yamashita and Yukiko Yamauchi

The PP model was introduced by Angluin at al. to model passive dis-
tributed systems, in which a collection of finite-state agents interact with
each other in order to accomplish a common task. The agents are assumed
to be identical and uniform i.e., they are not identified and all execute the
same protocol. The computations are performed through pairwise interac-
tions i.e., when two agents interact, they exchange their local information
and update their state according to a common protocol. The interaction
pattern is unpredictable i.e., the agents have no control on which agent they
will interact with.

Many investigations have considered the PP model, different problems
have been addressed as computing a function, electing a leader, counting,
coloring and naming [1, 2, 3, 4, 6, 8]. Most of these problems are concerned
with the convergence to a specific configuration that contains the answer
to the problem that is considered. These problems are hence said to be
static. Only few investigations have considered dynamic problems such as
the self-stabilizing token circulation problem on rings [4], the self-stabilizing
mutual exclusion and the group mutual exclusion problems [5] and recently
the self-stabilizing oscillation problem [7].

About the self-stabilizing oscillation problem, it has been shown that
under a deterministic scheduler, the self-stabilizing leader election (SS-LE)
and the self-stabilizing oscillation problem (SS-OSC) are equivalent [7], in
the sense that an SS-OSC protocol is constructible from a given SS-LE
protocol and vice versa, which unfortunately implies that (1) resorting to
a leader is inevitable (although we seek a decentralized solution) and (2) n
states are necessary to create an oscillation of amplitude n, where n is the
number of agents (although we seek a memory-efficient solution).

Under the probabilistic scheduler, we investigate both the self-stabilizing
synchronization problem and the self-stabilizing oscillation problem. We
then aim at designing a PP that represent any given periodic function f by
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a non empty set of populations that exhibit an oscillatory behavior.
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LR DIRE TRy oy (—RIEY Yy v y) EEDZEMNRTEDHI EERL
7= [2].

ETCINL VYU EEBRICESE LT, EOXIITHTTZRERENEEZEZLD.
HWHED3FENCRDY Y o OE, A - K- 8% 1/3 TOOEMBETHTONRZY R
(B ) CTHDH LY ICEbND. TEFELOERE L LYy 7 U TIHT T2 L
DEDRERTRERERETEA I KL Tl by o2 ANBefir—ad L
TERMTDHZEIZED, ZOMWICEZD Z EaRkA 5. BRENZ LI, GHES D E
BLIEERZ2FORNT Yy 7 ThoTh, mEHIKIZIHE W TIIME 0 TREXEF
Thbb, T _X&ETRVWTF, BT FRFET A RO ERbnd. K
BAREIZIL, B O MEE @E%ﬁn%24’ﬂli'n?@ﬁﬁ@?@@“?%yﬁy
WNIFAET D2 L 2R LI=Dx L, RiasC ik TERRSAICEEER ) R TEREE LRV Y v
TAIMTEHERTFN DD & AP RN A B DR T 5.

AR SCOERIILL FO®BY TH 5. 2 HiCTHRATHIE Th 5 S OWFIEIZ DWW TR,
SEEAEAT S, 3HTIE, Ry rrE2 Aeisr—as LTEREL, 3
$5356$@/?/7/TW6“%WL AHERE 2RO 5. A HIT, Wiy v
EIICER LY % 7 v TORBEBIZIZOWTEZET 5. 5 HiTiE, HRISHICERRF
BRI Yy U VBT REETNL R L, EE OISO —ENR Y ERT. &K
BIZ6BICTARMILDOFE L DEIT.

2 #fi

KT, ST Tb 2 EHED ORI [2) 1nHES%, 75 7 Mo HAR 2 mik % (7
ELEET, Vv it 5ER, ERERBNT S,
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21 X EM—F AL

nFENORLTY T ETTTICEIVRET LI LB L. FFLIER, BIRER

EAMLERNWTET L, Ox v TrVid b= A NI ST, bbb nger 77 0%
WZ2ELICHMLICEEHRA LD LTERTIENnTED (W), HAEn O h—TF
AUVKNTTTDZEERFITN-F—F AL NI T T LS, £V v 7 AR L, £
SET D R—F AL NI T INRGEETDHZ LR, BIUEED b—TF A N7 T 712k
LT, ZFRUCHIET DV XY T v aBZ DT ENTED.

5
B —®

1 3FOCv oD h—F AL TTT7HE

2.2 EEKGF

TE 1. (2) h—F AL b7 G=(V,E)IcBW\T, $5 2TM w0V REEL,
(u,v) € ETHY, 220, fFEED w e V\{u,v} IZH LT, (v,w) € ERBIE (u,w) € E
ThoLE, uiTvICBETDLEN, v I FEERGFTHL LV ). EEERARFOHFE
LBRWh—=F A T T T EZRICHIET 2V v v 7 VB THDH LD,

HOLFoIEBELTWDIFulEFollhEb, TOuvBBETLTXTOFEICLED. D
FU, B#EELTVWDFuld, Fovomsr AL TEY, bIbI P AL
o TWDHF v ) DITEERL D, v 2B T LIESEBCTHD. B
DEBRBTEFH1IOCy o7y, 77206 |V|=1L, E=00D =2 7785
e n. FZEICL FL2RWS Yy 7 o ZiESZEITHY 20 (ThnZ ) 8 72
TTHD) B, BEMNL I TRIDOIIBR =T AL NI TT (Vr v iry) #BRAR
DXV ERFD, EFRBEY IR THD ERDDH I LT 5.
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FN—TF AU NTTITNNRNTHDZ L1377 7DOEEOHEEIZL Y SR D 2 LR
T& 5. 77 7OIEER u,v € VIEKL, udb v ~OHE dist(u,v) & u Zhh8, v %
BERETOHRBEBRETERL, 777 G OEE% diam(G) = max, ey dist(u,v) &7
5. ZoLE, LLFOMBNRHRLT .

TE 1. ([2)) n HANDRS h—F ALY h 257 G = (V,E) I0BNT, LFD 3 4k
S TH .

1. GIIBERNTHS.
2. G OHEHEN2LUTTHD.
3. G OEEOHNL (u,v) € EIZX LT, ZNEEHES 3 OFMMABNEET S.

23 BEMG b—F A bOFEM

IFOFREICEY, EEORFENLRY Y 7 rinh, FHE 2 S8R0 LT ez
WYY o B ED ZERATETH D (1K 2).

FEE 1 (2) D n-b—FT AL /577 G=(V,E)IcxtL, (n+2)-b—FA2 7
777G =V, E)&EK 2LV =VU{n+1,n+ 2} B =EU{(n+1,n+2)}U
{(i,n+1),(n+2,i) | i € V} &l 7.

COFHBEIZEY, FEDOI—TF AN TT7 @O FHE 208l h—TF A
777 G B2ERTED. B 1D GBRFENTHoT-E, G bRV THD Z
EDRTHERTE 5.

24 WWEBERG O

THOFREEZTROTEH1E2EETIZLET, LOADSLICHERNRY Y 7 O
BRODHZENTED., FRIDLEXE, BROBHEOY ¥ o r OB NRATH Y,
D1 RE—= L. EH1EZBETDLE, FERAOHENRY T 21EDH T
LIETERWZ LRGN D DILD. FHS OO Y o r 32 82—, F
B6 DNy o r T3 N —r bbb, Zhbnb, B3, 6DV BT
fEE 1 TR LTV 2 &IT R0, 5 DL EOMEEDOFRICEB W TR R Y ¥ 7 VDM F
ETHIENRDND.
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I

{ I 0L J

I\\—‘TIUI\G

X2 Fhix 1l

FH 2. ([2]) HAK n Sk L. BRI/ ne h—TF 2 > 7T T RELET B T |5y Al
In#£2,4Th5.

3 B b DOREEER
3.1 2 A€ fy5—LELTOERIE

—ffk T LAY —2 N (T A —LHT LAY —) TlESZ &L Z2EHE
L, 2 APefir—2at LTERILT D, £ LAY —I1TT v 7 DIL—THEW, BT
41, ATHE -1 ORIBEHEL L L 1IT7 LA Y =05 A FEHTA A = [ay;] # AR
T5. AT LA Y —OWMBIRAEKEE © = (v1,20,...,2,), T LA T—DWRBIEA
B2 Yy = (y1,Y2,...,Un) | ETDE, ITT LAY —OWFERGEZRRICTSZ &2 H
L LBt B, U ro X icElfbcx s (T 3EEEET). £/2, Zhaim
T, y* WENEITT LAY —, JI7 LAY —DREEGHKIETHS.

max min E E AijTiY;
Ti Y5 - -
¢ J

subject to Z x; =1,
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ZOERMIT zy; EV ol R E G, R o 13, LT OREFHRERE L < 2
LlzkvfiEohsZ EnmoinTng [1).
(P) max =z

subject to > . ajx;—z>0, j=1,2,...,n,
Zi 371'217
.CCZZO, i:1,2,...,n.
LT TIIARER ICESE, by ¥ v 7 v OREERIGICOWTELET 5. £ FARENIC
THHTARWR G HEHZ 3 FORINDO ¥ o7, BEER/INONBRL S ¥ 7D
WTHAR, EHICFDOFRERDOY v o r v OREERIEICOWNWTELET S, F0%, 45
TIEY v 7 v DYLRE & FedE IS O BURIZ DWW TEET 5.

32 FHIDT v T UOREHEE

T, BATRWEHEEFRNTHLIFHI DOV Y T AZOWVWTEETDH. FH3 D
Vo VEIARENCIEIETH Y, TOMFHATINILL T OIS A THHbE%:

0 -1 1
A= 1 0 -1 |,
-1 1 0

HEE3IDMN—F AL NI T 72N 2 AT 72O T, LFOEHNARY

VASH
FE 3. B3O N—FT AL N T T7HHNEZ2 AV Y U2 BWT, Bl x =
(1/3,1/3,1/3)T 2%, Me—DHHHkIE CTH 5.

REBR. v oo 2 ANBEu s —A (P) 1%, B ORI (BRI R o Bkt R &
WHE EAREMICR—TH D L5 2ME) THLE, (P) OEEIZLT 0 &% (1.
£, %iﬁ%ﬂiﬁ% T* = ($1,$2,$3)T b SEG ﬂ%u%/‘jﬁ!i, LT & 71

To —x3 > 0, (1)
—x1+ 23 >0, (2)

x1 —x2 >0, (3)
r1+x9 +2x3 = 1. (4)

(1),(2),(3) J:@,IQ 21‘3 Z.Tl Z.'I/'Q ﬁ‘)ﬁkﬁ, Oi@, Tr1 = T9 = I3 &733(73 .:]:OT, (4)

6
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L0 , 1 = X = T3 = 1/3 &fcié- ifi, :@ﬁﬁ%ﬁ%&iﬁ%ﬂﬁ’@%ﬁf:ﬂ‘ﬁ%m% U] Ziiﬁ
W2, ZAUHIME— O f R & 7R % O

33 FH5 6DTY T UORERKE

R, FEE DOy oo BEFRND Y o THDLFRE DY v 7 T oOn
THERD. B THLEI, FROEDOV v 7 OREEIKITIFR 6 DY v 7 TOR
W LBRVBIRAH D, AIROE Y, HiSE S ORI h—F A NI T TIX 2 % —
FET D0, TNENE Z—2 51, N"F—2 52 LIESZ L1295 (X3, 4). /S

N>t

B3 NF—=U51D—F A NTTT K4 RE—2B52Dr—FARNTTT

s— b1, = B2 IR ARIE TR E TR T o1 AY, 4751 AP ©%
S5

0 1 -1 1 -1

-1 0 1 1 -1

AP=1 1 -1 0o 1 -1
-1 -1 -1 0 1

1 1 1 -1 0
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iS5 D= AL N T 751,52 N2 ANV v 7 2o T, LLFOERN

%0 LD,

FE 4 S5O —F AL NI T T, RE— 51, RNE—2 52128 HME— D
g Iz e En 2 = (1/5,1/5,1/5,1/5,1/5)7, ® = (1/9,1/9,1/9,1/3,1/3)T T
H5H.

REBA. £ NF— 511D TE R D, eDiEd] L AEE, (P) O&EEIZ 012785, Ko
Thowims (M) = (21, 29, 23, 24, 25) | 1ZELF OHIK & 22727

—Tog—x3+ x4+ 25 <0, (5)

r1 —x3 — x4+ 25 <0, (6)
x1+ T2 — x4 — x5 <0, (7)
—x1 + 20+ 123 — 15 <0, (8)
-1 — T2 + w3+ x4 <0, (9)
1+ To+x3+ 24 +25 = 1. (10)

FT(6)+(8) £V, o < wy BT D, —J7, B)+(N)+(9) £V, x4 < a9 DEALT
DIeh wg =g E70%. T (5) ITRATDE o5 <z BPILT D, (7)4+(9) &0,
x3 < x5 WRNLT DT, 23 =25 &85, Tz (6) ITRALT, x1 < x4 DRALT
L. —=5,0)+ B) &V, xy <z BT DD,z =24 72D, (9)ITZHERATD
&, a3 < wo MERALT D —T7, (6) + (7)) £V, xo < a3 PLT DT, 29 = 23 &
725, LEXY, 2y =x9g =23 =24 =25 DT EDRDND. LoT, (10) LD,
x) = (1/5,1/5,1/5,1/5,1/5)T L 72%.

WIZRH—2 522 OoVWTHEZDH., NH—r 51 LREKIE, #fHXD B
BREEIEZRD D ZENTMETH D, FHIIERT 50, Kk 2 13
x? = (1/9,1/9,1/9,1/3,1/3)T L2 %. Wb, IS ITREME -3~ X HIKR
T2 TME— DR TH D120, Ma— D i kg 4 229 O

P, =251 THLDLEND VY 7 OME—DiEEIEAS (1/5,1/5,1/5,1/5,1/5)T
ThHrZ LlE, "F—r 51N 34AHEHTHATLIVEHEY v 7 AN T D0, &
6 LEMINLLRBICHRTED. 72, /84— 5-2 OME— O K kg 23
(1/9,1/9,1/9,1/3,1/3)T TH D Z Lix, "F—r 520, B3 OV ¥ v 7r v & T 1
ICEVERLIEbDERRTIENTEDD, BROFR 1 O bR TE 5.

8
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I, FEODY v o7 ACHONWTEZS, BRko@EY, HiSE 6 ORI h—F 2
VME 3 ARE—UAHET D, T EASE = 6-1, 6-2, 6-3 LIS (5, 6, 7).

2
1 )< 3
6 3 > 4
5
M5 ~"F—r6-1 M6 ~"F—6-2

7T A= 6-3

S — 2 61, 6-2, 6-3 (ST BRI TENE R E R F ol AD, 1751 AP, AP
TERIND :

A =
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[0 1 -1 1 -1 -1
-1 1 -1 1 -1
Ag)__ 1 -1 0 1 -1 -1 7
-1 1 -1 0 1 1
1 -1 1 -1 0 1
1 1 1 -1 -1 0
[0 1 1 -1 -1 -1
-1 0 1 -1 1 -1
Ag): -1 -1 0 1 -1 1
1 1 -1 0 1 -1
1 -1 1 -1 0 1
1 1 -1 1 -1 0

HEBEO6DN—FT AL NI T T7E2HNTZ2 ATy 22O, UTFOERNARD

AN

EFE 5 HAK6DON—FT AL NI T T, NHE—2 61, 62, 6-3 ITBWT,
z® =(0,0,0,1/3,1/3,1/3)", 2@ = (0,1/9,1/3,1/3,1/9,1/9) ", 3 = (0,1/5,1/5,
1/5,1/5,1/5)T 2%, ZNENOME— DI TH 5.

FEBR. THEL 4 OFEHEFIER, 2 =0 & Lz & 2ot 2mi-d ¢ nZEnEih bk~
I RNVDOHRTHDHZ L ERTIENTE D, FHHEE. O

INDDORERIKIINVTNOHTHELZ 0 ETRXRETFEEZATEY, fl X F—r
6-113F 1,2, 3ZBEHEEN0 EBRoTNDL, 22T LAY —HT LA —nIKICF
1,2, 3 %% 0 THT L5 2 ik, FlETH AD 0% 4, 5, 617, 4, 5, 6 IO &RA
724751 AV [4,5,6,4,5,6] LTU v v v BT TVS 2 EICHYST B8, 20k X of]
BATANE 3 FOTUXY o o aRT AZTDLO L > TS, FAREIC, ¥ — 6-2 13K
BHNZRE — 2 52, )RE—2 6-313/XF—2 51 LRILTHDLZ ENbND.

PLET, &5TF, BETENOY v 7 TRARIEIKE N b7, RIS, &8 TFO
VXU DIRIIEZ NS Yy ) ORGEBRIRICONWTEET .

10
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34 FEONwHTY

— Iz, BFTEROHKE, ARERELWERNZ 7 7 % F8AERY 5 7 (balanced
directed graph) L FES. ZHUZM, FTEHAOHRE, A\REPEFELWN—F A 7T
777 7% b—F A2 bJ 57T (balanced tournament graph), D X 5 7e h—F A
YR TTICENBEDINLV Yy v EREO N VT D ES T LTS EELY,
P b —TF A N T T IXEICHFRERND RS, Yy T, O AR e YU —
Wb bT, FERERTTFEAH TS RE CHLZ L ERT I ENTED.

T 6. ( ZEHRNET D, AR 2U+1 OEHE Yy i BWWT, BIE 2 =

(1/(20+1),1/(20 4 1),...,1/(20 + 1)) T 1%, S < 5.

SEBR. Y v o T, ATEA IRV T,

WAL 5. R (P) OFKIGIEIC T 2= (1/(20+1),1/(20 +1),...,1/(20+1))T %
KA+ D&, (11) &0,

20+1 e,
;aijmiz Wl ;aij =02>2,7=1,2,...,n,
2041 2041

1
2 =D gt
=1 =1

L7 FATAIRERE D, HRIBEEEA 0 L7022 2 &N DD 0, HEIGHEL Y ZThidx
HWRTH . O

4 Tx T UDERE T DHIEEE

AT, 2.3 MR LEFRE 1 2 BRIELEBMAL LT, Vv oy s OARICO
WTE R 1, B & RS O BIMRIC ST BT 5. S E TR, DT A (7
#®) LTHL.

EE 2. FT1LOBPLRLISY Ty (FR1OT Y 7)) CBd 5 (Fil) Bl i, He
FLITFLEMNT L THD.

11
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41 v DER

FTVY T DR ETERT D, TOERICBWTL, HE L, 180ENSRDL T
TH h—F AL NTTTLERETZEICTA.

B&E 3. n-b—FT A 777 G=({L,2,....n}E), n O F—TF A 7T T DF
(HI’H27”"Hn) (f:f:L7 H; = (V;?E2)7,L: 1,...,77/) &:ﬂbv

1=1,..., n
E' = U E; U U {(u,v) |ue V;,veV;},
i=1,...,n (i,j)EE

EEZD. COLE, INLEEAES, MESET ST 7 G(H,... H,) = (V' E)
% (Hy,Hs,...,H,) ® G LTOEREEHTS.

ZDOEFRIZOWTHET S, G(Hy,...,H,) OTERESE, Hi,Hy,...,H, DT XTD
EREZHEZLOTHY, £V, OFTOWIT H, OFFESNLTWVD. TOMOTE M,
BIAZIXV IR T 2THA uw & V; BT 2THA v OMIZESNDL1E, G DILOF &I
9. Thbb, (i,j) € E726I1E (u,v) Th D, (j,i) € ERbiE (v,u) THDH. ZOESR
L0, BEAMICEERERESNL =D, BO5ND G(Hy,...,H,) b b—F A2 FTh
L. ZOLEXEE1DOLROEHENENT S,

B 7. 9N n-b—F A 7 TF77 G=({1,2,...,n},E) E2hFEH I n HDO N —F
A NT T T7DF| (Hl,HQ,...,Hn) ﬁ)’é‘i%hflk%, (Hl,HQ,...,Hn) G L TAaRk
LTHLND G(Hy,...,H,) bR =T A N THD.

CITEDTERE 1LIZONTERD. 3 F0LRDIMENRF—F A NGy =
(11,2,3},{(1,2),(2,3),(3,1)}) &, Habninb—F A G = (V,E) % Hy, 118
MOBMNS2D Hy = ({n+1},0), H3 = ({n+2},0) & L, (Hy, Hy, H3) % G3 ETH
RLCHLND h—F A2 N G3(Hy, Hy, H3) I3 FHiE 1 ICE->THOLND G ZDHD
Thb. T72bb, AlETHRE 1 O LEHRRTZENTES.

12
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42 EREHEHEEDE K

R CER LI b —TF AL hOAREZD ETOY v 7 OB O BFRIZ DWW
T, U TFERT L NTESD: G(H,. .., Hy) (25 2H5E8IE, G L4 H; (55
REERIE D TER) $T22 &0 TES. UFZNZRTA, TORNIETRRIELEAT
B, X7 M= (21,00, - ,2,) W LTy = (c1,cTo,  ,CTnyYnil>Ynia, )
ThdLE, ZhEMRICY = (cT,Yni1,Ynio, ) REERTZLICTS.

T8 8. nh—F A+ 777 G = ({1,2,....n}E) BT LYy o
b D REEK ¢ = (2.2 & M—F A I TFT7 H = (V,E)
(i = 1,2,...,n) FoKE®ERK yO* (i = 1,2,....n) RE2bRTELETSH. 20
L, (wryWr azy@x iy T3 G(Hy, ... Hy) (SB35 Yy v v DR
WTH 5.

. G OFETHE A = [ayy], Hi ORETH% B = b)), G(Hy, ..., H,) OFI{347
B C = [eg) £T5. R uiEs H OTHETho1- (Thbb, ue Vi) &35 &,

bl veV,
Cuv = 4 0 v = u,
ai; v E€Vi(j#1i)
Thb. Z0LE a=(a,) = (iyW* a3y@* . oiy™)T AR (P) 120 T
2=0¢L7EEDFETARME 2o TWIIL, BEIHMEL Y RERTHLEF R 5.
ULF 2R ZRTH, O 70 yO* O u ST B TEEORS 2 HIC g LB Z LT
5. F gy Ly FNE D FEITRIREMEDN D,

n n
Xk ok
doow=D ) ow=) > Ty
u i=1 uevV; J=1ueV;
n n
_ * * *
= L E Yu = E z; =L
i=1  wcV; i=1
13
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E7- (o) % (P) D v FTEDICRAT B E (e V, &T53),

n
E CyvToy = E E CoyvQiy

u =1 uevV;
= Z Z CoupQy + Z CuvQiy
1#k ueV; ueVy
=> ax > out Yy bfay,
ik ueV; u€Vy
=Y awa; >y +a; Y bhy: (12)
i#k ueV; u€Vy

L%,y O H \cB T B EIT RN D, 4 i 1280 T, Yy vn = 125, y®* o
Hy \ZB U D 5alileinr s Y0, v bg;)y; > 00, o O GICBY S5, Y apa) =
S @inty > 0 BENEHRT D720, (12) 13

> cuwmu =Y apzi >0

u i#£k
Lintnw, (P) O uillch ST 28§54 td 2 = 0 D FCM=T 2L L2 s, BEnD
(cvp) BSRCHBIR & 72 5 = & SR Stz O

EE 3 &L ZOEHEND, FhiE 1 ICHTIREEEZUTOLIICERT LI LRT
5.

21 b—FANTTT G TERINDY Y T ORERIEN * THHEE, G I
Fhex 1 ZEHLTHOND G TERIND Y ¥ 7 BT,

1,11\
_w’_’_
3733

BB, FHHESIITFHRE 1 2T 2 IR VIER SNy U OB &V ) RE
DIRRERDT XY ThHHIEERLTND 2. ZORIE, BEERKOY Y 7
v ORGEEENE R, 1L LRNTE LBELATERVWFEESEREZZN TN 1/3 10T
LI THIFINICES ZENTELH I LEZRLTND.

I REERIE TH 5.

ZOEDERIT, AL ORI DU E % THL. FHEDUr Ly (8
F— 5 1) KB TATF 5%, FRIDOVY L ICBERL AN TAKT S (M 8). &

14
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B4, L3 LV, NF— 51 OFEEIE, @ = (1/5,1/5,1/5,1/5,1/5)T, T4 3 ®
DX U OREERIET, y=(1/3,1/3,1/3)T THDBI=D, ZOTFOV X Dk
s x, (1/5,1/5,1/5,1/5,1/15,1/15,1/15)T L 72%.

X8 BRIk T7TFOVY 7

b ERSEYICEENTF

3HE,AB L BEDHEZ LI —KILY ¥ 7 BT DN, £7-2 v 7 DAL

& RIS DBIRICHOW T EE A T o7, ZZTFER6 DV v 7 v Ok c el 3
5. FE6 ORRN Y o X3 RF =B DN, THES TREZL DI, WIhoR
A — NG BRI BN T, T ERZ 0 LT XEF, T7habb THTRXETIERWTE)
DFEL TS, L, ZOFIMOFOEREN R T AL E > TWD b TidR
W DFED, FESOERICESTIEEROH LT TH-TH, HESHRESN O ITER
WRERDFENFIELID I E2BE®R LTS, DEEEE X, kDX HICEHTS.

ETE 4. WLy ronbGzonict X, HOREEBEKICBWTHER0 L7250 Fri
BREICEERGTF LS. E2 T X TORMEIKISICIHWTHER 0 L7205 F4 S ERAMICHEEK
HFE LIPS, WISHICEEBK R FRFE LRV h—F A N T 7 2 IR EHEM RN ~—
FAURNT ST, ZHICHIET DV v v R B EREEEMENL D v U Y, SIS
K2 FRGFELRN N—TF A N T 72 HICEBBRHENG F—F AV NT5T, 2h
WZKHET DY v o B BRIERAGE D v U LIRS,

T T THRMSRICMEBRZ T ) 13 THEBKe T o —ifbic, THRFEEIERI R b — T A

15

-82 -



YRTTT X TRy ) O— B2 o T DL KB, T BT ICER
TOEORY vy BRI E, HHREBIICENTT j ZRSHERN 25 > 0T
HHE IRy Mt = (xf,. .2k BhotmkTh L, 2 OF i RYTE § Ry E
R, BRI E 0L LRy Mva = (af, ..., (af +ab),...,0,...,25) T bR
THY, EFRLD T jITEKOICEEL R T L > T D (Rl T 52, Zhbiddtic T4
HRIE I IEBR 72 T ) THRRSZh R h—F A T 7] ICBEHZ D Z LN TE D).

ST, EH3EIVHISE3I D N—T AL N7 T 73BN EHNTHLZ NG, &
UCTRE L 20 IRLEAT 52281280/ onsd b—F A2 MNE, T THEIEHER T
b5 (1), 2EV AEBEOFE n > 31k LT, T n OISR 2V ¥ 7 VM tE
T 5., £BROEREL Y, 2 HITREERIES R TH 5.

TIIMBEF OISR 2T ¥ 7 ANIFAET HDIEA I 0. TZTETRTERZL I,
FH 4 O (HREE) R Y v 7 IFE LRV, EER S L0, A6 OISR
R U AIFE LR, BT, ROTEH LY EFo Xy B n L TH, T n o
BRI 2D 2B 72 Y v o AT FE LRV,

T 9, HEAVU Y U UDNBIENRATH LR, TOV Y U A EFEN LR D, E
T~ OREEKII B THD.

LIF, Zhzitl3 5720 0%HE21T 5. T ROMELRT.

R 1. v T NSRRI TH H 2 & DML RMEL, TXTOFITHLTED
Fa i IHERZIEL T O REBRIENFET LI THD.

REBA. ZO&MIE 31 i (P) i\ Ta; >0,i=1,...,n LRDIBEMNBFIET HZ
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TR NEAET 5. Zha 2@ L e, Y 2V /nick o TERSND z; 1% (P)
DR, £, >0,i=1,...,n &7, O
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X1 0
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Ty 0
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AT, ERE (D) OB E Y= (Y1, Yn, Uns1) ET 5L, HRIBIEIZ by,
BRI ZM Ty 1T ATy <b x4, ZNoZ IR T v 7 &ha%2 5. K&
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Listing Center Strings
under the Edit Distance Metric*
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Abstract. Given a set W of k strings of length n over an alphabet X,
the center string of W is defined as the string w such that the maximum
distance to w of all strings in W is minimized under some specified met-
ric. We present a new algorithm for the decision version of this problem
under the edit distance metric. Given a threshold parameter d, the al-
gorithm lists all the strings such that the distance from any input string
is bounded by d in O((3%(d + 2))*dk|Z|n + Mn) time, where M is the
number of the output strings. To the best of our knowledge, this is the
first FPT algorithm for the center string under the edit distance metric
(even as a finding algorithm). By a slight modification, we also obtain
an algorithm listing length-/ common subsequences of W, which runs in
O((n — )**' k| 2|l + M) time.

1 Introduction

Finding a common structure from a given set of strings is recognized as one of the
important problems in computational biology. A center string (or equivalently,
closest string) is the one that minimizes the maximum distance of all strings
in a input set W under some specific metric. The decision version of the center
string problem under metric §, which is the primary problem considered in this
paper, is formalized as follows:

Input: A set W of k strings of length n over an alphabet X, and a
threshold value d € N.

Output: A string w such that é(w,w’) < d holds for any w’ € W if it
exists. Otherwise the value of “FALSE”.

In the definition above, the distance metric is not concretely defined. Usually
it is chosen according to applications. Popular metrics useful in many applica-
tions are Hamming distance and edit distance. Unfortunately, for both metrics,
the center string problem is NP-complete [4], and thus we need some sort of
relaxation for attacking this problem. In this paper, we consider fixed-parameter
algorithms for the center string problem under the edit distance metric. However,
unfortunately again, that problem is W[1]-hard with respect to the number of

* This work is supported in part by KAKENHI No. 15H00852 and 25289227.
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input strings k [16], which implies that the problem is unlikely to have an algo-
rithm with a running time such as O(f(k)-poly(n)). The currently best algorithm
is the one by Nicolas et al. [16], which achieves O(|X|n*) time bound.

To circumvent the hardness results above, we focus on the fixed-parameter
tractability for parameters both d and k. That is, we explore the algorithms hav-
ing a running time with the form of O(f(d, k)-poly(n)). The primary contribution
of this paper is that such an algorithm actually exists. Our new algorithm finds a
center string in O((3%(d+2))*dk|X|n) time . To the best of our knowledge, this is
the first FPT algorithm for finding center string problem under the edit distance
metric. By a simple extension of this finding algorithm , we propose an algorithm
to list all the solutions in the output-sensitive manner: The algorithm lists all
the center strings for the edit distance metric in O((3%(d + 2))*dk|X|n + Mn)
time, where M is the number of the output strings. Since in typical scenarios the
center string problem is considered with a small d, our algorithms are practically
more useful than the previous one.

The algorithms are constructed with a new dynamic-programming strat-
egy, where the DP table records the distance information around diagonal ver-
tices in alignment graphs. Interestingly, we can utilize the same strategy to
solve another problem. Our second result is an algorithm listing length-I com-
mon subsequences of all input strings. The time complexity of this algorithm
is O((n — 1)**1| 2|l + Ml). Note that the longest common subsequence (LCS)
problem, which is the optimization version of the length-I common subsequence
problem, is known to be NP-complete [14], and W/[1]-hard for parameter & [17].
On the other hand, finding length-I common subsequences trivially allows an
O(|X|'poly(n, k))-time algorithm by checking all strings of length I. That is, it
is fixed-parameter tractable for parameter [ in the case of constant-size alpha-
bets. Furthermore, Irving and Fraser shows two algorithms of finding a LCS of
length at least [ in O((n — 1)¥~1kn) and O((n — 1)*~1kl + k|X|n) times respec-
tively [9]. That is, finding a common subsequence with length near to n is also
fixed-parameter tractable (for n — ). Our algorithm can be seen as a listing
version of the two algorithms by Irving and Fraser.

The paper is organized as follows: In Section 2, we present the prior work
related to the topics of this paper. Section 4 provides our algorithm for the center
string problem. Its extension to the LCS problem is considered in Section 5
Finally, we conclude this paper with a future direction in Section 6.

2 Related Work

The center string problem for the Hamming distance metric (often called closest
string problem) is extensively studied. In general, that problem is NP-complete [6,
11], but allows a fixed-parameter algorithm with respect to d. Following the first
FPT-algorithm by Gramm et al. [7], a number of papers improved the time
complexity [3,13,18]. The closest substring problem, which is a generalized ver-
sion of the closest string problem, is also well studied. Interestingly the closest
substring problem is W[1]-hard with respect to both d and & even if the alpha-
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bet is binary [15]. Marx shows an efficient algorithm for computing the closest
substring for small d and/or k (but it is not an FPT algorithm) [15].

Compared to the Hamming distance metric, the center string problem under
the edit distance metric is less studied. As we stated in the introduction, the pa-
per by Nicolas and Rivals is only the one explicitly considering that setting [16].
The case of other metrics is considered in [5].

The longest common subsequence (LCS) problem for multiple strings is re-
garded as a special case of the center string for the edit distance metrics. It is
equivalent to the center string problem for the edit distance metric with sub-
stitution cost two. About exact solutions for the LCS problem, a few papers
propose several algorithms with different characteristics [8,9]. The LCS problem
for some restricted instances is considered in [1, 2].

Another variant of the center string problem is the median string problem,
which requires to find the string minimizing the sum of the distance to each
input string. While the median string under the Hamming distance metric is
easily solvable in polynomial time, the case for edit distance is known to be
NP-complete [4], and W[1]-hard for parameter k [16].

Approximated solutions for the problems introduced above are also investi-
gated [11,12]. PTASs are allowed for the closest (sub)string problem [12], but
the longest common subsequence problem has no polynomial-time algorithm
with any approximation ratio better than n® for some constant ¢ > 0 unless
P = NP [10]. No polynomial-time approximated solution for the center string
problem under the edit distance metric is known so far.

3 Preliminaries

3.1 Edit Distance

We denote the alphabet by Y. An element in X* is called string. The length of
a string w is denoted by |w|, and the i-th character of w is denoted by w[i] (1 <
i < |w]). The operator o means the concatenation of two strings (or characters).
For w € X*, let ta(w) be the string obtained by removing the first character of
w. That is, w = w[1] o ta(w). Letting W be a set of strings, we define Wox =
{wozlweW}.

The edit distance ED(w;,ws) between two strings w; and we is defined as
follows:

max{|wi |, [wal}
(if ‘U}1| =0V |’U)2| = 0)
ED(wy,ws) = min {ED(ta(ws), ta(w)) + c(w; [1], wa[1]),
ED(ta(wy),ws) + 1, ED(wy, wg) + 1}
(otherwise),

where ¢(a, b) is the function returning zero if a = b or one otherwise. Note that
while we assume that c(a, b) is uniform (i.e.,the substitution cost does not depend
on target characters), our algorithm can be applied to the case of non-uniform
cost functions (as long as it returns an integer value).
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It is well-known that the computation of the edit distance between two strings
wi and ws can be reduced to the shortest path problem for some directed acyclic
graph G(wi,wq) = (V, E, f), called alignment graph, which defined as follows
(Fig. 1):

- V= {’Ui,j‘i’j € [0,n]}.
— For any i, j € [0,n], v; ; has a directed edge to each vertex v;y1 j, v; j+1, and
Vit1,5+1 if it exists.
01if e = (v;,5, Viq1,541) for some 4, j € [0,n] and w1 [i] = wa[j]
- (o) = Vi Vit
1 otherwise.

An edge e = (v; 5,0 j2) € E is called a horizontal, vertical, or diagonal edge if
i=1,j=yj", or(i#i Aj+#j') holds respectively. The set of vertices {v; ;|j €
[0,n]} and {v; ;i € [0,n]} are called i-th row and j-th column respectively. The
distance between two vertices u and v is denoted by dist(u,v). In particular, if
u = vg,0, we omit the first argument and describe dist(u) for short. The following
theorem is a classical fact.

Theorem 1. dist(vy ) = ED(wq,ws).

: : : if wi[i] = we[j]
thenc =0
otherwise
c=1

Fig. 1. Alignment graph G (w1, ws)

The band of alignment graphs is defined as the set of vertices {v; ||t — j| <
d/2}'. We also define h(j) as the intersection size of the j-th column and the
band. That is, let h(j) = min{j +d/2,d, (n — j) + d/2}. For ease of explanation,
we give aliases to each vertex in the band: The vertices of the j-th column in the
band are called ug j,u1 , - ., Up(j),; from the upper side. The notations above
are illustrated in Fig. 2.

We have the following lemma:

! The definition of the band depends on the value of d. Hence it may be more precise
to include that dependency in the notation (e.g., calling d-band). However, to avoid
the complication of notations, we treat the value of d as a certain kind of ”global
constant.” Actually, in the following argument, we introduce several definitions de-
pendent on d with no explicit description of the dependency.
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d/2

,0(= Ug,0)

d/ZI

Unn(Z Unmyn)
uh(jl)'j!
(' >n—-d/2)

Fig. 2. Band and vertex aliasing

Lemma 1. Given wy,wy € X" satisfying ED(wq,ws) < d, all the vertices con-
stituting the shortest path from voo to vy i G(wi,ws2) are contained in the
band.

Proof. The shortest path from v; ; to v, , must contain at least | — j| non-
diagonal edges, all of which have weight one. Thus its length is more than or
equal to |¢ — j|. Similarly, the length of the shortest path from v o to v; ; is also
more than or equal to [i — j|. If |i — j| > d/2 (i.e., v; ; is out of the band), the
length of any path from v to v,,, via v;; is more than d. It follows that v; ;
cannot be contained in the shortest path because dist(vy,,,) = ED (w1, ws2) < d.

O

The lemma above implies that it suffices to consider the subgraph of G (w1, ws)
induced by the band because we only care about the paths from vg o to vy, p
of length at most d. We denote that induced subgraph by B(w;,ws). The ter-
minologies and notations introduced for G(wy,w2) are also used for B(wi,ws).
In the following argument, we sometimes treat B(wy,ws) for some string wo of
length less than n. So we extend the definition of B(wq, ws): For strings w; € X™
and we € XY™ such that m < n, we define B(wi,ws3) as the one in which edge
e = (vi;,vir jv) for j < m has the weight according to the original function f,
and all other edges have weight one.

4 Listing Center Strings

In this section, we propose an algorithm for the center string problem, called
ListCenter(W). The core idea of ListCenter(W) is to compute the intersection of
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the k balls of radius d centered at each input string in W = {wy,wa, - ,wi}.
Thus, before explaining the main algorithm, we first introduce a preliminary
algorithm called ListBall(w), which lists all the strings whose edit distance from w
is at most d. The main algorithm is obtained by a simple extension of ListBall(w).

4.1 Algorithm ListBall: Listing Strings within Distance d

Letting [z]44+1 = min{d + 1, 2} for short, we define the (wy, j)-profile of string
wo as the vector ([dist(uoj)]ar1, [dist(uij)]at1,. .., [dist(up(s),;)1ar1), where
dist(u; ;) is the distance in B(w,ws). Intuitively, the (w1, j)-profile of wy is the
distance vector to the vertices of the j-th column in the band, but the information
about distances exceeding d are omitted. Without ambiguity, we often omit w,
and simply call j-profile.

It should be noted that any (h(j) + 1)-dimensional vector cannot become a
j-profile. we say that P € [0,d + 1]"9)*! is possible if there exists wy,wy € K™
such that P becomes the (w1, j)-profile of wo. We can show a necessary condition
for the possibility of P:

Lemma 2. If P = (po,p1,...,Pa;)) € [0,d + MDY s a possible j-profile,
Ipi — pit1| < 1 holds for any i € [0, h(j) — 1].

Proof. Since dist(u;y1,5)—dist(u; ;) < 1 obviously holds because edge (u; j, uit1,5)
has weight one, it suffices to show dist(u; ;) — dist(ui+1,;) < 1. Let upo =
Zo,- -, Ty = Uiy1,; be the shortest path from wog to wiyq,; in B(wy,ws), x. be
the last vertex contained in the i-th row, and dist(xz.) = [ (see Fig. 3). Since
x. is reachable to u; ; only traversing horizontal edges, dist(u; ;) <1+ (r —c)
holds. The shortest path from x. to u;4;; can contain at most one diagonal
edge, its length is at least r —c—1, and thus dist(u;41,;) > [+ (r —c¢—1) holds.
Consequently, we have dist(u; ;) — dist(u;41,5) < 1. O

Ug,0(= Xo)

dist(x.) =1 =3 : shortest path

fromug o tOUjpq
length=>r —c¢ ’ t

Ui, j

Uiy1,j (= %7)

Fig. 3. Proof of Lemma 2
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Let P; be the set of the sequences in [0, d + 1]*()+1 satisfying the condition
of Lemma 2. Clearly P; contains all the possible profiles. From Lemma 2, we
have the following corollary:

Corollary 1. For any j € [0,n], |P;| < 3%(d + 2).
We also have the following corollary from the definition of profiles.
Corollary 2. Any string w has 0-profile Pin;: = (0,1,2,...,h(0)).

For P = (po,p1,.--,Pn(j)) € Pj and w € X", we define S, as the set of
length-j strings having P as its (w, j)-profile. Let Pierm = {(po, 1, - - - Prn)) €
[0,d+1]"™*1p, .y < d}. Then the union Upep,,,., SP., is the set of the strings
to be listed as the computation result. The core idea of ListBall(w) is to compute
Sp; for any P and j via dynamic programming. To lead the DP recurrence
formula, we introduce one more notation defined as follows: Let j € [0,n — 1]
and w € X". For two vectors P = (po,p1,...,Pn(;)) € [0,d + 1]+ and
Q = (90.q1,- -, qn(j+1)) € [0,d + 1J"U+DHL we say that P is connected to Q

with (z,w) € X x X* denoted by P Py Q, if there exists a string w’ such that
w'[j+1] = 2 and P and @ are respectively the (w, j)-profile and (w, j+ 1)-profile
of w’. The key fact to obtain the recurrence formula is the next lemma:

Lemma 3. Fizingw € X™, the (j+1)-profile Q satisfying P g Q is uniquely
determined from P and x in O(d) time.

Proof. The uniqueness of @ is obvious because any shortest path to a vertex in
the (74 1)-th column must pass a vertex in the j-th column in B(w, x). Thus we
prove that @) can be computed in O(d) time. In graph B(w, %), we can determine
the weights of all the edges between jth and (j + 1)-th columns by z. Thus we
can compute () by calculating the distances up to d from vy to the vertices
in the (j 4+ 1)-th column, provided distances up to d to the vertices in the j-th
column. For any i’ € [0,n], the predecessor of vy j1+1 in the shortest path from
V0,0 t0 Vi jy1 is either vy 1 j, vy j, or vy —1 j11. So if the distances (up to d) to
those vertices are already known, the shortest path to vy ;41 (with length up
to d) can be computed in a constant time. This implies that the values of the
(j + 1)-profile can be fixed from the upper side sequentially (i.e., in the order of
Ujy1,00Ujt1,1s- -5 Ujg1,h(j+1))- Since h(j 4 1) = O(d) holds, we can compute @
in O(d) time. The lemma is proved. O

This lemma implies that if we know the j-profile of a string w, we can know
the (j + 1)-profile of w o x for any x € X. Conversely, if we want to know some
(unknown) string w = w’ o x having some (5 + 1)-profile, it suffices to idenfity
w’ and its j-profile. This fact induces the following recurrence formula.

Ssin= U Skiow 1)
€Y
PPV Q

Now we are ready to explain the algorithm, which consists of the following
two steps:
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— The first step of the algorithm is to construct the edge-labeled DAG I' =
(Vr, Er, fr) defined as follows:
o Vi = (U_o{(PJ)|P € P;} U{t}, where t is the special sink vertex. We
also give alias s to the vertex (Pip,0).
e A vertex (P,j) is connected to (Q,j + 1) by an edge with label x if

P Y% Q. Note that if two or more characters z satisfy P =25 Q, (P, j)
and (Q,j + 1) are connected by multiedges. Finally, we add edges from
all the vertices (P,n) satisfying P € Pierm to t with the null-character
label.
— For any s-t path X = eq, e1,...¢, in I', we define v(X) as the string formed
by traversing X (i.e., 7(X) = fr(eo)o fr(ei)o---o fr(e,)). The second step
of the algorithm is to output v(X) for each s-t path X in I.

The correctness of this algorithm relies on the following lemma:

Lemma 4. For any (P,j) € Vr and a string wy € X7, wy € Spy; holds if and

R

only if there exists a path X from s to (P,j) such that we = y(X) holds.

Proof. The proof is done by induction on j. (Basis): It is obvious from Corol-
lary 2. (Induction step): Suppose as the induction hypothesis that the lemma
holds for 7 = 5/ — 1 and consider the case of j = j'. We prove only the direction
of = because the opposite direction (<) is easily proved by following backward
the argument. Let we = w} o x. The recurrence formula (Eq. 1) implies that
if wy € SpY, there exists a (j' — 1)-profile P’ such that wy € Spi;,_; and

PP P ohold. Then, by the induction hypothesis, there exists a path X’
from s to (P’,j') and w) = (X’). So there exists a path X to (P,j’) from s
and y(X) = wh o z. The lemma is proved. O

We consider the running time of the algorithm. In the first step, for each
vertex (P,i), the algorithm needs to compute all the pairs (z,Q) such that

w,T,

P += @ holds. From Lemma 3, it can be computed in O(|X|d) time. From
Corollary 1, we also have |Vr| = O(3%dn). Thus the total running time of the
first step is O(3%(d?|X|n). For the second step, all s-¢ paths can be enumerated
by the naive recursion after pruning the vertices from which ¢ is unreachable. Its
running time is O(Mn + |Er|), where M is the number of paths enumerated.
Finally, we have the following theorem.

Theorem 2. Given w € X", algorithm ListBall(w) lists all the strings whose
distance from w is less than or equal to d in O(3%d?|X|n + Mn) time.

4.2 Listing Center Strings

By extending algorithm ListBall(w), we construct the main algorithm ListCenter(W).
The primary idea is that given W = {wy, ws,...,w"}, ListCenter(W) concur-
rently runs ListBall(w;) for each input w; € W. We give the detailed explanation
below:
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A k-tuple of profiles P = (Py, Ps, ..., Py) € PJ’-“ is called the (W, j)-profile of

a string w if P; is w’s (w;, j)-profile for any 4 € [1,k]. The notation P Y Q
for P = (Py,Py,...,P;) € PFand Q = (Q1,Q2,...,Qk) € P} means that
there exists w € Y™ and j € [0,n] such that P and Q are w’s (W, j)-profile and
(W, 5 4+ 1)-profile respectively and w[j] = z holds.

The remaining structure of ListCenter(TW) is almost the same as ListBall(w),
but the definition of profiles and its connectivity relationship are replaced by
the ones above. More precisely, the algorithm utilizes the graph I'* defined as
follows, instead of I":

— Vr = (UL {(P,i)|P € PF}U{t}, where t is the special sink vertex. We also
give alias s to ((Pinits Pinit, - - - » Pinit), 0).

— A vertex (P, ) is connected to (Q,i+1) by an edge with label x if P iy Q.

Note that if two or more characters z satisfy P Wy Q, (P,i) and (Q,i+1)
are connected by multiedges. Finally, we add the edges from all the vertices
(P, n) satisfying P € PF,_ to t with the null-character label.

It is not difficult to prove that the string v(X) corresponding to a s-t path
X in I'* has a distance at most d to each string w; € W. Thus by enumerating
all s-t paths we can list all center strings. We bound the running time of this
algorithm. The analysis of the second step completely follows that for ListBall(w).
For the first step, the size of I'* is larger than I". The number of vertices in I'* is
O((3%(d+2))*n). In addition, the computation of outgoing edges for each vertex
takes obviously k times of the case for ListBall(w), i.e., O(k|X|d) time. Hence
the total running time of the first step is O((3%(d + 2))*dk|X|n). Consequently
we have the following main theorem.

Theorem 3. Algorithm ListCenter(W) lists all center strings for W under the
edit distance metric in O((3%(d+2))*dk|X|n+Mn) time, where M is the number
of output strings.

5 Listing Common Subsequences

A subsequence of a string w € X" is any string obtained from w by deleting
several characters. We denote by Sub(w) the set of all subsequences of w. The
decision version of the longest common subsequence problem (LCS) is defined as
follows:

Input: A set W = {wq,wa, -+ ,wi} of k strings over X' of length n, and
a threshold value [ € N.

Output: A string w € N¥_, Sub(w;) such that |w| > [ if it exists. Other-
wise the value of “FALSE”.

Let [ = n—I for short. In this section we show an algorithm called ListLCS; (W),
which is an algorithm listing common subsequences of length [. This algorithm
is obtained by a refinement of ListCenter(W). For wy € X" and wq € Xt we
construct the LCS alignment graph Gpos(wi,ws) = (Vics, Ercs) as follows:
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— Viecs = {’Ui,jli € [O,Tl],j € [O,I]}.
— For any i € [0,n — 1] and j € [0,]], add e = (v; j,v; j+1). In addition, add
e = (Vij, Vig1,5+1) if wili] = waj].

b c a b
a a
b b
a a

(a) reachable (b) unreachable

Fig. 4. Two examples of LCS alignment graphs.

Note that LCS alignment graphs are unweighted. It is not difficult to prove
the following lemma:

Lemma 5. A string we is a subsequence of a string wy if and only if voo s
reachable to vy, in Gres(wi, wa).

Two examples of LCS alignment graphs, which correspond to reachable and
unreachable cases respectively, are shown in Fig. 4. We define the band of LCS
alignment graphs as the set of vertices {v; ;|j <i < j+1,7 € [0,n]} (see Fig. 5).
The following lemma is analogous to Lemma 1 in the center-string case.

Lemma 6. Any vertex v; ; out of the band is either unreachable to vy or vy .

Similarly as the center string case, let Bpog(wi,w2) be the subgraph of
Gros(wy,ws) induced by the band. Now we introduce the refined definition of
profiles: The (wy, 7)-profile of wy is a binary (I+1)-dimensional vector represent-
ing the reachability from vg o to each vertex in the j-th column That is, a vertex
viyj; is reachable from vg o in Breg(wi,ws) if and only if the (wy,j)-profile
P € [0,1]""1 of wy satisfies P[i] = 1. Since v; j for 5/ > j is reachable from
vp,0 when v; ; is reachable from vy o, any possible j-profile can be represented as
the concatenation of an all-zero sequence followed by an all-one sequence. Fur-
thermore, we do not have to consider the all-zero vector as a profile. Therefore,
the total number of possible j-profiles is at most [. We set P; to all possible
j-profiles.
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The remaining part of algorithm ListLCS;(1V) is almost the same as ListCen-
ter(W). Following the definition of profiles above, we construct the graph I'*
and enumerate all s-t paths in I'*. Only the difference is the design of the source
and the edges incoming to the sink in I"*. In the context of listing common sub-
sequences, the (I + 1)-dimensional all-one vector is the unique possible 0-profile,
and thus s is set to it. The vertices in {(P,[)|P[l] = 1} is adjacent to t.

By the analysis similar with Section 4, we can bound the running time of
this algorithm as follows:

Theorem 4. For any set of k strings W = {w', w?, ... w*}, algorithm ListLCS; (W)
enumerates all length-l common sequences in O(I*T1k|X|l + M) time, where M
1s the number of output strings.

Vo,0 C‘ O

~

A~

~|

O

1771,1

Fig. 5. Band of LCS alignment graphs.

6 Concluding Remarks

In this paper, we presented two algorithms called ListCenter(W') and ListLCS; (W).
Algorithm ListCenter enumerates all the center strings for given k strings and
a threshold distance d in O((3%(d + 2))*dk|X|n + Mn) time. In addition, this
algorithm finds one solution in O((3%(d + 2))*dk|X|n) time, which is the first
FPT algorithm for the center string problem under the edit distance metric.
Algorithm ListLCS; is designed with the same framework as ListCenter, which
enumerates length-I common subsequences for k strings in O(I**1k| 2|l + M)
time.

On the parameterized complexity of the center string problem under the
edit distance metric is surprisingly less studied. An important open problem is
to show the fixed-parameter (in)tractability with respect to d only. While the
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authors conjecture W[1]-hardness of that setting, the proof is still missing. Even
if it is actually W[1]-hard, the exploration of faster algorithms (for example,
running in O(d* - poly(n) time) is also an interesting open problem.
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Abstract—If we process large-integers on the computer, they
are represented by multiple-length integer. Multiple-length
multiplication is widely used in areas such as scientific compu-
tation and cryptography processing. However, the computation
cost is very high since CPU does not support a multiple-length
integer. In this paper, we present a GPU implementation of
bulk multiple-length multiplications. The idea of our GPU
implementation is to adopt warp-synchronous programming.
We assign each multiple-length multiplication to one warp
that consists of 32 threads. In parallel processing using mul-
tiple threads, usually, it is costly to synchronize execution of
threads and communicate within threads. In warp-synchronous
programming, however, execution of threads in a warp can be
synchronized instruction by instruction without any barrier
synchronous operations. Also, inter-thread communication can
be performed by warp shuffle functions without accessing
shared memory. The experimental results show that our GPU
implementation on NVIDIA GeForce GTX 980 attains a speed-
up factor of 62 for 1024-bit multiple-length multiplication over
the single CPU implementation.

Keywords-Multiple-length multiplication; GPU; GPGPU;
Parallel processing; warp-synchronous programming

I. INTRODUCTION

Recent Graphics Processing Units (GPUs), which have
a lot of processing units, can be used for general purpose
parallel computation. Since GPUs have very high memory
bandwidth, the performance of GPUs greatly depends on
memory access. CUDA (Compute Unified Device Architec-
ture) [1] is the architecture for general purpose parallel com-
putation on GPUs. Using CUDA, we can develop parallel
algorithms to be implemented in GPUs. Therefore, many
studies have been devoted to implement parallel algorithms
using CUDA [2], [3], [4], [5]

Applications require arithmetic operations on integer
numbers which exceed the range of processing by a CPU
directly is called multiple-length numbers or multiple-length-
precision numbers and hence, computation of these numbers
is called multiple-length arithmetic. More specifically, appli-
cation involving integer arithmetic operations for multiple-
length numbers with size longer than 64 bits cannot be
performed directly by conventional 64-bit CPUs, because
their instruction supports integers with fixed 64 bits. To
execute such application, CPUs need to repeat arithmetic
operations for those numbers with fixed 64 bits which

increase the execution overhead. Suppose that a multiple-
length number is represented by w words, that is, a multiple-
length number is 64w bits on conventional 64-bit CPUs. The
addition of such two number can be computed in O(w) time.
However, the multiplication generally takes O(w?) time.
Multiple-length multiplication is widely used in various
applications such as cryptographic computation [6], and
computational science [7]. Since multiple-length numbers
of size thousands to several tens of thousands bits are used
in such applications, the acceleration of the computation of
their multiplications is in great demand. Also, considering
practical cases, a large number of multiplications are usually
computed. Therefore, in this work, we target at the compu-
tation for many multiple-length multiplications of such size.

Main contribution of this paper is to present an imple-
mentation of multiple-length multiplication optimized for
CUDA-enabled GPUs. The idea of our GPU implementation
is to adopt warp-synchronous programming. We assign each
multiple-length multiplication to one warp that consists of
32 threads. In parallel processing using multiple threads,
usually, it is costly to synchronize execution of threads
and communicate within threads. In warp-synchronous pro-
gramming, however, execution of threads in a warp can be
synchronized instruction by instruction without any barrier
synchronous operations. Also, inter-thread communication
can be performed by warp shuffle functions without access-
ing shared memory. Using these ideas, we propose a warp
synchronous implementation of 1024-bit multiplication on
the GPU. In addition, we show multiple-length multiplica-
tion methods for more than 1024 bits using the 1024-bit
multiplication method as a sub-routine. The experimental
results show that our GPU implementation on NVIDIA
GeForce GTX 980 attains a speed-up factor of 62 for
1024-bit multiple-length multiplication over the single CPU
implementation.

In sequential implementation, we can utilize software
libraries that support multiple-length arithmetic operations
such as GMP (GNU Multiple Precision Arithmetic Li-
brary) [8]. A sequential CPU implementation with this
library is used to compare the performance of our proposed
GPU implementation. On the other hand, there are GPU im-
plementations to accelerate multiple-length multiplications.
In paper [9], [10], GPU implementations of very large
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Figure 1: CUDA hardware architecture

integer multiplications using FFT are shown. Zhao et al
proposed multiple-length multiplication on the GPU as one
of library functions [11]. This implementation is based on
School method that is naive multiplication. Kitano et al.
proposed a GPU implementation of parallel multiple-length
multiplication also based on School method. In the imple-
mentation, load of each thread is equalized by reordering
the computation of partial products.

The rest of this paper is organized as follows. Section II
provides an overview of the GPU architecture. Section III
describes multiple-length multiplication methods. This sec-
tion also by reviewing the warp shuffle functions considered
in this work. In Section IV, our GPU implementation of
multiple-length multiplication using warp synchronize pro-
gramming is proposed. Experimental results are shown in
Section V. Finally, Section VI concludes the paper.

II. GPU IMPLEMENTATION

We briefly explain CUDA architecture that we will use.
Figure 1 illustrates the CUDA hardware architecture. CUDA
uses three types of memories in the NVIDIA GPUs: the
global memory, the shared memory, and the registers [12].
The global memory is implemented as an off-chip DRAM
of the GPU, and has large capacity, say, 1.5-12 Gbytes,
but its access latency is very long. The shared memory
is an extremely fast on-chip memory with lower capacity,
say, 16-64 Kbytes. The registers in CUDA are placed on
each core in the multiprocessor and the fastest memory,
that is, no latency is necessary. However, the size of the
registers is the smallest during them. The efficient usage
of the global memory and the shared memory is a key for
CUDA developers to accelerate applications using GPUs. In
particular, we need to consider the coalescing of the global
memory access and the bank conflict of the shared memory
access [13], [14]. To maximize the bandwidth between the
GPU and the DRAM chips, the consecutive addresses of the
global memory must be accessed in the same time. Thus,
threads should perform coalescing access when they access
to the global memory.

CUDA parallel programming model has a hierarchy of
thread groups called grid, block and thread. A single grid
is organized by multiple blocks, each of which has equal
number of threads. The blocks are allocated to streaming
processors such that all threads in a block are executed by the
same streaming processor in parallel. All threads can access
to the global memory. However, as we can see in Figure 1,
threads in a block can access to the shared memory of the
streaming processor to which the block is allocated. Since
blocks are arranged to multiple streaming processors, threads
in different blocks cannot share data in shared memories.
Also, the registers are only accessible by a thread, that is,
the registers cannot be shared by multiple threads.

CUDA C extends C language by allowing the programmer
to define C functions, called kernels. By invoking a kernel,
all blocks in the grid are allocated in streaming processors,
and threads in each block are executed by processor cores
in a single streaming processor. In the execution, threads
in a block are split into groups of thread called warps. A
wrap is an implicitly synchronized group of threads. Each
of these warps contains the same number of threads and
is executed independently. When a warp is selected for
execution, all threads execute the same instruction. Any
flow control instruction (e.g. if-statements in C language)
can significantly impact the effective instruction throughput
by causing threads of the same warp to diverge, that is, to
follow different execution paths. If this happens, the different
execution paths have to be serialized. When all the different
execution paths have completed, the threads back to the
same execution path. For example, for an if-else statement,
if some threads in a warp take the if-clause and others take
the else-clause, both clauses are executed in serial. On the
other hand, when all threads in a warp branch in the same
direction, all threads in a warp take the if-clause, or all take
the else-clause. Therefore, to improve the performance, it is
important to make branch behavior of all threads in a warp
uniform. When one warp is paused or stalled, other warps
can be executed to hide latencies and keep the hardware
busy.

There is a metric, called occupancy, related to the number
of active warps on a streaming processor. The occupancy
is the ratio of the number of active warps per streaming
processor to the maximum number of possible active warps.
It is important in determining how effectively the hardware
is kept busy. The occupancy depends on the number of
registers, the numbers of threads and blocks, and the size
of shard memory used in a block. Namely, utilizing too
many resources per thread or block may limit the occupancy.
To obtain good performance with the GPUs, the occupancy
should be considered.

The kernel calls terminates, when threads in all blocks
finish the computation. Since all threads in a single block
are executed by a single streaming processor, the barrier
synchronization of them can be done by calling CUDA C
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syncthreds () function. However, there is no direct way
to synchronize threads in different blocks. One of the
indirect methods of inter-block barrier synchronization is to
partition the computation into kernels. Since continuous ker-
nel calls can be executed such that a kernel is called after all
blocks of the previous kernel terminates, execution of blocks
is synchronized at the end of kernel calls. On the other hand,
all threads of a warp perform the same instruction at the
same time. More specifically, any synchronizing operations
are not necessary to synchronize threads within a warp.

In CUDA, warp shuffle functions allow the exchange of
32-bit data between threads within a warp, which become
available on relatively recent GPUs with compute capability
3.0 and above [12]. Threads in the warp can read other
threads’ registers without accessing the shared memory. The
exchange is performed simultaneously for all threads within
the warp. Of particular interest is the shfl () function,
that is one of the warp shuffle functions. This function
takes as parameters a local register variable z and a thread
index id. As an example, consider the following function
call shfl (z,4). The shfl (x, 4) allows to transfer the
data stored in the local register variable x from a thread
whose id is 4 (Figure 2(a)). This function call corresponds
to broadcasting a register variable in a thread to the other
threads in a warp. We note that each thread has its own
local register x, that is, each = cannot be accessed from
other threads. As another example, consider the function
call shfl (z, (id+1)%w). The function call performs data
transfer like right circular shift between threads as illustrated
in Figure 2(b). In the similar way, the shfl (z, (id + w —
1)%w) allows to transfer data like left right circular shift
(Figure 2(c)). The above data exchange can be performed
via shared memory. However, the latency of shared memory
access is longer than that of the warp shuffle functions.
Since the use of shared memory may cause for decreasing
occupancy, if the warp shuffle functions can be used, they
should be used.

Warp synchronous programming [15] is a parallel pro-
gramming model such that one warp is used as an execution
unit. The characteristic of this model is that any syn-
chronous operations are not necessary. Usually, it is costly
to synchronize execution of threads and communicate within
threads. In our GPU implementation shown in the following
sections, we adopt warp synchronous programming. Also,
inter-thread communication is performed by warp shuffle
functions without accessing shared memory.

III. MULTIPLE-LENGTH MULTIPLICATION

In the following, we will represent multiple-length num-
bers as arrays of r-bit words. In general, r = 32 or 64 for
conventional CPUs. Let R denote the bit-length of numbers
and d be the number of b-bit words. Therefore, d = [£].
For example, a 1024-bit integer consists of 32 words. Next,

id 76 543 210

x [h[g[fleld|c|b]a]
x = shfl(x, 4);
x | e|lele|lele|e|le|e
(a) broadcast

x = shfl (x,(id+1)%w);

‘ahfglfleld]c]b]

X
(b) right circular shift
id 3
X f d b
x = shfl (x,(id+w—1)%w);
x [alh[g[fleld]c[b]

(c) left circular shift

Figure 2: Example of intra-warp data exchange using warp
shuffle functions

we will introduce several multiplication methods for such
multiple-length numbers.

A. Multiple-Length Multiplication

Suppose A and B represent two multi-length numbers.
We are multiplying A by B and the result is stored in C,
that is C' = AB. To compute this multiplication, School
method is often used. The algorithm of School method is
shown in Algorithm 1(a). For simplicity, in the algorithm, the
sizes of the multiplicand and the multiplier are the same and
{z,y} denotes a concatenation of x and y. School method
multiplies the multiplicand by each word of the multiplier
and then adds up all the properly shifted results illustrated in
Figure 3(a). As illustrated in the figure, calculation of School
method is performed in the row order and some storage
needs to be allocated to store intermediate results that are
partial products. In School method, intermediate data that
are partial products need to be stored to the memory as
described at line 6 in Algorithm 1 is necessary.

To avoid storing the partial products, Comba method [16]
is used. The algorithm of Comba method is shown in
Algorithm 2. According to the algorithm, the readers may
think that it is more complicated than School method.
However, the difference is only the order of multiplications
of words and the number of multiplications of words is the
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Algorithm 2 Comba method
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-
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(a) School method
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as - by I. ..dfl.bx;l a b’b; Qo * ‘?’;

Lo [ Jle Jla fle Jle  lalle]

(b) Comba method

Figure 3: The order of word-wise multiplication for multiple-
length numbers C = A - B

same as illustrated in Figure 3. More specifically, calculation
of Comba method is performed in the column order. In
Comba method, intermediate data also has to be stored.
However, the data corresponds to carry data for the next
column. Since the size of the carry data does not depend
on the size of numbers and it is only one or two words,
its storage can be placed to the register. Table I shows the
number of word-wise multiplications and memory access of
School and Comba methods. From the table, the number of
memory access, especially memory write, of Comba method
is greatly reduced.

Algorithm 1 School method

Imput: A = (ay-1,...,01,a0), B = (by-1,-..,b1,b0)
Output: C = AB

1. C+0

2: for j=0to w—1do

32 {u,v} <0

4 for i=0tow—1do

5 {u,v} <= a;bj +ciyj +u

6: Citj <V

7 end for

8 Cow+4i S U

9: end for

Karatsuba method [17] is an algorithm for multiplying two
numbers that reduce the number of multiplications compared
with School method and Comba method. Let us consider
multiple-length multiplication for C = AB, where A and
B are multiple-length numbers of size R bits each. The two

Illpllt: A= (aw,]_, ce ,al,ao),B = (bw,]_, e
Output: C = AB

1: {t,u,v} + 0

2: fori =0to w—1do
33 for j=0to:do
4 {t,u,v} + a;bi—; + {t,u,v}
5 end for
6: C; <V
7
8
9

abla bO)

V= u,u—t,t 0

: end for

: for i = w to 2w — 2 do
10 forj=i—w+1tow—1do
11 {t,u,v} < ajb—; + {t,u,v}
12:  end for
13: C; <V
14 vé—uu+tt«0
15: end for
16: Cow—1 <V

numbers A and B are divided into two parts of size R bits
each such that A = A, - 2% + Ag and B = B - 2% +B0.
The product C' is computed as follows:

C = AB
= (A;-2% + Ay)(By-27 + By)
= A1B;-2% 4 (A1By + AoBy) - 27 4 AgAg

In School method and Comba method, there are 4 multipli-
cations Agx By, A1 x By, Agx B1, and A1 x B;. On the other
hand, in Karatsuba method, the sum of two multiplications
in the second term A; By + AgB; is modified as follows:

A1By + AoB1 = (A1 + Ap)(B1 + By) — A1B1 — Ao By

In this deformation, computing two products A;B; and
Ao By beforehand, there are three multiplications A; x By,
Ao X By and (47 + Ap) x (By + By), though the number
of addition/subtraction is increased. Thus, Karatsuba method
can reduce the number of multiplications from four to three.
This idea to the partial products can be applied recursively.
Therefore, in Table— I, the number of multiplications and
memory access is shown when Karatsuba method is applied
once and then Comba method is used for smaller size of
multiplications. Also, “Karatsuba®” in the table represents
a method such that Karatsuba method is applied twice and
then Comba method is used. According to the table, when
Karatsuba method is used, the number of multiplications
is reduced. On the other hand, the number of memory
access is increased. In the GPU, the latency of memory
access is much longer than that of 32/64 bits multiplication.
Therefore, in our implementation, Karatsuba method is not
used recursively.
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Table I: The number of multiplications and memory
read/write for multiplying two w-word numbers

Lo e J[ o J[ a ]

x [ Jle J[ o J[ & ]

thread 3 thread 2 thread 1 thread 0

method \ multiplication memory read memory write
School w? 2w? w? + w
Comba w? 2w? —2 2w
Karatsuba %wQ %wQ + gw -2 Ly+4
Karatsuba? EwQ ZwQ + 20w — 4 %w + 14
Lo [ e J[ & J[ e ]
x [ J[ e J[ o J[ o |
thread 3 thread 2 thread 1 thread 0
by ay - by ay - by ag b,

thread 0 il

thread 1 L Els S l
a-bI a<b| a-bI a-bI
thread 2 3 2 2 2 1 2 0 2
thread 3 a3<b3| az-b3| a1<b3| ao-b31

e Al [ e [l a [l a [l el all ]

Figure 4: Parallel column-based multiplication

IV. PARALLEL MULTIPLE-LENGTH MULTIPLICATION FOR
THE GPU

This section presents the main contribution of this work.
We adopt warp-synchronous programming to the proposed
parallel multiple-length multiplication. In the following, w
threads, that correspond to one warp, are used and work
in parallel without any barrier synchronize operations since
threads within a warp execute the same instruction and
synchronize for each instruction. Also, the proposed parallel
multiple-length multiplication does not any use shared mem-
ory. It is a parallel algorithm that parallelizes School method
basically, called Sum-rotate multiplication. To achieve this,
we employ warp shuffle functions as described in Section II.
More specifically, data exchange methods, broadcast and
right/left circular shift, as shown in Figure 2 using warp
shuffle function shfl () are utilized. The details of the
parallel algorithm are presented next.

In the proposed approach, a product C =
(Cow—1,--+,C1,C0) of two w-word numbers
A = (au,_l,....al,ao) and B = (bw_l,...,bl,bo)

is computed, where the size of each word is 32 bits. Since
w = 32 unless the value of w is not changed for changing
the GPU architecture in the future, this algorithm supports
a multiplication of two 1024-bit numbers.

Let us consider how to perform the computation using
multiple threads. A simple idea is to assign threads column
by column as illustrated in Figure 4. In the figure, threads are
assigned to two columns to balance the computation load of
each threads. However, since threads have to switch columns
in distinct timings during the computation, warp divergence,
described in Section II, occurs. This parallel approach is not
suitable for GPUs.

On the other hand, in the proposed approach, w threads,

Figure 5: Sum-rotate multiplication

that correspond to one warp, are used. Each thread is
assigned to one of the partial products in each column.
More specifically, when w threads (thread 0, thread 1,
..., thread w — 1) are launched, thread 7 computes partial
products a;bg, a;by,...,a;b,—1 for each column as illus-
trated in Figure 5. Using this assignment of threads, almost
all operations are the same between threads, that is, warp
divergence can be avoided mostly.

In the proposed approach, since each thread takes partial
products shifting to the upper digits row by row, it is
necessary to obtain the partial products, except the carry,
from a thread assigned to the upper digits. To achieve
this, we use the inter-thread right circular shift described
in Section II. in each row, thread O obtains the final product
of ¢;. According to Figure 5, a thread assigned to the
lowest digits can obtain the lower words of the final product
co,..-,Cy—1 for each row. On the other hand, the upper
words of ¢, ..., co,—1 are finally computed by thread 0,
..., thread w — 1, respectively. After completing the multi-
plication, 2w words of the final results are placed such that
thread ¢ has two words ¢; and c;4,, to store the results to
consecutive address of the global memory using coalescing
access in parallel.

The details of Sum-rotate multiplication are shown in
Algorithm 3. Each step of the algorithm is executed by
w threads in parallel. First of all, in lines 3 and 4, each
thread loads one word of each from A and B stored in the
global memory and stores them to its own registers a and
b. After that, the multiplication is performed row by row as
illustrated in Figure 5. In line 6, thread j broadcasts b; to
local register " using the warp shuffle function to compute
the product a - b" in the next step. In line 7, partial products
are computed including the addition of the carry from the
upper digits. Each thread obtains the partial products except
the carry from a thread assigned to the upper digits as the
carry for the next digits by right circular shift of register v in
line 8. In line 9, product ¢; of the final product computed by
thread 0 is transferred to the right thread using right circular
shift of register ¢’. Next, thread w — 1, that is assigned to the
leftmost thread in Figure 5, set registers ¢’ and v’ to v and
0, respectively. This is for the right circular shift operations
in lines 8 and 9. Since this operation is performed only by
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thread w — 1, warp divergence occurs, but the effect to the
performance seems to be very small. After that, each thread
obtains the value of the next digits in line 14. After for
loop, each thread has the lower digits of the final products
co,---,Cw—1, respectively. At that time, the upper digits
Cw, - - -, C2o—1 has not been computed yet since each thread
still has the carry. Therefore, the while loop in lines 16 to 19,
carry propagation is performed using left circular shift until
any threads have no carry. In order to check whether any
threads have no carry, we use warp vote function any () that
evaluates truth values given from all threads of the warp and
return non-zero if any of the truth values is non-zero [12].
This while loop is iterated at most w — 1 times. After the
loop, since thread ¢ has two words ¢; and c;4,,, they are
stored to the global memory with coalescing access in lines
20 and 21.

Algorithm 3 Sum-rotate multiplication using a warp
., a1, a())7 B = (b’wflv ey blvb())

Imput: A = (ay_1,..
Output: C = AB
Ciid (=0,1,...,w—1)
u+ 0,00, «0
a < a;
for j < 0Otow—1do
b’ < shfl(b;,j) > Broadcast b; from thread j
{t,u,v} < a-b +{u,v}
v+ shfl(v, (i + 1)%w) > Right circular shift v
¢ + shfl(d, (i + 1)%w) > Right circular shift ¢/
if id = w — 1 then
v
12: v 0
13:  end if
14 {u,v} <+ {t,u}+v
15: end for
16: while any(u) # 0 do > Loop for carry propagation
17 u <+ shfl(u, (i +w —1)%w) > Left circular shift u
18: {u,v} <~ u+wv
19: end while
20: ¢; < ¢
21 Cijq <V

R e AN A Rl e

_..—
= @

V. EXPERIMENTAL RESULTS

The main purpose of this section is to show the exper-
imental results. In order to evaluate the computing time
for multiple-length multiplication, we have used NVIDIA
GeForce GTX 980, which has 2048 cores running on
1.216MHz [18]. In the following, the computing time is
average of 10 times execution and the computing time of
the GPU does not include data transfer time between the
main memory in the CPU and the device memory in the
GPU.

First, we evaluate the performance of the multiplication
methods on the GPU. We have also implemented the single
thread implementation such that each thread computes one
multiplication. This implementation is based on the idea
proposed in [19]. In the implementation, there is no warp di-
vergence since all threads execute the same instructions, that
is, this implementation is also based on warp-synchronous
programming. In addition, to evaluate the effect of the use
of warp shuffle function, we have implemented a multi-
plication method with the shared memory instead of the
warp shuffle function. Table II shows the computing time
when 100000 multiple-length multiplications are computed.
Note that ”Karatsuba?” in the table denotes a multiplication
method such that Karatsuba method is recursively applied
twice. In the above implementations, every block has 32
threads, that is, one warp.

According to the table, we can find that one warp imple-
mentation is faster than the single thread implementation.
For data communication within threads, use of warp shuffle
functions is more effective than that of shared memory.
Regarding multiplication methods in the one warp imple-
mentation with warp shuffle functions, for no more than
8192 bits, Comba method is faster and for more, Karatsuba
method is faster than the other methods. Karatsuba? method
is slower since the overhead such as the number of additional
additions cannot be ignored. According to the results, the
best configuration for the size of operands is selected such
that Comba method is used for 1024 to 8192 bits and
Karatsuba method is used for 16384 to 32768 bits.

We have also used Intel PC using Xeon X7460 running
on 2.6GHz to evaluate the implementation by sequential
algorithms. In the CPU implementation, we have utilized
GMP version 4.1.4. Table III shows the comparison between
CPU and GPU implementations for the computing time in
milliseconds when 100000 multiple-length multiplications
are computed. The best configuration in the above has been
used in the GPU implementation. Using the proposed GPU
implementation, the computing time can be reduced by a
factor of 18.71 to 62.88.

Table III: The comparison between CPU and GPU imple-
mentations for the computing time in milliseconds when
100000 multiple-length multiplications are computed

# of bits 1024 2048 4096 8192 16384 32768
CPU 9534 315.65 1031.40  3254.28 10505.87  30928.49
GPU 1.52 7.50 26.16 103.00 435.23 1653.45

Speed-up | 62.88 42.10 39.43 31.59 24.14 18.71

VI. CONCLUSION

In this paper, we have presented a GPU implementation of
bulk multiple-length multiplications. The idea of our GPU
implementation is to adopt warp-synchronous programming.
Using this idea, we have proposed Sum-rotate multiplication

- 105 -



Table II: The computing time of GPU implementations in milliseconds for 100000 multiple-length multiplications

# of bits
execution unit multiplication method | 1024 2048 4096 8192 16384 32768
Comba 506 3896 16556 684.61 2806.77 11411.26
single thread Karatsuba 6.59  21.62 80.22  320.46  1288.00 5333.75
Karatsuba? 5.62 16.54 58.02  219.59 867.14 3896.67
one warp (32 threads) Comba 1.99 8.28 32.16  125.84 501.04 2078.12
with shared memory Karatsuba 15.64 4556  150.34 560.37 2057.02
Karatsuba? — — 60.24  164.61 589.34 2331.08
one warp (32 threads) Comba 1.52 7.50 26.16 103.00 440.38 1729.08
with warp shuffle functions Karatsuba — 12.08 3548 118.73 435.23 1653.45
Karatsuba? — — 5338  144.79 490.27 1819.33

of two 1024-bit numbers. We assign each multiple-length
multiplication to one warp that consists of 32 threads. The
experimental results show that our GPU implementation
on NVIDIA GeForce GTX 980 attains a speed-up factor
of 62 for 1024-bit multiple-length multiplication over the
single CPU implementation using GNU multiple precision
arithmetic library.
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MM(x + 1,y)A;, () © MM (x,y) Aoy (t)

20 ERXRTF EIPHRE CAFRBRIFER XARKEH 2015916

- 148 -



GPU L TR

y AR T I X LEGPULTEETLHEIZIZLUTDIDDAENE
ZbNb.

{ D2 EEDRBETIC, | EBASOEEETAS

DRESITHLCTRYRUBERZ1TED

4 )

-

7iEQ: ODILRM TERBEMNRZZTLEHTERET D
- J
4 N
AEQ: | B DEFRZDPEAVWTHEIL TERZT
\L\,)UJODj(%é(:FBL’C%*U RUEFEEITED )

21 EBKE BIFMER CHERIFER KAZEEH 2015/9/16

- 149 -



GPU L TR

/f@ ﬁlitﬂ)nEL’EEL |$1_LE#;'-I @/ﬁiiﬁjé_'f_ﬂa\ /-\j]@j(%é( FL.T\L/
THRYRLEEZI1TED

R a) _
A /

=Y (Y5 E)

NN

>  t)L(XEFHE)

22 EBKRE BIFMER ICABRIFHER RAREE 2015/9/16



GPU L TR

7iEQ: QDR TEMBEMRZEZFEOTERT S

B8]
A /

EHBMRZZEFTLEHTE

) (Y% 5 ) g42

Z
/

> )L(XEAEE)

23 ERXRF BEIPHRE CRARRIFER XAREEH 20159716

- 151 -



GPU L TR

/—~

7 i£®):DP(dynamic parallelism)Z LN TITS

DEILIFRDRRELLHE
TDEZRZEHELTEEREL
TLZFES

BeM]
1 /// %Qiﬁﬂwﬁiéﬁﬁf/

Iy A 15))

f////ﬂ > L (XK )

24 ERXRF BEIPHRE CRARRIFER XAREEH 20159716

- 152 -




SHORE

[EE 0)/7\I~U wHOFIL3 ')ZA’&GPUJ:’C%L%T%%J:')E%&}

.

17O
(AP HA R EF IR T— I DIBEEANELTEZAEHT.ET

B2y T —O% L ETEITADIOLATLNDELE
x ARy T I TYX LEZEFH ETILETUOIaL—M,ERBOE
K%%%ﬁ%to)ttﬁx’&ﬁ—}

{GPUJ:’CO);JJ$E’J7§L/ZI~U WOTILIYX LDEEFEZDIRE J

/

A =

112

25 EBKE BIFMER CHERIFER KAZEEH 2015/9/16

- 153 -



IR
yWEHEHYMNESITILVELL

26 EBKE BIFMER CHERIFER KAZEEH 2015/9/16

- 154 -



vy 326

HEHSG 2

- 155 -



GPURIE

/Nt )

BEE : GPU % F\ 7z Tree reduction 7L 3V XL %% 9. Tree reduction 1 WFIFHEIZ

1R Tree Reduction J

7ZIL3aU X

EH FE2D)

B 2k b HEA

MO —>TH Y, PHIEEZHTEHELNBHDAINFHIP RIS 2587 ) EDS < D
BO—MLEe>Twas, GPUMF7? LI XLZKETIE~LF 70wy ¥ SIMD 7—%7 7

Fr 2 BB 20EDD DY, ARG 5 ABE T
GPU 7—* 77 F v 2 GIHMT 2 2 L 3L v,

, THRICB T — I BAINTKRECHKET 570

Lo L, KX TIE, GPU 7—F7 7 F v %@l

ICER L, E#IC Tree reduction ZFHH T2 703V AL ZBET 5, BET LTV XL EKROBITHST

@F 1/O AR & 4 2.

1. FU&IC

Taxy OEfEs vy 7 FEEON EIZRR Z 0 Z <
B, AR EcRE237 4 —< v AR EOFEE L
TUHHN 7 —F 77 F v 25 H ST %, GPU (Graphics
Processing Unit) \&IG4 1377 7 4 v 7 WSRO 72 9 DEH
TuxyyE LCHEINL, LaL, EFICE IR
ZROTVLIEDS, 7774y ZMHDANIZH GPU
BELIUARD TS, NHONEIZ GPU 235 2 &
¥ GPGPU (general-purpose GPU) & FEENTE D, Zffi
IS BREEDHEEETE 3 2 L 6 FEHIN TV S,

GPU 3B a 72 Mo L CUEZ{TH 20
ﬁ%&?—#77%%&&01m6[L(WU7U77\
YZRBWTE, TOT7—%T7 7 F v 2EYNCERT 40
3% %, NVIDIA #Hid GPGPU D7 & DBFHFERET & L
T, CUDA [2] #$&ft L CT¥H, CUDA LThI¥3252L
kD, B4 GPUEFILV ETEIET 27009 L% %K
”**T% ZENTES, LL, mELE74r—<v A%
57012k, GPUT7T—F7 7 F vZ2#EUNCEREL 7LD
UxA%&ﬁ?é%%#%%.GPva%fmkwﬁu
SIMD 7—F% 57 7F v t%-oTED, v LF7ukyyN
DFTRTDATHRHICA—DaHE2HTL T3, SIMD
ATk B XY T 7R A, FEOHHITT 72273
BRI R 5720, ATk s TICHRIIZ X €Y
TI7RATEDLLICTNTY XL %2FEHTHHENH B,
HH 513 GPU 7L 2 X LK L EFE R oMb a2 17

L RAUERAERERY: HARHAVIZERE AR
2 RRUREE Kbt B TR TR

2)  koike@nii.ac.jp

b)  sada@mist.i.u-tokyo.ac.jp

IIDDETNELT, AGPUETILEZELEL T3 [3].

Tree reduction W FIFHEIC B T 2 i b AN FTED
—DOTH D, RN 287 LY, By & G 1z
W7 B DEE L E 2 &% < ORIED Tree reduction (T
—fbE 4 [4], [5], [6], o, UL THRGEL [T] R Ry
=Y DT 8] % DRETIEH S LT 5 (9], [10].
Miller & Reif [5] I Tree reduction Z &9 % 729 D Par-

allel tree contraction 7L 3V AL ZREL 72, ZDHD
ez WM Th T\ 3 (10, [11], [12], [13], [14]. F7,
UL 2 W FIF R O ZRIR [15] 12 H % < DU DHEN
INTn»3

ATIDMT E DA (preorder) ICIEFIL (V77 4 X)
INTLEYAD Tree reduction bEETH D, ZDOHH
D7 TV A LI Gibbons & Rytter [16] 12 & D IRE I 1

Tw3, XML T7—=% %2R0 LT3 DT =803 D)
KTV 7794 XENT0S, KL TIEZIDT— 571‘%:;
% XML RBLE WS, T4E, JEREE 7 — & %2 kil )
kﬁ??%?—y&—XkLTXML?—?N—XﬁEE
INTVDE, XML 7= R=RIZT272) 5kt
T XQuery [17] 3% D, 7 V) UHEOEHLATRKD 6““(
W3, kB, Y=Y TAITY RLIOBTIE, A
Fv IO TIY T IART—=F %2 1HAAX Y §5C
ETHIBTEZ I LMo NT WS [16]. 72, Rigxwd
LHARNZ 7 1) DEOH (ROFESE) X, ZOT7—%
&R U CAfi %1 Prefix sum %247 9 IR[E TR 2 2 & 23
STV [13).

Tree reduction % FFMICIEFIFHE T % 7z oIl %2 >
J% 2 L%%EZ S, Matsuzaki & [19], [20] 1EHE5R ST ECHI
(Extended distributivity) & \» 9 #l#ZBML 2% E&D
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Tree reduction I DWW THREL TE D, Kakehi 5 [21] &
BSP €7V [22] £ TD XML E£HUZH T % Tree reduction
WBALC, IRDEHIZ W/ @il 7 L3y AL REL
7o, BIERIZ O(n/p+p) THS. F7-, Emoto, Imachi [23]
& EFL7 L3 X L% Map-Reduce € 7V [24] AT ICEUR
L 7. —77, Morihata, Matsuzaki [14] & Tree reduction
RO ODHOHIKE LT, okl ziREL T
5, ZoflfEEMLTH, RELZL DI YBAN-Z
o GRS %), ZRORWISIEHE SRR L 74 5.

AL TlE, Morihata, Matsuzaki[14] 12 & % #5391
ZIEM L, XML REIZW T % Tree reduction Z GPU L
TRMGIHE T2 703 AL %2RET 2, Eido BSP €
7 V% Map Reduce €7V ETOTALITY XALTIE, &3
TiREZ e AR L, fINCEHE 21T 9 23, GPU
wIF 7y iESIMD 7—%7 7 F v D, WD
a7 AR R ZIT) S EIETE R, Thbb, v
F7aky N2 TIFEICE—Ofma % EITT 50583
H5, FICAEY T 7RAICODVTUE, T7RATET—
7 RVLAPB a7 ZEIRANITIF L RESED D720
GPU O%HEN AT ) 7 7 2 ADMHA (a7 Ly v
7%) RIERAT A EFEL v, ATl LRlofEx
fRe L, @l 7T A LeRiT 5. BRET LT
R LI ARDIBIHKTFE 12 AGPU _ET1/0 FHE R
&%, AGPU(p,b,M) 7))V T n EFEITH L T Tree
reduction %179 W5, BElaHsTits O (25L), 1/0 fHEkt
X O(n/b) TH 5.

2.

2.1 AGPU E£FI)
AGPUETIVIZ, GPU 7LV XL DHHEEDN
LR 2479 72D DWFIFIHRET IV TH S, AGPU €T
WEMWDZ LT, GPU 734 ZDFEIEER IR S 72\
MHNZ 7L ) ZLGGHEFHi 2T 2 L3 T&E 5, %
3, AGPUETLNDT7 =X 77 F v 2@ L%, GPU
7L 2 XL DFHliEHEIC DWW CFIHT 5.
2.1.1 7—FFTUF¥
AGPUETNVDT7—F T 7F ¥ %K 112”37, AGPU
ETNDT—F 77 F 2 I ZWHFEEZIT) 7DD TINA X
(GPU) & 74 2% lff1T 2 72 d DR M (CPU) ® Fff
RS AT LERSTWS, TN R pED 2721 A
Tw3, a707—FEREwEY FTHYH, a7Iidv7—F
B CT =27 72 AT 5, £, T4 RFEHEOT
ILF 7Oy THEINTED, vl F7aky it
bEDa7 %A TVE, Thbbp=khThHs. 2
F7uy i H R M2 SEE IR ST LRI
FET95., $hbb, wLF7ruky o<l 7o
oy EOWMEFRE XOFAPFRZEZ 20w, FR M
TRTCOTILF7aky FOMMSE T ZFFO>Z LiIckD,

KRR /nﬁ

TINAR
bI—F b7—F bI—F
Ja—nJL | T I - I ]
AEY T
RLFTREyY | [RUFToeys TILFTaEyY
ba7 ba7 b7
a7 (T~ [[T—-—1)
Hw EvH Hw Evl wEH
#H «> <> e <«
AEY
(M7 —F)
b /Y b /N>y pa7 by

K1 AGPU EFLDOT7—FF7F %

P [ 1
Multiprocessor | Il Wait due to global memory
access

S ErPa

Shared <«
Memory

-]

Time

K2 WLVFALY T4 YLD LA TV BERODH]

< F7Tury YHEOEPEZITI 2 ENTES, LaL,
<V F7ay ONBSE TR, EXAEVDOT—FI13T
RCHIFRE NS, BTSRT20EDRH 5T —F IEv L F
7aty FOPBF TS T RT 7 — L A Y ICEE
AODEDH B .

2LF 7Ry FADED 2 7IZ DAL v Tkt
L, WcHA—D@mRzETT 5. ZoOK, &2 7i3FE—m
BEAHNCHETTEEL), 12DV F7rLy FHT
WINAEINE ALy FOEGEZT—T WS, 72721,
FRZVPICHEINSGT—F 7 FLRAIZODWTIEa7?

EIIBET LI ENTES, 72, MR FETEHEE
GODHIEMTE, Z£EM-Ta7ToArMOEETIE
2Z2EDTESL, —H, KaATIIEED AL v FEREDE

TYIDBEZLDBOAFEITT2I LN TES. JOR, %
ATIIEBAL v F2AATICEIT T2 09, Swifiin

X, wVF 7 aky FIEERT — 72 MATICET TS 2 L
MWTES, GPUDZDKREZNILF AL Y T VT LM
BRIV FALYy T4y AIE TR =NV REY) T IR A
DLA Ty (FFLRE) 2REROCT2H9R1H 5. T4
bbb, HHrT7 =BT — N REY T 7RAICED, £
LIRRBIZ R o TV ABAIL, < LF 7uky Fidfiioy —
TEFEFTZI LD aT7OMFHEERZEDL I EBTE
5, M2 icBEHZRT, v VFALY T4 v 73 GPU
BT BEENEACR YT 7 ADX— LR 58 TH 5.
TNA R 2FEDOAEY ZHA TS, 12HIFY
A—NILAXAEUTH S, ZNIHEETH 20K EFRTH
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D, TRTDINF Ty FELORA IS T 7R A
THTHZ, Fr—NVRAEVIE O —FITEDTry Y
ZAFINTwD, FA—maz2dfTdse s ruky
NOLa7HFA—7ay 7772 AT 5, 1H0OXE
V7 7R ATRATFDT—F T IRATHIENTE
., 237 Ly YT EEENTE D, MHRHEIZK
ShERE2 %, —F, avPEBORL L Tay 7
TI7RATEHEEE, £7 0y 7D LTIRHODO? 7 X A
PREER L, 2OHEIHBEXEYTHS, F9LF 7R
Ly IEWNTBICER M 7—F (b< M) DG X €Y %
ZTC0W3, ZHUIERTH 2 BEERTH S, £, <L
F7uyyNBOIT7HEDAT 7 ATRTH S, H
BAEVZ DOV 7 ORI NS, [H—mhkET
THVEADITDENETNBRIE LNV IIZT 7 RAT S
W, BRI CTF—2IcT7 7 ATE S, HED 2 700
—DNYIIIZT 72 AT BIEE, WHEB Y774 I N
5, ZHUFNYIAVTYIRNEMENTED, Zdil
PIRFIC KR E R E L2 52 %, D ETERINLFHEET
W7z AGPU(p,b, M,w) EREET 5. 772 L M,wiZDWw»
T, BRI NIGEND 5.

2.1.2 FILTUXLOFHIERE

9, 73V R LOFETIRM % AT 2 HHE L L T,
REIRRE L /O FHRELZ AT 2. RHFHERIZ, &
CILF TRy P TERITEIND TV T LDOMEFRITET
Ht HEEAERVANDTIZXLRTNY 7y 797 basgk
BT BEGA, av 7 ) 7 FBICIG U 72 KR AR I
mEasnsg, ¥, 70— NLAEYADT 7 X RAITDOWN
T, b7 —FD7uay 72T 3HEAARAE IFHAA
AORMHEEZ 1 £ T2, = LFaky T Eilms
FATRDIRZ 25681201, RO VRITEZ G R &
5%, IJOFHERICOWTIE, EETHHLZ7a—)L
XEY T 7R ARBDOTRTORILF 70ty 3 THOLEEH
fEL 3%, 1/0 fHEEZIRFMGHER & 13N FHfid 2 $H
ik, 70— VL XEY) 7Yk AR T 2 IR A
HUZIERTREL %2270 TH2B, £/, Ju—1NLRAE
VIR L CHERIZ 7 7 2 AT[EE R L F 7' 0 X v S EDR
LNTVE70, 77 AMEEIZOVTE, TXRTDOIL
Fraky P TORIEET S,

RIZ, AEVFHEZIMET2EHEL LT, JTu—nL
AR LG AR YVHEARZMEAT 2. AN
HMAiP3ey b Th B, £, HEXBVHHBRSLT
Jaty FCHHINEAEYHHEORAEE TS, K
HEF—y 284, Za— "L Xe YRR 7%
T2 ERHCEETH S, o, WEXE VMR M
7—FTIcd 2080 H 5, £/, WHEXEYHEHRR
DITCHiHT 2 % EEICH T 5,

2.1.1 fi TR\, 2 LF ALy T4 ¥ 7k GPU I
BUZARBYT 7R ADXF—L R 2EMMiThHs, LrL,

I/O AHEBDEIZ< L F AL v 74 v T ORIG L 1L HERG
THD1D, SVFALY T4 v TOME%Z 1/0 iHHEER
HOWTCHMIT2 Z i TER\V, ZZTILFALY T4
VI DORREFAMT HHE L CEEEREAT S,
RLVFAVY T4 VT ORERE LI oiclE, v vF
Taey FIEH O YTEZY - THEHPEIIR Y, Ly
L, #Yy—78G 22V HRICKET S, LT
TRYyYHDTRTOY —7IZF—DHE X €Y 2l
T30, &7 =702V HHEOAFTHELILH
XEVH A RZHAS T EIFTERL, AGPU(p,b, M) I
THIFINLEZTLITY RLIZOVT, 7 —TDH A E
V& Z m & 35L, BEEMIEM:=M/m LER
N3, ZHUE CUDA ODAF 2/ VIR IET 2{ETH
20, %EEIZ AGPUETFLDF X —F 2 LT
HyzZencEs, EXABVHEHESREVES, £
HEDMEIZNZIL D, SVFALYy T4tk A4
TV RBDIENNS (12 B,

2.2 Tree reduction
WAL ZEREAR LOES v o LT, UTFORZ TR
95,

h(wv)

70 @ &, h) = wU@>< b f@h®,@Jw> (2 ft)
ueS(v)
ZZT, S) BovDFDHEEZEL, w, FTHK v DEA
ZERT. 0,0 132005 B2WBHTHY, 20yl
Q(z,y) ZBKL, 20y 13 ®(z,y) ZBEKT S, hiZ1D0D
Jl#BzWAB8THL, CholEANELTERAONS,
7, @UEMTOX) BEIHEEIT).

nG_BT[i] =TOleTl]® - eTh—1].
i=0

oW, KOWricHL T, f(r,e,eh) 2HHT25H
% Tree reduction & W&, ARFwXTIE, @ I &A5ERIZ N7
THDET 3, @ FHRET 25U ARz L <
WBRREIERC, F, 0,6 IFAHTH 0L v, £
7, @,6 FHRMILERI> TV LRET S, @ i e
DSRAILZ R WAL R RINT 5. £/, B
FIFEEARRY L CIFHEARAZHF L T2 tuple ZIBTH D
35, Tabb, EBIZVAYERELT—F%IEKET Z
ElFTERY, £, B, hIZANEICES TITE
B CRIATE 25D LT 5,

3 DARIZK LT, Tree reduction #HH T 2H]% <D
TS,

.1 (sum)
ROEHFDOEADAGZRD D, DR, B ®, @, h
ZPIT D X 9 ITHE L T Tree reduction #5891, AT
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3 R HAMAH

HDME 37T 615,

®(z,y) =z +y
@(x7y) =r+y
h(z) = =

.17 (count)

JHRDOEAD 10 D EOTHEEZRD 2. Z0gh, TH
REAZH 6P C DT OREZ HVTEL T T,
Bl EFBRICH ) 2 EMNTE, IEDES BEoN 5, Y
%, FHNC EEoZ#2 1T b b, HEEAZIUET
BB, WICUTOBBOR) EZIET2 L)L T
X,

[0 ifw, <10,

glwn) = { 1 otherwise
KX T, BT, 2K 513001 LRRICHE) .
#1.2 (max path weight)
WOPLEEFTORADI L, NAAR L (SR LEOTHR
DEADEE) BRADSADARZAXN2RDD, 2D
Re, BA¥l ®,®,h ZLAT D & 9 IZHEE L T Tree reduction
ZEMET UL, TEOME 57T 3o N5, T 581
WPCHEARCDEZTTDNATH S,

®($,y) =z+y
&(z,y) = max(z,y)
hiz) = x

$1.3 (max subtree)

RIZHY 2 T XTOEDTAR (H BTN & ZDIHARD TN
TOTFHRPS%ZK) DI, HEIRAFORPRKICE
2b0DaRXtzRDL, ZOK, BB 6 LEATO
X I IZHE L T Tree reduction Z51HE T41UE, Hhdn3
R7DOE—IHDFTLEDE 38 L% 5. MIET % subtree I
HA 15 DJEMZR E T % subtree TH 5.

®(z,t) = (max(z + s¢,me), ¢ + St)
(7’27}5 L t= (mt, St))

Index | 0| 1|2|3|4|5|6|7|8|9|10[11]|12(13[14|15|16|17|18|19|20|21|22| 23|24

el aaieppreplepp e pIaea)

—
—~
—
—

w 20(15(12( 4| /| 9| /| /|20 /| 8|/ |/ |-16]-11| / |/ |17|14| 6| /| [/ [-3| |/

4 X3 o BP EBLE XML £5 (Fl5 W)

®(t,u) = (max(me,my), St + Su)
(72720 t = (my, 8¢),u = (M, Su))
h(z) = (z,z)

NS DFILHNTHRICSHT B84 7% 7 Y )3 Tree
reduction T#E¥ % [4], [5], [6], [15], [20].

2.3 XML X3§

KoEFULEE L LT, BP £ & XML £H % 37
%. K% preorder TR (traverse) T 5K, T I & FREEIRF
WIEE Ay a (2L, b EERRHICIZEAC A v a
) 2L D BP £BTH %, K3 DARITHT % BP
FBZM 4R, TTORIIHNLT, BoBICY I —DIH
HEENL, #E2EE D 2 >OHAICANEALS L,
BP £H D% index EHMFIE 15 1 3ET 2. K4 DK
DEMFIZIE, WINT % index ZEC#E L 7. % index IZ
MIGT BTEM &1, TR ERRRIIRBOM RN, LA
SRBMHIFEROKETERE DO Z 2T (ZDXHI2T 2
ZETHED Yy 3 MIET BEHC A v 2 23F U THA IS RIS
9559127 %), BP RIIIRA E D ordered tree DG
ZREFCE 2, EAICOWLTIRERHTELR L, ARXT
i § % XML ZRIZUTFO L) ICERINS, BP £
THE A v 2D index IZIEWIET 2 EHMADOEAZEML,
AL A v 2IC3i5 T % index 121d / 28T 2. X4 i
FIW 23K 3 D XML FHTH 2, ZHUIK% preorder T
ST I4RT BRI RIS S N B EETH B [23).
XML RIUITERED 2 5B DT % v TROMEE &
JHRDOHEADM G ZIRFFTE 5,

XML FHUZ X3 % Tree reduction IZBAL T, ¥ —7 v
TXNTNTYRLIZOBTWRAY Yy 72T ANEZ 1
BA% v d 252 ETRDSND I EDHSIT S [16].
% 72, Gibbons, Rytter I & h PRAM Lois 7129 X
LBREINT W 5 [16].
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f,(xy)=4®(x@Yy)

5 Tree reduction O [F[E&XIFEHDH]

2.4 Tree reduction DEIRXFKIR

DT O#HD 7 ®Ic, £73, Tree reduction DX
BUZDWTHIAT 5.,

Tree reduction DXE R 2 &, H2EMDELXFET S
7OIKBHT 2D, ZOTDMHDOATHH, BHEDIER
DEIZBIERICOAHING, ZNE2HEZ 5L, Tree
reduction FIEZ DR FTH L Z L TE S, fljHZH]
ZH 5108, ERBRS FHAREROBDO 2 AT E L,
H 71 (Tree reduction EFD 2 THDFIERER) 2 HIX
L THD EEZ D, EIXHFIERE LRI TH 5
(Tree reduction FEFED 1 fTHICHYS T 2)., ZDkH %%k
WA ARG LTIEMRXKER EMERZ LT 5, KX TiE
S HIZ Tree reduction 2 Z D & J IZERT 3,

RIZHFEDOZEHUZ O WTHIAT 5. Hl2E, ®,@ 23S
WTHY, @23 T L THRAZi3h, X6DX
MRS TIEETdH 5. Tree reduction % EFICHE > THE
T25A, EhoROGIIEICEHE L TW» L BERDH 5
2, EFRoOSAE, PESTEAIC LTl R A % 17
I ETRDERBZRS T EBTE LD, MWL
WHNFHEDFRE L 72 5,

PURIE B & 2 RN FHR D R RIRBD TR TH 5.
(4x5)+ (6 x T) ICWET 2 RIERERHZK 71287,

2.5 XML RRICXH T % Tree reduction DFLITIH !
IR ECE] (Extended distributivity)

Tree reduction Z ZIFRNICHE S 720 DfIF & LT, KR
SrECi 2 BT %,

EE 2.1 (JRAECE [19], [20]) © AW E T 5.
72, fo(z) = ap®@(bo@r®co) & L, fi(z) = a1®(b) Brde;)
ET 5, TR, BB pr,po,ps BREEL, TED
ag, bo, co, a1, by, ci WXL, DAY O, ® 13 @i
XNLUC, SRR ZZ T E v,

foo fi(z) = f(z)
flz) =a®@ (bPrdc)

f.(xy)=a®(xey)
f,(xy)=b®(x@Yy)

| HEHREEEARNESIC
- BREERG,0/—FERE)

f.(xy)=a®@b®(x®y) f(xy)=a®c®(x@®y)

6 ECHIZ R L 7 Ao 6l

f,()=4 f,()=5 f()=6 f()=7

B 7 BiEFE (4 x 5) + (6 x 7) ICRNET 2 [lE A

a = p1(ao, bo, co,a1,b1,c1)
b= p?(a07bO7CO7a17blvcl)
c = pB(GOabO7CO7a1,b1;01)

O

FEIDIRULE L O h BEHIH DA D Tree reduction &
DXNEZ K 8IS, h D3RG TRV, Lol
UGS 2 AHDARITETE L 028, FRCfTEI 200,
WIRTE RS U, SRR LR 2 F VT2 2479 2 & CHH
REBZEBOTILENTES, Zuckh, HElDEE L
FIRRICIER N R WHNEH RN TE S L H 12k 5,

Kakehi & [21] I3 BSP € 7L [22] LTD XML £HUZ K
9 % Tree reduction 1ZBH L T, ¥RIRECHIZ W7z 386D
FE7NLTY RLBRE L, n 2EER, praTit
T5L, FMEERITIOMNM/p+p) THD., KX TRET S

- 160 -

f.(xy)=c®(x®y)



E R R

f,(x)=8,®(h, ®x®¢)

f,(x)=a®(box®c)

o ‘ © n=n(H) 6 =h(c)
b=h(b) ¢ =h(q)
_W SHE AR
/
f(x)=a®(b®x®dc)

= p(ap, by @, b, 0)
= p, (a0, b, G, b,,0)
= Py (@, by G @, B, )

8 IRERATECHI & Tree reduction & ORIGEIR (h 23EH G DRE)

TUTYZLGZDOTNTY XL EFARD 7 A 77 % HH
LTw3, %7, Emoto, Imachi [23] I LFL7 L3 X 4
% Map-Reduce € 7 /L [24] AN IR L 7z,

2.6 EBOHEHIAL

AL TR, ®, @ DRI 27 § A O rE GPU
TINIY ALERET S, 22T, £, Morihata, Mat-
suzaki [14] 12 & > TREI LT 2 oafI Al D W Tl
T2, 2L, KXo ToFHIcALET, #%
5 DEEH & i%‘etﬁ%ﬁﬁéfﬁfﬁ%?%. £/, fiHDD
FRHZWT S 2 WIRD h(z) =2 ERE L THAT 5.

E&E 2.2 (BB [14]) o BIHANET S, £,
fol@) =ap @ (bo®x B co), fi(x) =0a1 @ (b1 ®zxdcy),
fo(@) =as @ (b @B cr) £ 5. DR, AJMHICE
5 IS E SR TR TTBE 22 BI%K o1, po, p3s DIEELEL, fE
HD ag, by, co, a1, b1, c1,az,ba, co 1K LT AL D 2O,
®, @ I FTEBIHERIA 20729 L)

foo fiofa(x)
Fi(z) =abdzdc)

= Fj 0 Fy(x)

Fy(z) =a® (ba®z® o)
a = pi1(bo, co,a1,b1,c1,az)
b = pa(bg,co,a1,b1,c1,a9)
¢ = p3(bo, co,a1,b1,c1,az)
O

R R & Tree reduction & DXGEK 9 IZRT. 2
nE, 35 LoBBOARE 2 DOBBO AR TRE S

E R R

fo(X) =8, ® (b, ®xD )
f(x)=a®(b®x®c)
f,(x)=a,®(b,®x®c,)

%ﬁlﬁ{iﬁ_l 3

=

X9 ot & Tree reduction & OREEHR (h(z

@\
o4

(X)=a,®(b@®x®c)

)

ol

,(X)=a® (b, ®x®c,

o\
&/

b= p, (b, Cp @, by, C, 8,

)
a=p, (b, 2, b,6,8)
)
=5 (0o, 08, B, ¢, )

)

o-ehe e}&

@\ EN|EN\ @\
&) @@ @)

o\
o4

10 WA ERAERIH 2 @AY 5 B

kb)“)) Zt %%ﬁ%j—% 7272 L, %ﬁ%@ﬁﬁf(ﬁf ao,b2702 O){ﬁ
WEDbLS> TR L, Q‘SJ:U, %&pl,pg,pg, D HIEUT

ag,ba, co MEFN TRV EICERPIBHETH S, N
2k, WIHEDES IS, HlZ2E, K10 128 T

ORI 2 TG, X &Y Offifz WINCEI T 5 2
EWBTE S,

R DHEGINT, @ 23
VAR BN 22 i 72

X)Lt 272 TN, ®, @
. ZOW, a,b,cZBL IO X9 IE
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HTE5%,
a = a1 Q az
b=bo® (a1 ®br)
c=(a1®c1) B

i, M9 ERICBWT, o ZETZ ZETHON
5. X=by®zDco EBLE,

foo frofa(z) = ao® (bo @ (a1 ® (b1 ® (a2 @ X) © c1))
@ co)
=ag® (bo® (a1 ®b1) ® (a1 ®as ® X)
@ (a1 ®c1) ® co)
a®@(b®(a®X)®c)
=a@b0®(a®b®r®c2)) ®c)
= [ o Fy(x)
2.2 fiiopl.1, #1.2, H1.3 1 ZEIHEFIRIZ 72 L Tw 5
1.1 (sum)

a,b,cZUTDEIICEDBZEMTES, (EBIZIZ e
A7 DT ¢ IFRHE)

a = a1+ a2

b= by+ b

c=cC+c

#1.2 (max path weight)

® D3 @ ITH LT 2§72 L T3 0T, Lido#i
#ZDFEFWHLTabc2EDDLIENTES, (FK
Il @ E AR DT ¢ I345H)

a = a1+ ag
b= max(bo,a1 X bl)
¢ = max(a; ® ¢1,¢)

1.3 (max subtree)

PREMLDT, 3, o OWHERZFIL T & oo
ZHRIT S 2 EICT B, THR b ETHM ¢ ZEHAR D ®c; D
HAICES®ERA, Ih2HEAD £T5, THRA ¢ ZHIBRT
5. £, O —ATIE () =2 1ZEY 22w, [\
HEIKIRBUCB T 213 by, by EPLTD &9 RfizFf> T3
£E9 5,

bo = (Mg, Sv,)

by = (M, Sp,)

ZOWE, a,bZLITOEIICEDL LW TE S,
a = max (aj + Sp, + az,a2)

b = (max (mp,, Mp, ), Sp, + a1 + Sp, + a2 —a)

Index 3|14|5(6|7|8|9|10|11(12(13|14|15(16|17|18(19

20

W[3.20] (4| /|9 |/ |/ |-100 /|8 / |/ |-26[-12)/ |/ |17]|14(| 6

K11 X4 D W[3..20] ICxhid % A

3. ERMEELOREZILTUX L

3.1 TRk

AGPU(p,b, M,w) Z A>T, U TDOAN» ST O
ZAHET 3,
input Win]: n/2 JHXH*5 7% %2 KD XML #8i
output f(r,®,®,h): Tree reduction B D RKDHE r 12

Xt % H I fiE
ANE7a—nu2e) BICEPNTED, Hhb7u—
NILAEVICES, W OREEDY A X3 AGPU D7 —
FREw &L TWEbDET S,

2L, B e 0 3 TogE2HLZLTwsb0L
9 5.

o B¥ ® @ h T ATIHEIZ X & 3 I ERUIRRT ¢RI T AE

Th b

o & IAEERIZ N7 T
o ®,® IFHAHERIRI & NG 72 ¢

R IIFEEM TR TH KL, 4, @, IFTHTHRT
b K,

%E, 0,0 FHMILZR>TWE EKETE I ENT
2. bL, FoTuRLEERIFNT2 LT 5, M
%, ® &£ e OHADLZ X TIC T E#HL, 2HEERICE
WCHIED D0 T ORIRHE ZTTbabdd, bIRTHTD
%2R, M5 I ORI T %K,

3.2 BLUK EHERAR

9, METALITY ZLIIBLWTF— LR 57— G
TH BHELUR LIERIARICOWTHHAT B, AHNFN NS
% (S % index 26 7% %) FWAELIN %2 TR & W5
Bl LT, K40 XML EZIUKT 25705 W(3..20] %
EZ25, COWHNDOEEOKTZHRT 5 EX 11 O LK
DI D, BRICBH L TIHNIET 3 index 23FLEL e\
DT, FETREL THD (LASERTIEIBEICSHIET S
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w [o[r[r]e]/ ]/ ]z Jor]aa]6] /]

12 X 11 i2%f L T max path weight 5L D 7% & contraction
2T HER GRFIAR LIRS

JHRIGIRRTH 5 2 LITHER). 2D X9 HIAMZHLR
R EICT S (Thbb, RbEGAEICS 2 G
% index 237 WIHESEHIRTH %), TRTOR, FEKR
WK LT, BPRZR>TwB ERETEIEWTE S,
F7e, ORI OVWTIIHEADEZE > T nied,
ZOBEOERE ) LMok, K11 ERICELT, 2 5
M2 & D 2 KO TER I N T 256, ZOEOX
7 % paired-edge & WFOY, R THOETL 2RI LTw»
Wb D% solo-edge EWER T E12T 5, BRIRD AKX
preorder DEEIZH)EL TV 5 DT, solo-edge IFHEELIAR
DEBEPAEFRIC L DFEL 2V, S0z UL, solo-edge
1% left-visible ® L < i right-visible T®H 5.
Tree reduction Z &5 244, #EARICHL TS, —
BOERICOWTEEZIT) 223 TES, K11ITHL
THEBATHYIC max path weight B D 72 & D Tree reduction
2T T RERZ K12 1R, ZORZHMEHIAREIFRZ Lic
T3, fIAREZEHRT 2702 RAICOWTIEBIRT %,
MRIARDME L LT, £, FHLUIKD TR TD solo-edge 1&
MRARICb & EN S, F7, paired-edge 121346 FED
ENTEH (29 TRrFNLD > & contraction TE ),
FEMIZE 2 1 OO paired-edge & L g Iz (@
PEGINTH B ERELAZ EITLD, B & sibling 12
HLUT, HIZ e ICXBHEZIT) 2 EHTES),
DLEDEZEICKY, MHIARZREFT 2720121k, UTD
EZRF TSI THL I L0 h B,
o 7l A: right-visible % solo-edge (XIS % JHA D EH
XA o R ]

o %l B: BiLFl A D& TEMIC paired-edge THEfE S 417
EQHEAZIENT HHL

o %1 C: left-visible 7 solo-edge X XfJiZ§ 5 JHM E X
OHHURIC paired-edge CTHift S 417 ZED B 4 % 1AM
ERY]

o Ny: BiSI A DB

o Ng: Bidl C DHEFRE

INoDEZE, 5 OMEMRI LICT 2, K131
Bi5l A, B,C ZBIRd 5. BiHl B DHEEKIE Ny TH 5,

13 IR ZREE T 570D 7 — & i

¥ 72, left-visible 7 edge IZ WG 2 JHA IZEADfE %2
lenizd, TNODRDDEINIAETH L, &,
right-visible ¥ 7z 1% left-visible % TH 2 paired-edge 122
e S N7 HER R Bty (B2 12 DEA 17 DIHK),
RGO RAZFFOEZEHT L2 LTS, 2D L)
129 % Z & T right-visible ¥ 7z 1% left-visible 72 TH R IXHIC
paired-edge IRt S N BERFFO Z Lick 5, BINI NS
TEREEL nflThdh, ZDXIHIZLTDH Tree reduction
DFEREEZ %\, PLEXD, right-visible 7 edge DU
Ny THDY, left-visible % edge DEIE No — 1 TH 5,

7o, BiA A, BIBIL Tid B 3D & NI EHE & i
L, BA CIcBIL T T OEHED S ISR 215N T 5.

E7e, LT —2#EE s XML REUIMHAICHES ICE
TE S,

3.3 BREFINITIVXLDHE
AGPU(p,b, M,w) D> NVF7uty DOz k LEL.

Thbt, k=p/bThH%. RETNLIYZLIFLTD 4

DDFNET Tree reduction ZEHHT 5. M 14 ICKRT 5.

(1) ANlcsz k EofERIARICTEL, k<L F7Taxy
TN A BRI RT U THERY 2 47w, fiafIR 2
4389 % (Local Tree Contraction for Pseudo Trees).
HFeF 7 uky PR OTE#RZ £ T 5 il
N$5. BELELT, ZOAT Y 7T EMD 5O
»Rons,

(2) ko 5 2%z HWT, k{EDHEFRIARIZNT % paren-
theses matching Z 179 (solo-edge 12X L CTx)iEd %
edge ¥ T). 0K, OK)HoOXEZHTAHy 2
DX)EBIR % RILTE % (Global Parentheses Match-
ing), ZAUE, Y= rI e ATATYRLEMOT
O(k)time THETE 3,

(3) &~ F 7ty i, BEIZEHD MTH NI
D E > TIZH LT, LEFLD parentheses matching
DERE T 22 o 2 ofEH (BAmicix, B5l C
D) 2135, 2L, #ofilz e, Mt 21T
9. COFER, SN O ROTEEEIZE 2 O(k) 1T
7%, (Local Tree Contraction for Contracted Trees)

(4) =7 vy e L7 NIV RALEHCT, FEoHHD
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Divide input
n Input / | Into k pseudo trees
Elements \ (k: #multiprocessors (k=p/b))
Y Step 1: Local Tree Contraction
k Contracted Trees \ \ | for Pseudo Trees

Step 2: Global Parentheses Matching

Step 3: Local Tree Contraction

Tree of O(k) Elements
(k) for Contracted Trees

Output Step 4: Global Tree Contraction

X 14 BE7L DY XL O

Mtz 7. Z3Ud O(k)time TEHHETZ %, (Global
Tree Contraction)

DI, ZRZFNDRAF v FlconT, Mz 5,

3.4 Local Tree Contraction for Pseudo Trees

AGPU &< LV F 70ty H k@4 [n/k] OEFEH
SHER S N B HBIARICH L, MEfRZAERT 2.

9, BRAR» SHIARZERT 220D —rv e v
V7N TY ALZFAL, 208K, Z2O7NLITY AL%H
WT GPUMF 7L AL %2 TEHILICTE. 20
=y )TN TY X L% Algorithm 3.1 1R T. 2
i, XML RT3 > —7 > v )L 7 Tree reduction
AT AT XL (16] ZEBARDKA B L) IBE LD
DTH5., AJNZ XML £ (HafsTcrndbo) 2 A
NG El, No =1,Ny =0 &7 D, Tree reduction f§

i Clo] Ik S NS,

Xz, ZnzMwT, GPULF Faky YT 7LD
VAL ZFET 5. £9, WEOMELZK 15 12R-7. A
HDOERARIZ 0 BEoy 770y 2ica8lsh, 77
Ty 7 ZEIRELT). £V 77 ey 2T 2%
FLDBEDUTDEICH S,

(1) P HOEHEZ 7O — )L XEY 5 A X TV ICHA
rte
TEARIAATE T =813 bx b DfTFl & L TREHE N, <
LVF7ayFNOba7IiE 170 b BEELHEYT S,
HFa7iF 1707 —=2IZx L, Algorithm 3.1 % H\»C
MRARZAERT 2. 75 & b ORI ERS NS,
(3) LEEo b HOMEFIARICKT L, FEDHMERIARD & NI JLB]
FARDOMHIRE D=2 %17, OB, okt
ZHAV2 2 ETh a7 CUHNHERAEEZ 1T .
DT, £A7 v 7OFMICOWTHAT 3,
3.4.1 ZO-NILXEUDSDT—F5HHAH

P HDEFEE 7u— UL AT 256 HEF X T ) ICH AL
LI OWT, FfllEZFHT 2, 2 HO%EEZ 1T 071
D 2 RICEF wb)[b] &A% I EICT B, SO b EHEIE
LfTH, X b EFRIF 2fTHICRES N TS, 2L T, 7
VANV ZLF 1T a =N A Yo E XTI

(2

~—

Algorithm 3.1 fEfIARB D DD —7r v 2 LT
SRV WA

1: procedure GENERATECONTRACTEDTREE(W, n)
> Wn]: pseudo tree

2: Ny« 0 > Size of arrays A and B
3: Clo]«+ I

4: No +1 > Size of array C
5: for i+ 0ton do

6: if W[i] # ¢/’ then

7 A[N4] « W[i]

8: B[Nal+ I

9: Np <+ Na+1

10: else

11: if Ny == 0 then

12: C[Nc]+ I

13: N¢g < No +1

14: else if Ny == 1 then

15: NA < NA —1

16: C[Nc} — C[Nc] (&) (A[NA] ® B[NA])

17: else

18: NA — NA -1

19: B[NA—I](—B[NA—l]EB(A[NA]@)B[NAD
20: end if

21: end if

22: end for

23: return A, B,C, N4, N¢o
24: end procedure

b2 b2
. > A~ —
Pseudo Tree | | | |
new | | |
v
[processed] [ new ] | |
¥
[ processed ] [ new ] |
v
[ processed ] [ new
v
[ processed ]

15 GPU <. F7utyFrF 7L a) XL OE

aE—=%%. EL, aE—=%7 FLAIELT, B
MERRNT 27-0IC LRSS, HEXEYVDOXEYTF
L A (w[0][0] DT F L AD & DHRE) 12D TIEK 16(a)
DEICHE>TWE, oK, K16(b) IR LI IC,
Fwli|[f] &7 FV A bi+ ((i+5)%b) IKEEI NS, 2D
WFE 70— S X B VIS L THICAaTLAT 72 A%
fIoTkY, £, EXAEVICHTEZINY 272
MEFEEL RV,
3.4.2 fEHNARER D6 DIAFNE

B 16(b) IR T & ) IcHG X EVICFEAIAF LT b2 {H
DERICKNL, b a7 Z2HwT, WINHFIARE AL %
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b banks .
0 1
4
8 9 10 11
12 13 14 15

(@) £EHEAEYTFELR

b banks

S

WOJ[O] | [W{O][1] | [wlO][2]| |W{O][3]
W3] | [W][O] | [wi1][1]] |w{1][2]
W2][2] | [W2][3]| [w[2][0]] |w{2][1]
WESJ[1] | [W{3][2] | [w3][3]] |W{3][O]

(b) BEFIWb][D]DH B AEI~NDEE S L

B 16 5l wib][b] DI A T U ~OREHE (b= 4 DHE)

b banks

ALO] || A | [ AO] | | ASlO]
AL || AL | AL || AL
AL || A2 | A2 || A2
A3] || A3 | [ A3 | | A4S

B 17 BB Aolb], Ar[b],- - -, Ap_1[b] DIAH X T Y ~NORIETT
(b =4 DHH)

9. =nVF7arydHNoa7i i fTHZENL, <
VF7aty 32T o HDOMENIAREZ AT 5. Fa T
Algorithm 3.1 ZWFNCETT 2, 772, XEYT 7R
IZoWTIE, HTHEEBBRETHE, 7, =Ty
ATV TYZRLBWHICT 72 AT B, 27 il wli][j]
772 AT 5. o, wo]j], wl][], -, wb—1][j]
WHNZ T 72 AE3N5 2 LIZ DD, X 16(b) DX €Y REL
BICXD, X 7av7) 7 bBFEELEL, RIZ, 20
i X EVIZOWTIE, AT i DEDODREYIFNV T |
ICHER ST 5, BARBIZR 1T ICHITE, o= vl 7?
VY X LS Ap) ZEEH T 28, 27 4 IXECYI A (b
EHHT 20T 5, 21T, A OTRTOEHEIZ
N7 G ICEEING, IS a 7 LIRS
index 772 ATHIEDRDH DD, ZDLkIHIBATYNR
BEIZCTBILET, ZNO6DAEY T 7R ALK BNV
Y7V b EREEET S I ENTE S,
3.4.3 WIBEEAHDEHUARE DY —INIE

F9, XBVEREICODVWTHERT 2, K158V T,
WHFEADMERIAR T (K15 ofgtan 7ay 7) 17 a—
POV RXREVICHEFT S 28 &L, W b HOMERKIAR
t; (0<i<b)lE, BIRDEBYIEXE Y ITHEET .
to, -ty ZMHIC T IZ— 2D, t, ZTICv—9 5%

b banks

S

A0l || A0l || AJOT || A1

A1) || Adll Al1] AJ1]

Al2] || A2 Ad2] Al2]

AL3] [ ALSBE | A3 [ A3

B 18 M4l Ag[b], Ai[b], -, Ap_1[b] DA X TV ELED LM (fiF
KIARERE b =4 DG

Bk, TICHT 208 T =92 70— L XE Y261
BL, v =P L 20, HOWHEREREZ 7 — L X €
VIcFHZ AT, v —Y M BRI, t; D left-visible
edge £ XET % T D right-visible edge Z¥R L, Hod -
756, BiSl A, B D2 EEG L, ooty il z v
WHN iz 1719 (BiFl A, B, Cicxt L, BI%k py, po, ps %
L CTEERE WS LTw ),

R OWHEFERBIC BT, Ny zary 7)o b #E
WS 270, HonUOIHAEY Lo X E Y ELEE 2
T2, WIfiOMBRE T L E, KITIRTEIIT
DT —=F1E TR Tbank i IZHEHSN T2, ~—T 0%
fIIHiIC, TNz 18 DX H IS 5, IEMEICIE A,l)]
D7 FL A bj+((i+5)%b) ICRESNE X HIT3, 20
WP 17 $ 27— % EHEL T ZLICX DT,
oT, oIz 2 MOEAEAEY 772 RAITK DT
ST EMTES, W A, B, C; DT RTICHLT, 20
WIREFTS . ZOLBUT XD, BFl A; D% 2 index IZ
NL, a7PWiT7 7R ATESLLHI12%k %,

Z I, HfE Y 5 2 DOMERIARICEE Y 2 HE IO Tl
BT 5. 1 2DDELRICH U TEEZIT > IO REH
FIEN L 2 o0 DEEIRICE T 2 EABKRIEN I35 7
5. Fr, MERIRICEBWTS 2o DTHMIMEN S 1S 2
Lldew, ko T, #iliT 3 2 00HRKIcEwTZENE
TERIARZERT 2 &, 1 DD DMEKIARDRATEN & 2
O DHERIAR DRI THR D —T 5.

QLEEFE A DIEFIA & IRF DIEFIAR D < — IO F %
K19 12387, 1iERRD == UEIcE T, AKTH b
HE Lre—YE3Nhnid, ZOUMEZIT) o2,
T DA TARD S BT AR K b 8D right-visible edge D
HHREIETHE D TH S, koT, 1HD>—Y &I
270 URAEY T2 2 ADEEKIE A, B 2R 2K
LTHEZ 2RBTO>THITH B,

Rz, 2 —VHROBERARICOVWTHHAT S, t; D
right-visible edge % T IZBMT 2 & &, T OffifII g
W5 I A THR DI X 115, right-visible edge 12
SwTE, (R 26T () AricT =S
T3, TOT—FZEIETSHI %L, H4 2[HD
JU— NV RAEYTIRRT, HEAADT T TS, t; D
left-visible edge % T IZBINT % & &, T OHEHUMRD ki

10
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Processed New
#elements is at most b

19 R A DMEFIA L AL DHFRIAR D < — P B D]

BRI N5, left-visible edge I2DWTIX, T (%) »5 E
) HIIeF— 7 BSNT VW a D, T OF—5%
BIET 22 L%, MmA2BlD7/a— "L Xe) 7722
T, HBERAARNETT 5,

3.5 Global Parentheses Matching

Hii £ COMIT, kHDMFIRDE S NS, kDK
ARILHET 5 2 DDMFIRDE R LRz T2 2 LT
ED, 1ODRELHEMURTHZ LEALILWTED. %
T, RIZZOFPIRICN LTI 5IcHifyzir) 2 L x2%
2%, 7B, CHMEOTLTY 2L Kakehi 5 [21] O 7
NTY XL EFARDT A F72HAL T2, AR
N9 2 Nyy,No Z A% v 9§52 LT, right-visible edge
& left-visible edge DXEZFIHE T2 Z L23TE S (K
FIRICNT 2 Na, No 213 500010% Nalk], No[k] & T
%). Z DI % AKX Tld Parentheses matching & FES
LTS (RIS % BP £Bl 1 T Parentheses
matching I > TW57®). k=4 DEHDBEH %X
20(a) 27”9, right-visible edge & left-visible edge DXt
DD 7281, right-visible edge 2% left-visible edge D
EWREHT 52 i1k D, X20(b) D& BFIROAL
%%, ZOMWTITRNLT, Bz v CHRiER 2 17 9
ZENTES, BLARKOWIICZD X)) iEhnd -7z &
LThH, MR TH 2 2 LITERT S, %28, X20(a)
DI 3 D DIEFIARDFEAFIZK 20(c) D& F ICHR> TV 5,
THRL ap 13 2 FHOBUROBMRICHIEL T3, 7,
1 2D DIfFFIR E 2 D0 DIFFIARDHERIRT X by 13 T-F5%
FioTwa, £7, 3DDDMEHIARD ¢ & D HEOGTHKM
%, 200 DIfFIRICK DEERAENS,

Parentheses matching DFffll z bR 2 Hijlc, £3, A
THHGEZ T 2, ROES 2 12D DHFFIARDIH R
TER D 6 DM GIR S TEBLT 5. 1 2O DHEIARDIAR
RIEKOWSZ 0L L, ZOHEMED RICH 2THMDOWE
SBADMHEE LD, I hADS L (h<H)IZBWT, fHE
K i O right-visible edge (IZRET 2 TESE) EfiEFIA j D

N

(a) k contracted trees

Al

BTV Y Cl]
(b) right-visible edge&left-visible edge D&

A and B of @ @

1st tree

C of
3rd tree

(TS

(0) E3DDHEHIARDEEESE
(a,|F2E B DADEELARICH G T B)

20 Kk HOMiFIARICHN % Parentheses matching (k = 4)

left-visible edge (IZANSS 2 IEHM) ICWE3H B &£ &, 2D
MICEIRZ 4 Dl Z T (h,0,4,7) ERT. b LG
BBEOD > TR VEGEE, (h,Li,0) ® (h,{,6,5) £E
2 LIZT 5, F7, FHMifIAR ¢ 13 15 right-visible edge
DIIEEIR 2 R EF T 2 72 O OIS R;[b], ¥ & TAIGEIR
D72 left-visible edge DX ZRFFT 2720 DER L, %
Ff>. Parentheses matching D7z D> —7 ¥ v )L 7))V
Y L% Algorithm 3.2 12/RT, A7) ZALITEWL
T, R;[b] WFEOWXENZ ERNCEM IS 2 LITEET 5.
F7, MIEBERERT 4 ORI OK) TH 3.

3.6 Local Tree Contraction for Contracted Trees

HIffiCRD % Ry, -+, Rp—1 DIEWICEDE, ko<
F 7 ax vy FIFAHC right-visible edge 12X % left-
visible edge D3 & H oA HINC & 2 #EFILEL 24T 9 |
R;[0] (GedinsBETd 2 X)) CTIEEEE,SRKE D, Znd
b (NEIXED) <&, 3 2# (a,b,¢) 23k F 2 (K19 SHH).
Thbbt, Ok) MOXEDZNZENIL, ELMDOEZELKT
FH SN D HERIRICHERI S N5, FEMIZANET 5.
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Algorithm 3.2 Parentheses matching D79 D> —75 v

TRLT NI RN
1: procedure MATCHPARENTHESES(N4, N¢, k)

> NA[k], Nc[k}
2: Ngry,NRr,, -+, NR,_, < 0 > Size of arrays Ro, -+, Rx—1
3: Ngr <0 > Size of arrays R
4: d<« 0 > Current depth
5: LU7L17”’)L]C—1 < NULL
6: for i< 0tok—1 do
7 d<+d—(Nc[i]—1)
8: while Nr # 0 do
9: NR — NR -1
10: (h,¢,p,q) < R[NR]
> R stores unmatched right-visible edges
11: if h > d then > h is deeper than d
12: Ry[Ng,] < (h,£,p,1)
13: NRj <~ NRJ +1
14: if Np ==0and h > d+ 1 then
15: L+ (d+1,h—1,¢,7)
16: end if
17: else
18: Ry[Ng,] < (d+1,£,p,1)
19: NRp «— NRP +1
20: R[NRg] « (h,d,p, )
21: Ngr <+ Nr+1
22: Break (exit While loop)
23: end if
24: end while
25: if N4[i] > 0 then
26: R[Ng] < (d+ 1,d+ Nali], i, ¢)
27: NR «— NR +1
28: d < d+ Nali]
29: end if

30: end for
31: while Nr # 0 do

32: NR «— NR -1

33: (h,¢,p,q) < R[NR]

34: Ry[NRr,] < (h,£,p, d)

35: NRP < NR,, +1

36: end while

37: return I%()7 ey, Rk—h NR(” e 7NR;€,1,LO, cee 7Lk—1

38: end procedure

3.7 Global Tree Contraction

K% Ok) HTH Y, FXEIXFEiOLIC XD,
EBEOMICHERI S NS, RRIC1 a7 2lioT, I0ho
DXfEZ~>—Y L, 1 DDfifIRZ/ 5, FEMlIZEIET 5,

3.8 EHEEOEN

n>p? DLEOREEEZMITT 2. £7, FEGHE
EICDWTENTT %, Local Tree Contraction for Pseudo
Trees 1B L T, b2 EHRITH§ 24U O(blog b)time T T
A5 (B AR~ D= — DI O(blog b)time 7>
0, fiiid O(blogb)time TTES), koT, TOART Y
7R TIE O (1) = O (2)time £ 5%, ¥7, Local
Tree Contraction for Contracted Trees (2B L Cix, FET]
PUERFIC & % Reduction & L T TE %5 DT, Koike,

Sadakane [3] ICX DREINTVRE AL T 574 7Y
ALEMHT 5 2 L2 kY, GHEINEIZ O(5) = O(%)time
L%, ZDMhOAIEIX O(k)time TRIHETE 3. Lo T,
RFIRIE ISR IS O(™%0 )time & 75 5.

RIZT/O FHERIZOWTIE, EDQBHEICH EL BN L
DT IRART, 177 ATELT b EREZIEL T
5, koT, O(R) &55. £, rr—sLXE )
Rz O(n) 7—F, EX2)HHEIZO0?) 7—FTh
3. ko THEEIZO (M) L3,

4. A

AL TIE, Tree reduction D7D GPU 73 Y X
LEFEZ L 7. Tree reduction I ARIZWHT 2% DI )
DI e > T 5. T 2 BT DA % 5
72D, BB, L OMENAN—INE, KX T
LT DR HERI B & i 72 TR D GPU [ 7 v 3 X
ZREL, JOFREI RE LR D I Exm LT, 58I,
FEFM 2T o7 DE, RLEDRY—v =y F v 7ofER
B EORR A RFERNZIGHIERL, #ET LIV X
LR L 72w,

SE R
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Abstract—The Conway’s Game of Life is the most well-known
cellular automaton. The universe of the Game of Life is a
2-dimensional array of cells, each of which takes two possible
states, alive or dead. The state of every cell is repeatedly updated
according to those of eight neighbors. A cell will be alive if
exactly three neighbors are alive, or if it is alive and two or
three neighbors are alive. The main contribution of this paper
is to develop several acceleration techniques for simulating the
Game of Life. The key techniques for the simulation is to store
a block of cells in registers of 32 threads in a warp of a CUDA
block and to perform multiple-step simulation. We use a warp
shuffle instruction, which allows us to exchange data stored in
registers of threads in a warp, to transfer the current states stored
in registers of other threads necessary to compute the next states.
Further, since multiple-step simulation is performed, the number
of CUDA Kkernel calls can be decreased. The experimental results
show that, the best configuration of our GPU implementation can
perform 1024-step simulation of 16384 X 16384 cells in 0.163
seconds on GeForce GTX TITAN X GPU. The best sequential
algorithm using Intel Xeon X7460 CPU runs 58.3 seconds. Hence,
our best GPU implementation has achieved a speed-up factor of
357 over the CPU implementation.

I. INTRODUCTION

The GPU (Graphics Processing Unit) is a specialized
circuit designed to accelerate computation for building and
manipulating images [1]-[4]. Latest GPUs are designed for
general purpose computing and can perform computation in
applications traditionally handled by the CPU. Hence, GPUs
have recently attracted the attention of many application de-
velopers [1], [S]-[7]. NVIDIA provides a parallel computing
architecture called CUDA (Compute Unified Device Archi-
tecture) [8], [9], the computing engine for NVIDIA GPUs.
CUDA gives developers access to the virtual instruction set
and memory of the parallel computational elements in NVIDIA
GPUs. In many cases, GPUs are more efficient than multicore
processors [10], since they have thousands of processor cores
and very high memory bandwidth.

CUDA uses two types of memories in the NVIDIA GPUs:
the shared memory and the global memory [8]. The shared
memory is an extremely fast on-chip memory with lower
capacity, say, 16-96 Kbytes. The global memory is imple-
mented as an off-chip DRAM, and thus, it has large capacity,
say, 1.5-12 Gbytes, but its access latency is very long. The
efficient usage of the shared memory and the global memory
is a key for CUDA developers to accelerate applications using
GPUs. In particular, we need to consider bank conflicts of the
shared memory access and coalescing of the global memory
access [9]-[11].The address space of the shared memory is
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mapped into several physical memory banks. If two or more
threads access the same memory banks at the same time, the
access requests are processed in turn. Hence, to maximize the
shared memory access performance, threads of CUDA should
access distinct memory banks to avoid the bank conflicts of
the memory accesses. To maximize the throughput between
the GPU and the DRAM chips, the consecutive addresses
of the global memory must be accessed at the same time.
Thus, CUDA threads should perform coalesced access when
they access the global memory. Also, the latency of the
global memory access is several hundred clock cycles, while
that of the shared memory access is around 10 clock cy-
cles [12]. Hence, we should minimize the memory access to the
global memory to maximize the performance. Further, CUDA-
enabled GPUs with Kepler [13] and Maxwell [14] architectures
support warp shuffle instructions that directly exchanges data
stored in registers of threads in the same warp [8]. It is
faster than inter-thread communication by reading/writing the
shared memory, Thus, we should use warp shuffle instructions
whenever possible. Actually, it has been presented that warp
shuffle instructions can accelerate the computation [15], [16].

The Conway’s Game of Life was created John Horton
Conway, a mathematician at Gonville and Caius College of the
University of Cambridge [17], [18]. The universe of the Game
of Life is an 2-dimensional array of cells, each of which takes
one of two states, 1 (alive) and O (dead). The state of every
cell is updated by the current states of the eight neighbors as
follows:

1) (die) An alive cell becomes dead if it has fewer than
two or more than three alive neighbors.

2)  (born) A dead cell becomes alive if it has three alive
neighbors.

3) (keep alive) An alive cell keeps alive if it has two or
three alive neighbors.

4)  (keep dead) A dead cell keeps dead if it has fewer
than three or more than three neighbors.

Figure 1 illustrates the rules of the Game of Life. Originally
the Conway’s Game of Life assumes that the size of the
2-dimensional array is infinite. However, to store all the states
in the memory, we assume that the universe is finite and
the 2-dimensional array has \/n x /n cells. Clearly, some
neighbors of cells in the boundary of the 2-dimensional array
do not exist. Sometimes, it is assumed that the states of
such non-existent neighbors are always dead. In this paper,
we assume that the 2-dimensional array is wrapper around to
handle the boundary case. For example, the left neighbor of a
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Fig. 1. The rules of the Game of Life

cell in the leftmost column is the rightmost cell in the same
row.

It is easy to write a program for simulating the Game
of Life if the state of a cell is stored in a word of data
such as an 8-bit character and a 32-bit integer. However, for
accelerating the simulation, it makes sense to use bit-per-cell
arrangement [19] in which the state of a cell is stored as a
bit of a word. For example, a 32-bit integer is used to store
the states of 32 cells. A very sophisticated way to compute
the next states of cells stored in a word by bitwise operations
has been presented [20]. Also, the simulation of the Game of
Life can be done by stencil codes, a class of kernels updating
elements in an array according to some fixed pattern, called
stencil. Hence, it is easy to implement the simulation using
a framework of stencil computation. For example, it can be
implemented on GPUs with few codes using stencil operations
of MATLAB [21].

We are interested in how we can accelerate the simulation
of the Game of Life using CUDA-enabled GPUs. However,
as far as we know, there is no published technical paper
aiming to accelerate the simulation. Very few papers presented
GPU implementations of the simulation [22], [23], but their
implementations are straightforward and did not aim to ac-
celerate the simulation. On the other hand, there are a lot
of web sites that present GPU implementations of the Game
of Life. For example, bitwise logical operations for the bit-
per-cell arrangement are used to compute the next states of
cells [19]. Our implementations use the same technique. In
addition, we developed a multiple-step simulation technique,
which reduces memory access to the global memory. Also,
we store the states of cells in registers of threads, and data
transfer between registers is performed by a warp shuffle
instruction. Using this techniques, we have obtained extremely
fast GPU implementation for simulating the Game of Life
using GPUs. For simulating the Game of Life with more than
1,000,000,000 cells, the best GPU implementation in [19]
achieved 2.47 x 10'° updates per second on GeForce GTX 480
GPU. Our implementation performs 1024-step simulation of
the Game of Life with 228 cells in 0.163 seconds on GeForce
GTX TITAN X GPU. Hence, it achieves 1.69 x 1012 updates
per second and more than 68 times faster than the previously
published implementation. GeForce GTX 480 and GTX TI-

TAN X have 480 and 3072 processor cores running 1401MHz
and 1000MHz, respectively. Thus, our implementation is much
more efficient even if the difference of computing power of
GPUs is taking into account.

This paper is organized as follows. In Section II, we first
briefly explain the GPU architecture and CUDA programming
model to understand GPU implementations of the Game of
Life. Section III defines the Game of Life formally, and Sec-
tion IV shows basic techniques to accelerate the simulation of
the Game of Life including bit-per-cell arrangement and simu-
lation using bitwise logical operations. Section IV also shows a
straightforward implementation using the basic techniques on
GPUs using the global memory. In Section V, we presents our
new techniques for accelerating the simulation. We show that
we can reduce the total number of bitwise operations if each
thread computes the next states of cells in two words at the
same time. We also present an idea of multiple-step simulation,
which copies the states of cells to the shared memory and
repeats the simulation several times. For further acceleration,
we can store the states in registers of threads for multiple-step
simulation, and the simulation can be performed by a warp
shuffle instruction. Finally, Section VI shows experimental
results. More specifically, we have implemented simulation
algorithms of the Game of Life on the CPU and the GPU,
and evaluated the running time. The experimental results show
that our implementation is 357 times faster The experimental
results show that our implementation is 357 times faster than
the CPU implementation. Section VII concludes our work.

II. GPU ARCHITECTURE AND CUDA PROGRAMMING
MODEL

This section briefly describes the GPU architecture and
the CUDA programming model necessary to understand GPU
implementations of the Game of Life. Please see [8] for the
details.

Figure 2 (1) illustrates an architecture of CUDA-enabled
GPUs. A GPU is a single-chip processor equipped with
multiple Streaming Multiprocessors (SMs), each of which has
processor cores, the shared memory and the register file.
The GPU processor is connected to an off-chip memory. For
example, GeForce GTX TITAN X has 16 SMs! with 192
processor cores, a 96Kbyte shared memory, and a register file
with 64K 32bit registers each. The off-chip memory can be
accessed by all processor cores in all SMs, while the shared
memory can be accessed only by processor cores in the same
SM. Also, registers in a register file are assigned to a processor
core, and they can be accessed only by the assigned processor
core. The off-chip memory is quite large, say 12G bytes, but
the memory access latency is quite large, say several hundred
clock cycles. The memory access latency of the shared memory
is around 10 [12] and that of registers in the register file
is smaller. Hence, to accelerate the computation, we should
minimize the global memory access. We should also use
registers whenever possible.

When we develop programs running on GPUs, we can use
CUDA programming model to support scalability. We assume
that CUDA Compute Capability 5.2, which is available for

ISince the architecture of GeForce GTX TITAN X is Maxwell, its SM is
particularly termed Maxwell Streaming Multiprocessor (SMM).
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Fig. 2.  GPU architecture and CUDA programming model

GeForce GTX TITAN X [24]. Usually, a CUDA program
executed on the host computer invokes CUDA kernels one
or more times. A CUDA kernel executes one or more CUDA
blocks running on SMs of the GPU. CUDA blocks in a CUDA
kernel are identical in the sense that they have the same number
of threads executing the same program. Each CUDA block can
have up to 1024 threads, and is dispatched to one of the SM
of the GPU. Since the number of CUDA blocks can be more
than the number of SMs in a single GPU, they are dispatched
to SMs in turn. Also, it is possible that two or more CUDA
blocks are executed in a single SM at the same time. Each
SM can handle up to 32 CUDA blocks with total of 2048
threads at the same time. Since each SM has 128 processor
cores, at most 128 threads among them can be active and work
in parallel. In other words, each SM can have up to 2048
resident threads and 128 of them can be active on processor
cores. A CUDA block can use the shared memory, which can
be access by all threads in it. The shared memory of a CUDA
block is implemented in the shared memory of the SM. Hence,
its capacity is up to 96K bytes for CUDA compute capability
5.2 [8], and two ore more CUDA blocks can be arranged in the
SM at the same time only if the total shared memory capacity
is no more 64K bytes. All threads in all CUDA blocks can
access the global memory, which is arranged in the off-chip
memory (DRAM) of the GPU. Note that after all threads in a
CUDA block terminates, data stored in the shared memory are
lost, because the shared memory in an SM may be used for
another CUDA block. If data stored in the shared memory must
be referred later, they must be copied to the global memory
on developer’s own responsibility.

Threads in a CUDA block are partitioned into groups
of 32 threads each called warps. It is guaranteed that 32
threads in the same warp execute the same instruction at
the same time. Hence, if a CUDA block has at most 32

(2) CUDA programming model

threads, they are executed synchronously. However, threads
in different warps may not be executed at the same time.
All threads in a CUDA block can call __syncthreads ()
for barrier synchronization if necessary. However the cost is
__syncthreads () is not negligibly small. Hence, it makes
sense to use a CUDA block with 32 threads for avoiding barrier
synchronization using __syncthreads (), if we need to
synchronize all threads in a CUDA block frequently. Also, to
synchronize all threads in all CUDA blocks, we need to use
separate CUDA kernel calls, because SMs in the GPU executes
CUDA blocks in turn. The synchronization of all CUDA blocks
are very costly, and we should minimize it.

Efficient usage of the global memory and the shared mem-
ory is a key for CUDA developers to accelerate applications
using GPUs. To maximize the throughput between the GPU
and the off-chip memory, the consecutive addresses of the
global memory must be accessed at the same time. Hence,
threads in a CUDA block should perform coalesced access
when they access the global memory. Since the shared memory
consists of 32 memory banks, memory access by 32 threads in
a warp must be destined for distinct memory banks. In other
words, bank conflicts by a warp should be avoided to maximize
the shared memory access performance.

The communication between threads can be done through
the global memory or the shared memory. Note that the
communication between threads in different CUDA blocks in
the same CUDA kernel call is not possible, because CUDA
blocks may be dispatched to SMs in an arbitrary order. What
threads in a CUDA kernel can do is to send data to threads
in the following CUDA kernel by reading/writing the global
memory

CUDA compute capability 3.0 and later supports warp
shuffle instructions that permits exchanging of data stored in
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registers in threads in a warp. The data exchange occurs at
the same time for all active threads in a warp. For example,if
__shfl (a,?) is executed by a CUDA block with a warp
of 32 threads, the value of register a of thread ¢ is returned.
Since the data size for warp shuffle instructions must be 32 bits,
two separate invocations are necessary to exchange 64-bit data.
Warp shuffle instructions are more efficient than a conventional
data exchanging method using write/read operations to the
shared memory.

III. CONWAY’S GAME OF LIFE AND AN CONVENTIONAL
IMPLEMENTATION

The universe of the Conway’s Game of Life is a
2-dimensional array of cells, each of which takes one of two
states, 1 (alive) or 0 (dead). For simplicity, we assume that
the size of the array is \/n X y/n. Let ug,uq,... denote
2-dimensional arrays such that ug stores the initial states,
and each u; (t > 1) is an array of cells after ¢-step transi-
tion. Let u;(7,j) denote the state of a cell at position (4, 7)
(0 < 4,5 < +/n—1) . For simplicity, we assume that the
2-dimensional array is wrap around to handle the state of cells
outside of the array. For example, the value of u; (i, —1) is that
of us(i,+/n —1). Let s¢(i,7) be the number of alive cells in
eight neighbors, that is,

ut(Z - 1,.7 - 1) +ut(z - ]-a]) +Ut('L - 1).7—’_ 1)
+ut(iaj - 1) +ut(i7j + 1) +ut(i + 17] - 1)
+up(i+1,7) Fu(i + 1,5+ 1) (1)

The value of u:(4,5) (0 < 4,5 < y/n — 1) is determined by
the following formula:

St(zvj) =

g:(i,7) = 1 (alive) if s4—1(¢,7) =3
or (s;—1(4,j) =2 and gi—1(é,j) = 1),
= 0 (dead) otherwise.

Hence, we can compute the value of u (4, j) by the following
Boolean formula:

’U/t(Z,]) = (St—l(iaj) = 3)
v(utfl(iaj) A (Stfl(ivj) = 2)) (2)
We have two arrangements, the word-per-cell and the
bit-per-cell arrangements for simulating the Game of Life
not only on the GPU but also on the CPU. The word-per-
cell arrangement is a conventional arrangement in which the
state of each cell is stored in a word of the memory, such
as a 32-bit integer or an 8-bit character. We assume that
the initial states of cells are stored in the global memory
of the GPU. For example, we can store the states ug(4, )
(0 <4,j <y/n—1)of cells in a \/n X y/n 2-dimensional array
of 8-bit characters. We use a CUDA kernel with n threads to
compute the next states (i, 7). For example, a CUDA kernel
invokes 55 CUDA blocks with 32 threads each. Each thread
is assigned to a cell, and it evaluates formulas (1) and (2)
to compute the next state u;(¢,7) and write it in the global
memory. Note that it is not possible to compute us (7, j) by the
same CUDA kernel, because threads in different CUDA blocks
cannot communicate with each other. Thus, after a thread
computes and writes wuj(¢,7), it must terminate. A CUDA
kernel terminates when all threads complete the computation
of next states of cells. After that, the same CUDA kernel to
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compute g2 (%, j) is invoked. In other words, one CUDA kernel
call is necessary to simulate one-step transition and thus, T’
CUDA kernel calls are performed for 7T'-step simulation.

IV. BIT-PER-CELL ARRANGEMENTS, BITWISE SUMMING
TECHNIQUE, AND ONE-STEP SIMULATION

The main purpose of this section is to show an efficient
simulation of the Game of Life. The idea is to arrange the state
of each cell in a bit of a word, and compute the next state by
bitwise operations. These techniques has been presented and
the CPU implementation has been shown in [20].

A. Bit-per-cell arrangements

For  more storage-efficient ~ implementation  of
2-dimensional array of cells, we can use the bit-per-cell
arrangement, which arranges each cell to a bit of a word. For
example, we use a 32-bit unsigned integer to store the states
of consecutive 32 cells. As illustrated in Figure 3, consecutive
32 cells in the same row is arranged in a 32-bit word. In

general, d consecutive cells in the same row is stored in a

d-bit word and thus n cells are stored in a \/n x @ array

of d-bit words. We can have two address modes, row-major
and column-major, to map addresses to these words. As
shown in the figure, the row-major/column-major bit-per-cell
arrangement maps addresses to words in row-major/column-
major order, respectively. Since CUDA supports 32-bit and
64-bit words, it makes sense to set d = 32 or d = 64 when
we implement the bit-per-cell arrangement in GPUs.

Note that we should use the column-major bit-per-cell
arrangement although most of existing implementations use
the row-major. For example, in a GPU implementation that
we will show later, a block of 32 x 32 cells are operated in
the same time. If we use the row-major order as illustrated
in Figure 3 (1), the leftmost top block is arranged in stride
addresses 0, 4, 8, ..., and 124. On the other hand, memory
access is destined for coalesced addresses O, 1, 2, ..., and 31,
if we use the column-major order as illustrated in Figure 3 (2).

B. Bitwise summing technique

To simulate Game of Life stored in the bit-per-cell arrange-
ments, we can retrieve the state of an individual cell by bitwise
AND operation, compute the sum of neighbors by formulas (1)
and (2) and write the next state by bitwise OR operation.
However, this straightforward implementation of the bit-per-
cell arrangement is not efficient. We should use the bitwise
summing technique, which computes the bitwise sum of words
by fundamental bitwise operations such as bitwise OR and
bitwise AND. The original idea has been shown in [20]. We
extend this idea for further acceleration.

Suppose that we have three d-bit words A, B, and C
and we want to compute the sum of each bit. More specif-
ically, let A = ag_1a4—2---ag, B = bg_1bg_2---bg, C =
Cd—1Cd—2 - - - ¢o. The goal is to compute the bitwise sum of A,
B, and C, that is, the sum y;x; such that y;-2+z; = a;+b;+¢;
for all © (0 < ¢ < d — 1). The bitwise summing technique
computes such z; and y; as two words X = x4_124-2 - - Zo,
and Y = yq_1Ya—2---yo. We will show that two words X
and Y can be computed simply by bitwise XOR (&), bitwise
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8 9 10 11 2 9 10 11
500 501 502 503 125 253 382 509
504 505 506 507 126 254 383 510
508 509 510 511 127 255 384 511

(1) row-major bit-per-cell arrangement

Fig. 3. Cell-per-bit arrangements of 128 x 128 array of 32-bit words

AND (A), and bitwise OR (V). By simulating the full adder,
we can compute X and Y in 7 bitwise binary operations as
follows:

X « AeBaC,
Y « (AAB)V(BAC)V(CAA).

We can further reduce the number of bitwise operations to 5
if we use a temporal word T as follows:

T +« A®B,
X « ToC,
Y « (AAB)V(TAO).

To compute the next states of d cells stored in a d-bit
word, the states of 2d 4 6 neighboring cells are necessary as
illustrated in Figure 4 (1), where d = 4. We store neighboring
cells in eight words A, B, ..., H as illustrated in Figure 4 (2),
which are used to compute the next state of word I. For
this purpose, we compute the bitwise sums as shown in
Figure 4 (3) and obtain two words I, and I3, where each
bit of I and I3 is 1 if and only if the number of 1’s in the
corresponding position of eight words A, B,..., H is 2 and
3, respectively. Clearly, using I, I3, and the current value
of I, we can compute the next state of all cells in I. More
specifically, (I A L)V I3 is the next state of each cell in I. Let
([A-H]s, [A-H]s, [A-H]1, [A-H]p)) denote the bitwise sums of
eachbitof A, B, ..., H. Also, let [A-H]o3 = [A-H]2V[A-H]s.
Clearly, I, = 1 if ([A-H]23,[A-H]1, [A-Hlo]) = (0,1,0) and
Is = 1if ([A-H]as, [A-H]1, [A-H]o]) = (0,1,1). Hence, we
can compute I5 and I3 from ([A-H|ss, [A-H]1, [A-H]o)).

We will show how I, and I3 are computed. We first
compute the bitwise sums of each of four pairs of two words.
For example, by computing ([AB]1, [AB]y) < (AAB, A®B),
we obtain two bits ([AB];, [AB]p) which represent the sum
of A and B. Similarly, we can obtain ([CD]q,[CD]p),
([EF)1,[EF)o), and ([GH]1, [GH]o). After that, we compute
the sum of pair ([AB]1,[AB]y) and ([CD]4,[CD]p), and
obtain three bits ([A-D]s,[A-D]1,[A-D]g). This can be
done by computing the sums from the least significant bit.
Similarly, we obtain the sum ([E-H]s,[E-H]1,[E-H]o)-
Finally, we compute the sum of ([A-D]s,[A-D];,[A-D]o)
and ([EH]s,[EH):,[EH]y) and obtain three bits
([AH)23,[AH]1,[AH]p). From these three bits, the values
of I and I3 can be obtained and then, the next states of
I can be computed. The details of an algorithm, Algorithm
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(2) column-major bit-per-cell arrangement
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Fig. 4. The computation of the next states of 4 cells in a 4-bit word by
Algorithm SINGLE-WORD



SINGLE-WORD that computes I3, I3, and the next state of
I are as follows:

[Algorithm SINGLE-WORD]

1. ([AB]1,[AB]p) + (ANB,A® B)

2. ([CD1,[CDly) + (CAD,C @ D)
3. ([EF)1,|EF)o)« (ENF,E®QF)

4. ([GH]1,|GH)o) « (GAH,G® H)

I/ ([A-Dl3, [A-DJy, [A-Do])
/I +([CD]y,[CD]o

([AB]1,[AB]o)

7. [A-D]; « [AB]; & [CD} & ([AB]y A [CD)o)
I ([E-H]a, [E-H]1, [E-Ho]) < ([EF]1, [EF]o)

/I +([GH]1, [GH]o)

9. [EH]y « [EFo ® [GHy)

10. [EH]y « [EF|1 & [GH]1 & ([EF]o A [GH]o)
11 EH}Q%[EF]l/\[GHh

 ([A-Dls, [A-DIs, [A-Dlo])

Note that, when we compute ([A-D]s,[A-D]y, [A-D]o]) +
([AB]1,[ABlo) + (|CD]1,[CD]y), the values of
([AB)1,[ABJp) and ([CD];,[CD]p) can not be (I1,1).
Hence, [A-D]s can be computed by formula [AB]; A [CD];.

Let us evaluate the total number of binary operations
and unary operations performed in this algorithm for bit-per-
cell arrangement. For computing ([AB]1,[AB]o) < (A A
B,A @ B), two binary operations are performed. Thus,
the sums of four pairs can be computed by 8 binary op-
erations. Five binary operations are performed for com-
puting the sum of two bits, ([A-D]s,[A-D]y,[A-Dlo]) «+
([AB]1,[ABJo) + ([CD]1,[CD)o). This computation is exe-
cuted twice, and thus, 10 binary operations are performed. For
computing ([A-H]as, [A-H]1,[A-H]o]), 9 binary operations
are performed. Finally, (I,I5,I3) is computed in 5 binary
operations and 2 unary operations. Thus, the total number of
operations is 4 X 242 x 549+ 5 + 2 = 34. Hence we have,

Lemma 1: The next states of cells stored in a word by the
bit-per-cell arrangement can be computed in 34 operations.

Let us implement bitwise summing technique in the GPU.
Since CUDA supports 32-bit and 64-bit bitwise operations, it
makes sense to use a 32-bit or 64-bit integer to store 32 or 64
cells. Suppose that we use 64-bit integers to store cells. Each
thread is assigned a word storing 64 cells, and it is responsible
for computing the next states of these cells. We can invoke a
CUDA kernel with z=5 CUDA blocks with 32 threads each
for n cells. Each word w1th 64 cells and 8 neighboring words
are read by a thread assigned to it. The thread computes 8
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Fig. 5. Illustrating 12 words for computing next states of cells in two words
by Algorithm DOUBLE-WORD

words A, B, ..., H from these words, and compute the next
state of I by 34 operations. After that, it writes the resulting
next states of I in the global memory and terminates. After all
threads terminate, the CUDA kernel terminates. In this way,
one-step simulation is performed by a single CUDA kernel
call. The same CUDA kernel call is repeatedly performed T’
times to complete the T-step simulation.

V. OUR ACCELERATION TECHNIQUES

The main purpose of this section is to show our new ideas
and techniques for further acceleration of simulation of the
Game of Life.

A. Bitwise summing technique for two words

We can reduce the number of operations if next states
of cells in two words are computed at the same time.
If we just execute Algorithm SINGLE-WORD  twice,
we need 68 operations. We will show that it can be
reduced to 59 operations by sharing the computation for
two words. For this purpose, we partition the cells as
illustrated in Figure 5. We compute the next states of cells
in two words K and L in the figure at the same time.
For updating K, the sum of words A,B,C,D,FE I, J, L
is computed. Also, the sum of D, E F G, H, I, J K
is computed for word L. More specifically, we
compute ([A-ET1JL)2s, [A-EIJL]1, [A-ETJL)o]) and

([D-K]la3, [D-K]1, [D-K]o). Clearly, four words
D,E,I,J are included in both sets of words. Hence,
by computing the sum of these words first, we can

reduce the total number of operations. Once we have
(K,[A-EIJL|s3,[A-EIJL],[A-EIJL]p]), we can compute
(K, K9, K3) where K stores next states of K, and each bit
of K5 and K3 is 1 if and only if the number of 1’s in the
corresponding position of eight words A, B,C, D, E,I,J, L
is 2 and 3, respectively. Similarly, we can obtain (L, Ly, L3)
using (L, [D-K]zs, [D-K]1. [D-K]y).

Using this idea, next states of cells in two words can be
computed by Algorithm DOUBLE-WORD as follows:

[Algorithm DOUBLE-WORD]



DE]\, [DElo) « (DA E,D® E)

LI, (1)) & (IAJ, 1)

ABJ,,[ABlo) « (AA B, A& B)

CL1,[CL)y) <~ (CAL,C& L)

FG1, [FGly) « (FAG,F @ C)

HEK], [HK]y) « (HAK,H& K)

DELJ)s, [DELJ),,[DELJ))) + ([DE)., [DE]o)
(LT [L]0)

[ABCL]a, [ABCL]y, [ABCL)g]) « ([AB)1, [ABJo)
+([CL]1, [CL]o)

[FGHK)y, [FGHK]:, [FGHK]]) « ([FGJ1, [FGlo)
(HED, [HK),)

[A-EIJL)ss, [A-EIJ L), [A-EIJL)o))
< ([ABCL]3,[ABCL]y, [ABCL]o))
+([DELJ]3, [DELJ], [DELJ]o]

11. ([D-K]23, [D-K]1, [D-K]o])

 (FGHK)s, [FGHK]1, [FGHK),))
+([DELJ]3, [DELJ1, [DELJT]o])
12. (K, Ky, K3) < (K, [A-ELJL]s, [A-EIJL),, [A-EIJ L))
13. (L, Lg, Lg) — (I, [D-K]23, [D—K]l, [D-K]O])

Nounkwh -

—_— —_— — Py

10.

Let us evaluate the total number of operations. Each of
Lines 1-6 can be done in two binary operations. Lines 7-9 can
be done in 5 binary operations each. Lines 10 and 11 can be
performed in 9 binary operations each. Finally, lines 12 and 13
takes 5 binary operations and two unary operations. Thus, the
total number of operations is 6 X 2+3X5+2x9+2x 7 = 59,
and we have,

Lemma 2: The next states of cells stored in two words by
the bit-per-cell arrangement can be computed in 59 operations

Similarly to the GPU implementation using the global
memory, we can implement the algorithm for Lemma 2 in
CUDA programming model. For example, a CUDA kernel
with (64‘% CUDA blocks with 32 threads each is repeatedly
invoked. Each thread is responsible for computing the next
states of two words. Since the memory access to the global
memory can be shared for updating two words, we can further
accelerate the computation.

B. Multiple-step simulation using the shared memory

We can accelerate the computation if multiple steps simu-
lation is performed on the shared memory. More specifically,
a CUDA block is assigned to multiple words, say, 32 words. It
copies words storing the cell states to the shared memory and
simulates multiple steps on the shared memory. The resulting
states are copied to the global memory.

If multiple-step simulation is performed in a block of
2-dimensional array, cells in the boundary of the block may
not have correct states. More specifically, suppose that we have
a block of d x d cells in a large 2-dimensional array of cells.
Since we do not have the states of cells outside of the block,
we simply assume that those cells always take state 0.

We can say that the boundary cells are dirty after one-step
simulation in the sense that their states may not be correct,
because at least one of neighboring cells of each boundary
cell is not taken into account. Also, cells inside the boundary
are clean in the sense that their states are guaranteed to be
correct. After another step simulation, neighboring cells of the
dirty cells, that is, the boundary cells of clean cells become
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dirty. In general, cells in the distance ¢ from the boundary
become dirty after ¢-step simulation and m x m cells are clean,
where m = d — 2t, as illustrated Figure 6.

To simulate multiple steps of all cells, the \/n x /n
2-dimensional array in the global memory is partitioned into
% X % slices of size m x m each as illustrated in Figure 7.
Each slice is expanded by ¢ cells for every direction, and we
obtain a d x d block. A CUDA block is assigned to a block
and performs t-step simulation using the shared memory. For
this purpose, it copies the states of d x d cells in a block
to the shared memory. Note that each row of d x d cells is
stored in one or two d-bit words. Thus, we read at most 2d
words to copy d x d cells from the global memory. In the
shared memory, ¢-step simulation is performed. After that, the
resulting states in the m X m slice are written in the global
memory. Similarly, we need to perform write operations for
at most 2m words to the global memory. Since this ¢-step
simulation for all blocks must be completed before the next
t-step simulation is performed. Hence, each ¢-step simulation
must be performed by one CUDA kernel call and thus T'-step
simulation can be done by % CUDA kernel calls.

Clearly, we should use the column-major bit-per-cell ar-
rangement because cells in a block are arranged in neighboring
addresses. More specifically, the d or 2d words in the global
memory storing d X d cells are stride if we use the row-major
bit-per-cell arrangement, On the other hand, the 2d words are
in two consecutive addresses of length d each if the column-
major bit-per-cell arrangement is used.

If Algorithm DOUBLE-WORD is implemented using the
shared memory as it is, memory access to the shared memory
has bank conflicts. The shared memory of Maxwell architec-
ture has 32 memory banks with 32-bit width [25]. If we store
64-bit data in the shared memory, each of them are stored in
two adjacent banks. In other words, a pair of two adjacent
banks are used to store a 64-bit number. Hence, we can think
that the shared memory has 16 memory banks with 64-bit
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Fig. 7. A d x d slice and an m X m block in a large 2-dimensional array

width. Further, if each of 32 threads in a warp access to a
64-bit number in the shared memory, 16 threads in the first
half warp try to access them, and then 16 threads in the second
half warp do the same thing. Suppose that 64 64-bit numbers
that constitute a block (Figure 8 (1)) and let a(z) (0 <14 < 63)
be the ¢-th 64-bit number. is stored in the 16 banks of the
shared memory as it is (Figure 8 (2)). If Algorithm DOUBLE-
WORD is executed using 32 threads in a warp, the first warp
may access 64-bit numbers a(2), a(4),a(6),...,a(32). As we
can see in Figure 8 (2), two numbers are in the same bank.

To avoid bank conflicts, we use the shift arrangement as
illustrated in Figure 8 (3). In the shift arrangement, the second
row and the fourth row are shifted by one. We can confirm
that a(2),a(4),a(6),...,a(32) are arranged in distinct banks.
The first warp also may access, sets of 16 numbers

e a(0),a(2),a(4),...,a(30), and
o a(l),a(3),a(b),...,a(31).

We can confirm that 16 numbers in each set are in distinct
banks. Thus, we can avoid bank conflicts by the shift arrange-
ment.

We can observe that, we should select an appropriate value
oft(1<t< g) for fixed n and d that minimizes the running
time. We assume that the cost for computing the next state
of d cells stored in a word is one unit. Also, let ¢ be the
cost of miscellaneous overhead for dispatching CUDA blocks
and reading/writing the states of d cells in the global memory.
Under this assumption, we can write that the cost of ¢-step
simulation of a slice of size m x m is t + ¢. Hence, the cost
of T-step simulation of y/n X /n cells is:

T n nT(t+ c)
o t S S
iR t(d — 2t)2

This cost is minimized when 4t2 + 6¢t — de = 0, that is,

V9c? + 4de — 3¢
4d? '

Clearly, ¢ is an increasing function of ¢ and the value of ¢
is in the range [0, %]. Intuitively, this is reasonable because
the overhead c is large, we should minimize the number % of
CUDA kernel calls.

t =
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C. Further acceleration using warp shuffle

The memory access latency of the shared memory is not
small [12]. Hence, if we can implement words of cells as
registers, we can further accelerate the computation. We will
show that ¢-step simulation can be done using registers without
using the shared memory.

The algorithm is almost the same as in Subsection V-B,
which uses the shared memory for ¢-step simulation. Instead
of using the shared memory, we use registers which can be
accessed faster than the shared memory. However, registers
are assigned to a thread, and they can be accessed only by
the assigned thread. Hence, we use a warp shuffle instruction,
which copies registers of threads in the same warp, as illus-
trated in Figure 9. First, each thread copies two words storing
cells from the global memory. For one-step simulation, each
thread copies registers of two neighboring threads. After that,
one-step simulation is performed for two words. This operation
is repeated ¢ times for ¢-step simulation. The resulting states
of cells are copied from the registers to the global memory.

VI. EXPERIMENTAL RESULTS

The main purpose of this section to show the performance
of algorithms for Game of Life.

We have evaluated the running time of 1024-step simula-
tion for a 16384 x 16384 (2'* x 2'4) array. The array is wrap-
around in the sense that cells in the top-row and the bottom-
row are neighbor. Also,the leftmost-column and the rightmost-
column are neighbor. We have used GeForce GTX TITAN X
and Intel Xeon X7460 CPU (2.66GHz) for the experiment.
GeForce GTX TITAN X has 16 streaming multiprocessors
with 192 cores each.

Table I shows the running time of straightforward im-
plementations, for the word-per-cell and the bit-per-cell. In
the word-per-cell, we have used 8-bit unsigned characters
to store the states cells. In other words, a 2-dimensional
array of 16384 x 16384 unsigned characters are used and
evaluated formulas (1) and (2) to obtain the next states. The
CPU implementation of the word-per-cell is obvious. The
CPU computes the next state of every cell one by one. To
implement the word-per-cell in the GPU, each cell is assigned
one thread. More specifically, a CUDA kernel computing
1-step transition invokes 222 CUDA blocks with 32 threads
each. The 2-dimensional array storing the states of cells are
arranged in the global memory. Each thread reads the states
of cells necessary compute the next state of an assigned cell.
It computes the next cell by formulas (1) and (2) and writes
the resulting state in the global memory. Note that, a CUDA
kernel call can compute only 1-step transition and thus 1024
CUDA kernel calls are necessary to compute the states after
1024 steps.

We have used 64-bit unsigned long long integers for the
bit-per-cell arrangement. Hence, 16384 x 16384 = 228 cells
are implemented in 16384 x 256 = 222 words. To see the
difference of performance of Algorithms SINGLE-WORD and
DOUBLE-WORD, we have implemented both algorithms. To
compute the next states of all cells, the CPU executes SINGLE-
WORD 222 times. It also need to execute DOUBLE-WORD
22! times for 1-step simulation. To compute the next states
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of all cells by Algorithm SINGLE-WORD, a CUDA kernel
of 217 CUDA blocks of 32 threads each is invoked. Also, for
1-step simulation by Algorithm DOUBLE-WORD, 2'6 CUDA
blocks of 32 threads each are used. These 1-step simulations
are repeated 1024 times for 1024-step simulation.

From Table I, the GPU implementations can accelerate
the computation with a speed-up factor of more than 100 for
the word-per-cell arrangement and the bit-per-cell-arrangement
using Algorithm SINGLE-WORD. Since the state of one cell
is stored using 8 bits in the word-per-cell, we can expect that
an implementation of the bit-per-cell is 8 times faster than
that of the word-per-cell Quite surprisingly, the bit-per-cell
implementation can be more than 20 times faster than the
word-per-cell implementation. This is because memory access
to 8-bit words is not efficient in 64-bit processor architecture
Thus, we should not use word-per-cell arrangement and must
use bit-per-cell arrangement for 64-bit words. Further, we can
see that Algorithm DOUBLE-WORD on the CPU is much
faster than Algorithm SINGLE-WORD. On the other hand,
Algorithm DOUBLE-WORD on the GPU does not achieve an
improvement over Algorithm SINGLE WORD. This is because
a straightforward implementation of Algorithm DOUBLE-
WORD involves stride memory access to the global memory,
while that of Algorithm SINGLE-WORD does not.

For further acceleration, we implemented multiple-step
simulation with bit-per-cell arrangement using the shared
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memory and the registers on the GPU. Since we want to avoid
barrier synchronization using _ _syncthreads (), we use
CUDA blocks with one single warp of 32 threads each. Also,
we implemented simulation of the Game of Life for a block
with 32 x 32 cells and with 64 x 64 cells as follows:

32 x 32 block: A block of size 32 x 32 is implemented using
32 32-bit unsigned integers, each of which stores the states of
32 cells. A CUDA block with 32 threads is assigned 32 x 32
cells. Each thread computes ¢-step transition of 32 cells stored
in a 32-bit unsigned integer by repeating Algorithm SINGLE-
WORD.

64 X 64 block: A block of size 64 x 64 is implemented using
64 64-bit unsigned long long integers, each of which stores
the states of 64 cells. Since a warp of 32 threads are used for
64 words, we execute SINGLE-WORD twice or DOUBLE-
WORD once to compute 1-step transition. Each thread repeat
this ¢ times to complete ¢-step transition.

To find the best value of the number ¢ of steps computed
by a single CUDA kernel call, we evaluated the running time
for t = 2,4, 8, and 16. Recall that the 2-dimensional array of
size 16384 x 16384 is partitioned into % X 1«37?1& slices of
size m x m each where m = d — 2t and d = 32 for 32 x 32
blocks and d = 64 for 64 x 64 blocks. Hence, it makes no
sense to perform 16-step simulation for 32 x 32 blocks, because
m=d—2t=0.

Table II shows the running time of 1024-step simulation



TABLE 1.

THE RUNNING TIME (IN SECONDS) OF CPU IMPLEMENTATION AND GPU IMPLEMENTATION (GLOBAL MEMORY)

word-per-cell bit-per-cell

SINGLE-WORD

DOUBLE-WORD

Intel Xeon X7460 CPU 2151 84.8 58.3
Nvidia GeForce GTX TITAN X 119.3 0.574 0.672
speed-up 111 147 86.8

TABLE II.

GPU (shared memory)

32 x 32 block 64 X 64 block

32 x 32 block

THE RUNNING TIME (IN SECONDS) OF GPU IMPLEMENTATIONS OF MULTIPLE-STEP SIMULATION

GPU (register+warp shuffle)
64 x 64 block

steps | SINGLE-WORD | SINGLE-WORD  DOUBLE-WORD | SINGLE-WORD | SINGLE-WORD  DOUBLE-WORD
2 0.607 0.439 0.385 0.543 0.390 0.379
4 0.482 0.301 0.237 0.386 0.216 0.194
8 0.850 0.356 0.248 0.545 0.197 0.163
16 - 0.762 0.511 - 0.377 0.295
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Abstract. The main contribution of this paper is to present a paral-
lel algorithm for LZW decompression and to implement it in a CUDA-
enabled GPU. Since sequential LZW decompression creates a dictionary
table by reading codes in a compressed file one by one, its paralleliza-
tion is not an easy task. We first present a parallel LZW decompression
algorithm on the CREW-PRAM. We then go on to present an efficient
implementation of this parallel algorithm on a GPU. The experimental
results show that our parallel LZW decompression on GeForce GTX 980
runs up to 69.4 times faster than sequential LZW decompression on a
single CPU. We also show a scenario that parallel LZW decompression
on a GPU can be used for accelerating big data applications.

Keywords: Data compression, big data, parallel algorithm, GPU, CUDA

1 Introduction

A GPU (Graphics Processing Unit) is a specialized circuit designed to accel-
erate computation for building and manipulating images [4]. Latest GPUs are
designed for general purpose computing and can perform computation in appli-
cations traditionally handled by the CPU. Hence, GPUs have recently attracted
the attention of many application developers. NVIDIA provides a parallel com-
puting architecture called CUDA (Compute Unified Device Architecture) [7],
the computing engine for NVIDIA GPUs. CUDA gives developers access to the
virtual instruction set and memory of the parallel computational elements in
NVIDIA GPUs.

There is no doubt that data compression is one of the most important tasks
in the area of computer engineering. In particular, almost all image data are
stored in files as compressed data formats. There are basically two types of
image compression methods: lossy and lossless [9]. Lossy compression can gen-
erate smaller files, but some information in original files are discarded. Hence,
decompression of lossy compressed images does not generate files identical to
the original images. On the other hand, lossless compression creates compressed
files, from which we can obtain the exactly same original files by decompression.
Hence, lossless compression can be used far more than images. In this paper, we
focus on LZW compression, which is one of the most well known patented lossless
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compression method [11] used in Unix file compression utility “compress” and
in GIF image format. Also, LZW compression option is included in TIFF file
format standard [1], which is commonly used in the area of commercial digital
printing. However, LZW compression and decompression are hard to parallelize,
because they use dictionary tables created by reading input data one by once.
In [10], a CUDA implementation of LZW compression has been presented. But,
it achieved only a speedup factor less than 2 over the CPU implementation using
MATLAB. Also, several GPU implementations of dictionary based compression
methods have been presented [6,8]. As far as we know, no parallel LZW de-
compression using GPUs has not been presented. In particular, decompression
may be performed more frequently than compression; each image is compressed
and written in a file once, but it is decompressed whenever the original image is
used. Hence, we can say that LZW decompression is more important than the
compression.

The main contribution of this paper is to present a parallel algorithm for
LZW decompression and the GPU implementation. We first show that a par-
allel algorithm for LZW decompression on the CREW-PRAM [2], which is a
traditional theoretical parallel computing model with a set of processors and a
shared memory. We will show that LZW decomposition of a string of m codes
can be done in O(Lyax +logm) time using max(k, m) processors on the CREW-
PRAM, where Ly ax is the maximum length of characters assigned to a code.
We then go on to show an implementation of this parallel algorithm in CUDA
architecture. The experimental results using GeForce GTX 980 GPU and Intel
Xeon CPU X7460 processor show that our implementation on a GPU achieves
a speedup factor up to 69.4 over a single CPU.

Let us consider the following scenario to use LZW compression and decom-
pression. Suppose that we have a set of bulk data such as images or text stored
in a storage of a host computer with a GPU. A user gives a query to the set of
bulk data and all data must be processed to answer the query. To accelerate the
computation for the query, data are transferred to the GPU through the host
computer and they are processed by parallel computation on the GPU. For the
purpose of saving storage space and data transfer time, data are stored in the
storage as LZW compressed format. If this is the case, compressed data must
be decompressed using the host computer or using the GPU before the query
processing is performed. We will show that, since LZW decompression can be
done very fast in the GPU by our parallel algorithm, it makes sense to store
compressed data in a storage and to decompress them using the GPU.

2 LZW compression and decompression

The main purpose of this section is to review LZW compression/decompression
algorithms. Please see Section 13 in [1] for the details.

The LZW (Lempel-Ziv & Welch) [12] compression algorithm converts an
input string of characters into a string of codes using a string table that maps
strings into codes. If the input is an image, characters may be 8-bit integers. It
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reads characters in an input string one by one and adds an entry in a string table
(or a dictionary). In the same time, it writes an output string of codes by looking
up the string table. Let X = zgx1 - - x,—1 be an input string of characters and
Y = yoy1 - Yym—1 be an output string of codes. For simplicity of handling the
boundary case, we assume that an input is a string of 4 characters a, b, ¢, and
d. Let S be a string table, which determines a mapping of a string to a code,
where codes are non-negative integers. Initially, S(a) = 0, S(b) = 1, S(c) = 2,
and S(d) = 3. By procedure AddTable, new code is assigned to a string. For
example, if AddTable(cb) is executed after initialization of S, we have S(cb) = 4.
The LZW compression algorithm is described as follows:

[LZW compression algorithm]
1 fori<-0ton—1do
2 if(£2- x; is in )
3 02+ Q- xy;
4 else

5 Output(S(£2)); AddTable({2 - x;); 2 < x;;
6 Output(S(£2));

In this algorithm, {2 is a variable to store a string. Also, “” denotes the con-
catenation of strings/characters.

Table 1 shows how the compression process for an input string cbcbebeda.
First, since £2-x¢p = cis in S, {2 < c is performed. Next, since {2 -x; = ¢b is not
in S, Output(S(c)) and AddTable(cb) are performed. More specifically, S(c) = 2
is output and we have S(cb) = 4. Also, {2 + x1 = b is performed. It should have
no difficulty to confirm that 214630 is output by this algorithm.

Table 1. String table .S, string stored in {2, and output string Y for X = cbcbcbeda

) 1 2 3 5 6 7 8 -
€T c b c b c b c d a

02 - c b c cb c cb chbe d a
S - cb:4 bc:b - cbe: 6 - - cbed : 7 da: 8 -
Y - 2 1 - 4 - - 6 3 0

Next, let us show LZW decompression algorithm. Let C' be the code table,
the inverse of string table S. For example if S(cb) = 4 then C'(4) = cb. Initially,
C(0) = a, C(1) = b, C(2) = ¢, and C(3) = d. Also, let C1(i) denote the first
character of code i. For example C;(4) = ¢ if C(4) = cb. Similarly to LZW
compression, the LZW decompression algorithm reads a string Y of codes one
by one and adds an entry of a code table. In the same time, it writes a string X
of characters. The LZW decompression algorithm is described as follows:

[LZW decompression algorithm]
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1 Output(C(yo));

2 fori<1ton—1do

3 if(y; is in C)

4 Output(C(y;)); AddTable(C(yi—1) - C1(y:));

5 else

6 Output(C(yi_l) . Cl (yi—l)); AddTable(C(yi_l) . Cl (%’—1));

Table 2 shows the decompression process for a code string 214630. First,
C(2) = c is output. Since y; = 1 is in C, C(1) = b is output and AddTable(cd)
is performed. Hence, C(4) = cb holds. Next, since y2 = 4 is in C, C(4) = ¢b
is output and AddTable(bc) is performed. Thus, C(5) = be holds. Since y3 = 6
is not in C, C(y2) - Ci(y2) = cbe is output and AddTable(cbe) is performed.
The reader should have no difficulty to confirm that cbcbcbeda is output by this
algorithm.

Table 2. Code table C' and the output string for 214630

1 0 1 2 3 4 5
Yi 2 1 4 6 3 0
C - 4:ch 5:bc 6 : cbe 7 : cbed 8 :da
X c b cb cbe d a

3 Parallel LZW decompression

This section shows our parallel algorithm for LZW decompression.

Again, let X = zgx1---xp—1 be a string of characters. We assume that
characters are selected from an alphabet (or a set ) with & characters «(0), (1),
..y a(k —1). We use k = 4 characters a(0) = a, a(l) = b, a(2) = ¢, and
a(3) = d , when we show examples as before. Let Y = yoy1 - - - ym—1 denote the
compressed string of codes obtained by the LZW compression algorithm. In the
LZW compression algorithm, each of the first m — 1 codes yo, y1,--.,Ym—2 has a
corresponding AddTable operation. Hence, the argument of code table C' takes
an integer from 0 to k +m — 2.

Before showing the parallel LZW compression algorithm, we define several
notations. We define pointer table p using code table Y as follows:

(i) = NULL fo<i<k-1 (1)
P = Yi—k fk<i<k+m-1

We can traverse pointer table p until we reach NULL . Let p°(i) = i and p? 1 (i) =

p(p?(i)) for all j > 0 and i. In other words, p’(i) is the code where we reach
from code ¢ in j pointer traversing operations. Let L(¢) be an integer satisfying
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p~() (i) = NULL and p“(¥~1(i) # NULL. Also, let p* (i) = p“)~1(4). Intuitively,
p*(i) corresponds to the dead end from code 4 along pointers. Further, let C;(i)
(0 <i < k+m—2) be a character defined as follows:

L [ai) ifo<i<k—1
Cl(l){a(p*(i—i—l)) itk <k-+m-—2 (2)

It should have no difficulty to confirm that C;(i) is the last character of C(7),
and L(7) is the length of C(¢). Using C; and p, we can define the value of C(7)
as follows:

C(i) = G" 71 @) - Cip" D72 (@) - Cilp° (D). (3)
Table 3 shows the values of p, p*, L, C}, and C for Y = 214630.

Table 3. The values of p, p*, [, C;, and C for Y = 214630

1 0 1 2 3 4 5 6 7 8 9
p(¢) |NULL NULL NULL NULL 2 1 4 6 3 0
pr) | - - - - 2 1 2 2 3 0
L@ | 1 1 1 1 2 2 3 4 2 -
Ci(7) a b c d b c c d a -
C(3) a b c d cb be cbe  cbed da -

We are now in a position to show parallel LZW decompression on the CREW-
PRAM. Parallel LZW decompression can be done in two steps as follows:

Step 1 Compute L, p*, and C] from code string Y.
Step 2 Compute X using p, C; and L.

In Step 1, we use k processors to initialize the values of p(i), C;(i), and L(%)
for each i (0 < i < k —1). Also, we use m processors and assign one processor
to each i (k < i < 2k 4+ m — 1), which is responsible for computing the values
of L(i),p*(i), and C;(¢). The details of Step 1 of parallel LZW decompression
algorithm are spelled out as follows:

[Step 1 of the parallel LZW decompression algorithm]
1 for i< 0tok—1do in parallel // Initialization

2 p(i) + NULL; L(i) = 1; Ci(i) + afi);

3 for i<« k tok+m —1do in parallel // Computation of L and p*
4 p(i) < Yi—k; D™ (0) < Yii;

5 while(p(p*(¢)) # NULL)

6 L(i) < L(i) + 1; p*(i) < p(p*(9));

7 for i+« k to k+m — 2 do in parallel // Computation of C;

8  Gi(i) < a (i +1));

Step 2 of the parallel LZW decompression algorithm uses m threads to com-
pute C(yo) - C(y1) - - - C(ym—1), which is equal to X = zgxy---xp—1. For this
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purpose, we compute the prefix-sums of L(yo), L(y1),- .., L(ym—2) using m — 1
processors. In other words, s(i) = L(yo)+L(y1)+- - -+L(y;) is computed for every
i (0 <14 < m—1). For simplicity, let s(—1) = 0. After that, for each i (0 < i < m—
1) L(y:) characters Cy(p"¥9 =1 (y;)) - Co(p" W) =2(ys)) - - - Cu(p° (i) (= C(ys)) are
copied from @4(;_1) to Z(;)—1. Note that, the values of p°(y;), p' (i), . . ., PO~ (y)
can be obtained by traversing pointers from code i. Hence, it makes sense to per-
form the copy operation from x,;)_; down to xs;_1).

Table 4 shows the values of . By concatenating them, we can confirm that
X = cbebebeda is obtained.

Table 4. The values of L(y;), s(i), and C(y;) for Y = 214630

7 0 1 2 3 4 5
yi 2 1 4 6 3 0
L(y:) 1 1 2 3 1 1
s(i) 1 2 4 7 8 9
Clyi) c b cb cbe d a

Let us evaluate the computing time. Let Lyax = max{L(i) |0 <i < k+m—
1}. The for-loop in line 1 takes O(1) time using k processors. Also, while-loop in
line 5 is repeated at most L(i) < Lyax times for each i. Hence, for-loop in line 3
can be done in O(Lyax) time using m processors. It is well known that the prefix-
sums of m numbers can be computed in O(logm) time using m processors [2].
Hence, every s(i) is computed in O(logm) time using m — 1 processors. After
that, every C(y;) with L(y;) characters is copied from x(;)—; down to x4;_1) in
O(Lmax) time using m processors. Therefore, we have

Theorem 1. The LZW decomposition of a string of m codes can be done in
O(Lmax + logm) time using max(k, m) processors on the CREW-PRAM, where
k is the number of characters in an alphabet.

4 GPU implementation

The main purpose of this section is to describe a GPU implementation of our
parallel LZW decompression algorithm. We focus on the decompression of TIFF
image file compressed by LZW compression. We assume that a TIFF image file
contains a gray scale image with 8-bit depth, that is, each pixel has intensity
represented by an 8-bit unsigned integer. Since each of RGB or CMYK color
planes can be handled as a gray scale image, it is obvious to modify gray scale
TIFF image decompression for color image decompression.

As illustrated in Figure 1, a TIFF file has an image header containing mis-
cellaneous information such as ImageLength (the number of rows), ImageWidth
(the number of columns), compression method, depth of pixels, etc [1]. It also

- 184 -



has an vmage directory containing pointers to the actual image data. For LZW
compression, an original 8-bit gray-scale image is partitioned into strips, each
of which has one or several consecutive rows. The number of rows per strip is
stored in the image file header with tag RowsPerStrip. Each Strip is compressed
independently, and stored as the image data. The image directory has pointers
to the image data for all strips.

ImageWidth
RowsPerStrip I compression image header
image directory
ImageLength
image data
Image TIFF file

Fig.1. An image and TIFF image file

Next, we will show how each strip is compressed. Since every pixel has an
8-bit intensity level, we can think that an input string of an integer in the range
[0,255]. Hence, codes from 0 to 255 are assigned to these integers. Code 256
(ClearCode) is reserved to clear the code table. Also, code 257 (EndOfInforma-
tion) is used to specify the end of the data. Thus, AddTable operations assign
codes to strings from code 258. While the entry of the code table is less than
512, codes are represented as 9-bit integer. After adding code table entry 511, we
switch to 10-bit codes. Similarly, after adding code table entry 1023 and 2037,
11-bit codes and 12-bit codes are used, respectively. As soon as code table entry
4094 is added, ClearCode is output. After that, the code table is re-initialized
and AddTable operations use codes from 258 again. The same procedure is re-
peated until all pixels in a strip are converted into codes. After the code for
the last pixel in a strip is output, EndOfInformation is written out. We can
think that a code string for a particular strip is separated by ClearCode. We
call each of them a code segment. Except the last one, each code segment has
4094 — 511 + 1 = 3584 codes. The last code segment for a strip may have codes
less than that.

In our implementation, a CUDA block with 1024 threads is assigned a strip.
A CUDA block decompresses each code segment in the assigned strip one by
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one. More specifically, a CUDA block copies a code segment of a strip stored
in the global memory to a shared memory. After that, it performs Step 1 of
the parallel LZW decompression. Tables for p, p*, L, and C; are created in
the shared memory. We use 16-bit unsigned short integer for each element of
the tables. Since each table has at most 4096 entries, the total size of tables is
4x4096 x 2 = 32Kbytes. Since the capacity of the shared memory is 48Kbytes [7],
this is possible. Since the table has 4095 entries, 1024 threads compute them in
four iterations. In each iteration, 1024 entries of the tables are computed by
1024 threads. For example, in the first iteration, L(i), p*(¢), and C;(i) for every
i (0 < i <1023) are computed. After that, these values for every i (0 < ¢ < 1023)
are computed. Note that, in the second iteration, it is not necessary to execute
the while-loop in line 5 until p(p*(¢)) # NULL is satisfied. Once the value of
p*(i) is less than 1024, the final resulting values of L(¢) and p*(i) are computed
using those of L(p*(i)) and p*(p*(i)). Thus, we can terminate the while-loop as
soon as p*(7) < 1024 is satisfied.

After the tables are obtained, the prefix-sums of s is computed in the shared
memory for Step 2. Finally, the strings of characters of each code are written in
the global memory. The prefix-sums can be computed by parallel algorithm for
GPUs [3,5].

5 Experimental results

We have used GeForce GTX 980 which has 16 streaming multiprocessors with
128 processor cores each to implement parallel LZW decompression algorithm.
We also use Intel Xeon CPU X7460 (2.66GHz) to evaluate the running time of
sequential LZW decompression.

We have used three gray scale images with 4096 x 3072 pixels (Figure 2),
which are converted from JIS X 9204-2004 standard color image data. They are
stored in TIFF format with LZW compression option. We set RowsPerStrip= 16,
and so each image has % = 192 strips with 16 x 4096 = 64k pixels each. We
invoked a CUDA kernel with 192 CUDA blocks, each of which decompresses a
strip with 64k pixels. Table 5 shows the compression ratio, that is, “original im-
age size: compressed image size.” We can see that “Graph” has high compression
ratio because it has large areas with constant intensity levels. On the other hand,
the compression ratio of “Crafts” is small because of the small details. Table 5
also shows the running time of LZW decompression using a CPU and a GPU. In
the table, 77 and T are the time for constructing tables and the total computing
time, respectively. To evaluate time T of sequential LZW decompression, OUT-
PUT in lines 4 and 6 are removed. Also, to evaluate time T3 of parallel LZW
decompression on the GPU, the CUDA kernel call is terminated without com-
puting the prefix-sums and writing resulting characters in the global memory.
Hence, we can think that 7' — 77 corresponds to the time for for generating the
original string using the tables. Clearly, sequential/parallel LZW decompression
algorithms take more time to create tables for images with small compression
ratio because they have many segments and need to create tables many times.
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Also, the time for creating tables dominates the computing time of sequential
LZW decompression, while that for writing out characters dominates in parallel
LZW decompression. This is because the overhead of the parallel prefix-sums
computation is not small. From the table, we can see that LZW decompression
for “Flowers” using GPU is 69.4 times faster than that using CPU.

PRINTER
SALES
Colour

“Crafts” “Flowers” “Graph”

Fig. 2. Three gray scale image with 4096 x 3072 pixels used for experiments

Table 5. Experimental results (milliseconds) for three images

images compression |sequential(CPU)| parallel(GPU) |Speedup
ratio T T-1Tv T T T-1Tv T ratio

“Crafts” 1.67:1 |(90.4 18.0 108|0.847 1.30 2.15|50.2:1

“Flowers” 2.34:1 |70.9 16.6 87.5[0.541 0.719 1.26|69.4:1

“Graph” 38.0:1 |27.2 19.3 46.5|0.202 1.59 1.79|26.0:1

Let us discuss the performance of three practical scenarios as follows:
Scenario 1: Non-compressed images are stored in the storage. They are trans-
ferred to the GPU thorough the host computer.

Scenario 2: LZW compressed images are stored in the storage. They are trans-
ferred to the host computer, and decompressed in it. After that, the resulting
non-compressed images are transferred to the GPU.

Scenario 3: LZW compressed images are stored in the storage. They are trans-
ferred to the GPU through the host computer, and decompressed in the GPU.

The throughput between the storage and the host computer depends on their
bandwidth. For simplicity, we assume that their bandwidth is the same as that
between the host computer and the GPU. Note that since the bandwidth of
the storage is not larger than that of the GPU in many cases, this assumption
does not give advantage to Scenario 3. Table 6 shows the data transfer time for
non-compressed and compressed files of the three images. Clearly, the time for
non-compressed files is almost the same, because they have the same size. On
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the other hand, images with higher compression ratio take fewer time, because
their sizes are smaller. It also evaluates the time for three scenarios. Clearly,
Scenario 3, which uses parallel LZW decompression in the GPU, takes much
fewer time than the others.

Table 6. Estimated running time (milliseconds) of three scenarios

images compression Data Transfer Scenario 1 Scenario 2 Scenario 3
ratio non-compressed compressed
“Crafts” 1.67:1 3.79 2.44 7.58 110 4.59
“Flowers” 2.34:1 3.83 1.73 7.66 89.2 2.99
“Graph” 38.0:1 3.80 0.167 7.60 46.7 1.96
6 Conclusion

In this paper, we have presented a parallel LZW decompression algorithm and
implemented in the GPU. The experimental results show that, it achieves a
speedup factor up to 69.4. Also, LZW decompression in the GPU can be used
to accelerate the query processing for a lot of compressed images in the storage.
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Abstract

We consider asynchronous EN P systems, which are computational models inspired by the structures and
behaviors of living cells, for compare-and-exchange and sorting. We first propose an asynchronous EN P system
for the compare-and-exchange, and show that the asynchronous EN P system works in O(1) sequential and
parallel steps. We next propose an asynchronous EN P system for sorting of n numbers, and show that the
asynchronous EN P system works in O(n) parallel steps and O(n?) sequential steps.

1. Introduction

A number of next-generation computing paradigms have been considered due to limitation of silicon-based
computation. In the next-generation computing paradigms, natural computing, which works using natural
materials for computation, has considerable attention. As one of the natural computing, a numerical P system,
which is inspired from structures of living cells and economics, has been introduced in [1]. In addition, an
enzymatic numerical P system [2] (EN P system, for short) is also a model such that a variable called enzyme
is used to promote evolution programs.

A number of EN P systems have been proposed for some operations. For example, an EN P system for the
compare-and-exchange has been proposed in [3]. However, synchronous application of programs is assumed in
the EN P system with maximum parallelism. The maximal parallelism means that all applicable programs are
applied synchronously.

On the other hand, there is obvious asynchronous parallelism in the cell biochemistry. The asynchronous
parallelism means that all programs are independently applied with different speed. Since all objects in a living
cell basically works in asynchronous manner, the asynchronous parallelism must be considered to make the EN
P system more realistic model.

In the present paper, we first propose asynchronous EN P system for the compare-and-exchange, and show
that the asynchronous EN P system works in O(1) parallel steps and O(1) sequential steps.

We next propose an asynchronous EN P system for sorting n numbers using the asynchronous EN P system
for compare-and-exchange as sub-systems. The asynchronous EN P system works in O(n) parallel steps and
O(n?) sequential steps.

2. Asynchronous EN P system
The EN P systems and the sets used in the system are defined as follows.
Mgnp = (m, H, u, V1, P1,V1(0)), (V2, P2, V2(0)), +, (Vin, B, Vi (0)), Vo))
- m : mis the number of membranes.
- H: H is a set of labels for membranes. (We assume that a membrane labeled 1, which is called the skin
membrane, is the outermost membrane, i.¢., the skin membrane contains all of the other membranes.)
- i: u is membrane structure that consists of m membranes.
- Vi: Vi is a set of numerical variables in the membrane labeled i.
- Pi: Piis a set of evolution programs in the membrane labeled i .
- Vi(0) : Vi(0) is a set of initial values of variables in the membrane labeled i.
- Vo: Vo is a set of output variables.
In this paper, we assume that Vo is included in the outermost region of the system.
We next formally define a k-th evolution program pr; as follows.
PTii = {Fri Vo V2,0 Y€ = Cralva + Cralva + o+ Cpylvn,}
In the above expression, Fy ; (1,4, ¥2.i» ***» Vk,i) 1s called a production function and computed arguments
Y1, Y2, Vki © Vi and ¢pq|vg + i 2|V + -+ i, |Vn, s called a repartition protocol. {vy, v,, -+, vy, }
is a set of variables in the region and in neighboring regions, which are outside and inside regions. In addition,
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ej; is called enzyme, where J is an integer running from 1 to |Vi|. In case that e;; > min{y,;, ¥2,i,***, Yk}, the
enzyme works as a catalyst, and then, the repartition protocol allocates an output of the production function to
the variables according to coefficients {cy 1, Cx 2, >, Cgn;} © N.

In the present paper, we assume that the EN P system is asynchronous, i.e., any numbers of applicable
programs are applied in each step of computation. In other words, the asynchronous EN P system can be
executed sequentially, and also can be executed maximally in parallel.

3. Compare-and-Exchange

The input of compare-and-exchange is a pair of two values p and ¢, and the output is also a pair of two
values X and Yy such that X = min{p,q}, y = max{p,q}. An idea of ITcomp, which is an asynchronous EN P
system for the compare-and-exchange, is as follows. We utilize a feature that an evolution program is applied
if and only if a value of an enzyme in the program is greater than all numerical variables in a production
function in the program. We compare two input values p and q by setting the two values to numerical
variables and enzymes. The exchange operation is executed if a value of the enzyme is smaller than a value of
the numerical variable.

The following is an outline of computation of the asynchronous EN P system I1cowmp.

Step 1: Subtract 0.1 from a value of p to avoid tie situations.

Step 2: Set p to numerical variable n; and enzyme €, and set ( to numerical variables n, and enzyme €.

Step 3: Compute a larger value X using the following evolution programs. (The programs are simplified to
shorten the description.) Compute a smaller value y similarly.

Nyle, = 1%, nale, = 1|x

Step 4: Output X and y as a result of the compare-and-exchange.
We obtained the following theorem for the proposed EN P system I1cowme.
Theorem 1: The asynchronous EN P system ITcomp, Which executes the compare-and-exchange for two
numbers, works in O(1) parallel steps and O(1) sequential steps, using O(1) variables, O(1) membranes, and
O(1) evolution programs.

4. Sorting
An idea of ITsort, Which is an asynchronous EN P system for sorting, is based on odd-even transposition sort
[4]. We assume that input of sorting is n values Vy, V; -+, V,_1. An outline of the EN P system is as follows.

Step 1: Repeat the following two sub-steps, (1-1) and (1-2), g times and, and them, output the values.
(1-1) Perform the compare-and-exchange for (Vy;, V5i41) (0 <i < g -1 ing membranes.
(1-2) Perform the compare-and-exchange for (V5;_1,V5;) (1 <i < 2 -1) ing membranes.

We obtained the following theorem for the proposed EN P system [1sorr.
Theorem 2: The asynchronous EN P systems ITsort, which executes sorting for n numbers, works in O(n)
parallel steps and O(n?) sequential steps, using O(n) variables, O(nN) membranes, and O(Nn) evolution programs.

5. Conclusions
We proposed asynchronous EN P systems for compare-and-exchange and sorting. As a future work, we are
considering asynchronous EN P systems using the fewer number of membranes and programs.
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Abstract—Recently, membrane computing, which is a compu-
tational model based on cell activity, has considerable attention
as one of new paradigms of computations. In the membrane
computing, the asynchronous parallelism must be considered to
make the membrane computing more realistic.

In the present paper, we propose asynchronous P systems that
execute a compar e-and-exchange operation and sorting. We first
propose an asynchronous P system for the compare-and-exchange
operation of two binary numbers of m bits. The P system works
in O(m) steps by using O(m) types of objects, a constant number
of membranes and evolution rules of size O(m). We next propose
an asynchronous P system for sorting of n binary numbers of m
bits by using the above asynchronous P system as a sub-system.
The P system works in O(mn?) steps by using O(mn) types of
objects, a constant number of membranes, and evolution rules
of size O(mn).

. INTRODUCTION

A number of next-generation computing paradigms have
been considered due to limitation of silicon-based computa-
tional hardware. As an example of the computing paradigms,
natural computing, which works using natural materials for
computation, has considerable attention. A membrane comput-
ing, which is a computational model inspired by the structures
and behaviors of living cells, is a representative of the natural
computing.

A basic feature of the membrane computing was introduced
by in [1] as a P system. The P system consists mainly of
membranes and objects. A membrane is a computing cell, in
which independent computation is executed, and may contain
objects and other membranes. Each object evolves according
to evolution rules associated with a membrane in which the
object is contained.

The P system and most variants have been proved to be
universal [2], and several P systems have been proposed for
solving NP problems [3], [4], [5]. [6], [7], [8], [9], [10],
[11], [12] since a exponential number of membranes can be
created in a polynomial number of steps on the P system.
In addition, P systems for basic operations, such as logic or
arithmetic operations, have been proposed in [13], [14] to
apply membrane computing in a wide range problems.

However, synchronous application of evolution rules is
assumed on the above P systems with the maximal parallelism,
which is a main feature of the P systems. The maximal
parallelism means that all applicable rules in al membranes
are applied synchronously.

fujiwara@cse. kyutech.ac.jp

On the other hand, there is obvious asynchronous paral-
lelism in the cell biochemistry. The asynchronous parallelism
means that all objects may react on rules with different speed,
and evolution rules are applied to objects independently. Since
all objects in a living cell basically works in asynchronous
manner, the asynchronous parallelism must be considered to
make P system more realistic model.

For considering asynchronous paralelism, a number of P
systems have been proposed in [15], [16], [17], [16], [18].
As an example, two asynchronous P systems [17] have been
proposed for solving SAT and Hamiltonian cycle problem, and
a number of P systems [18] have been proposed for graph
problems. The P systems solve N P problemsin a polynomial
number of parallel steps. In addition, another asynchronous
P system [16] has been proposed for computing arithmetic
operations and factorization.

As complexity of the asynchronous P system, we consider
two kinds of numbers, which are a number of sequential steps
and a number of parallel step. The numbers of sequential steps
is a number of executed steps in case that rules are applied
sequentially, and the number of parallel steps is a number of
executed steps with maximal parallelism.

In the present paper, we propose asynchronous P systems
that executes a compare-and-exchange operation and sorting,
which are basic operations for computation. We first propose
an asynchronous P system for the compare-and-exchange op-
eration of two binary numbers of m bits. The P system works
in O(m) sequential and parallel steps by using O(m) types of
objects, a constant number of membranes and evolution rules
of size O(m).

We next propose an asynchronous P system for sorting of
n binary numbers of m bits by using the above asynchronous
P system as a sub-system. The P system works in O(mn?)
sequentia and parallel steps by using O(mn) types of objects,
a constant number of membranes, and evolution rules of size
O(mn).

Il. PRELIMINARIES

A. Computational model for membrane computing

Several models have been proposed for membrane comput-
ing. We briefly introduce a basic model of the P system in
this subsection. The P system consists mainly of membranes
and objects. A membrane is a computing cell, in which
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Fig. 1. An example of membrane structure

independent computation is executed, and may contain objects
and other membranes. In other words, the membranes form
nested structures. In the present paper, each membrane is
denoted by using a pair of square brackets, and the number on
the right-hand side of each right-hand bracket denotesthe |abel
of the corresponding membrane. An object in the P system is
a memory cell, in which each data is stored, and can divide,
dissolve, and pass through membranes. In the present paper,
each object is denoted by finite strings over a given aphabet,
and is contained in one of the membranes.

For example, [[a]2[b]3]1 and Figure 1 denote the same
membrane structure that consists of three membranes. The
membrane labeled 1 contains two membranes labeled 2 and 3,
and the two membranes contain objects a and b, respectively.

Computation of P systems is executed according to evolu-
tion rules, which are defined as rewriting rules for membranes
and objects. All objects and membranes are transformed in
parallel according to applicable evolution rules. If no evolution
rule is applicable for objects, the system ceases computation.

Now, we formally define a P system and the sets used in
the system as follows.

II= (07M7W17w27"'awmaRlvRQa'"aRWL)

O: O isthe set of all objects used in the system.

w;:  Each w; isaset of objectsinitially contained only in
the membrane labeled i.

R;: Each R; isaset of evolution rulesthat are applicable
to objects in the membrane labeled i.

In the present paper, we assume that input objects are
given from the outside region into the outermost membrane,
and computation is started by applying evolution rules. We
also assume that output objects are sent from the outermost
membrane to the outside region. In membrane computing,
severa types of rules are proposed. In the present paper, we
consider five basic rules of the following forms.

(1) Object evolutionrule: [a |, = [ ]n

where h € H and a,b € O. Using the rule, an object
a evolvesinto another object b. (We omit the brackets
in each evolution rule for cases that a corresponding
membrane is obvious.)

(2)  Send-in communication rule: a[ |, — [ b 5,

where h € H, and a,b € O. Using the rule, an
object a is sent into the membrane, and can evolve
into another object b.

(3)  Send-out communication rule: [ a |, — [ [nb

whereh € H,and a,b € O. Using therule, an object

a is sent out of the membrane, and can evolve into
another object b.

(4) Dissolutionrule: [a ], — b
where h € H, and a,b € O. Using the rule, the
membrane, which contains object a, is dissolved,
and the object can evolve into another object b. (The
outermost membrane cannot be dissolved.)

(5) Divisonrule: [a]p—[b]n[c]n

where h € H, and a,b € O. Using the rule,
the membrane, which contains object a, is divided
into two membranes that contain objects b and c,
respectively.

We assume that each of the above rules is applied in a
constant number of biological steps. In the following sections,
we consider the number of steps executed in a P system as
the complexity of the P system.

B. Maximal parallelism and asynchronous parallelism

In the standard model in membrane computing, which is
a P system with maximal paralelism, al of the above rules
are applied in a non-deterministic maximally parallel manner.
In one step of computation of the P system, each object
is evolved according to one of applicable rules. (In case
there are several possibilities, one of the applicable rules is
non-deterministically chosen.) All object, for which no rules
applicable, remain unchanged to the next step. In other words,
all applicable rules are applied in paralel in each step of
computation.

On the other hand, we propose asynchronous P systems,
which assume that evolution rules are applied in fully asyn-
chronous manner. In the asynchronous P systems, any number
of applicable evolution rules is applied in each step of com-
putation. In the other words, the asynchronous P system can
be executed sequentially, and aso can be executed in maximal
parallel manner.

The reason why we assume the asynchronous parallelism
in this paper is based on the fact that every living cell
acts independently and asynchronously. Since the standard P
system ignores the asynchronous feature of living cells, the
asynchronous P system is a more realistic computation model
for cell activities.

We now show an example for difference between the P
system with maximal paralelism and the asynchronous P
system. We define P system II and the sets used in the system
as follows.

= (0, p,wi, R)

e O={a,b,c,d,e}

e p=[h

e W1 = (//)

e Ri={a—bbc—d,c— e}

We now show an example of the computation of the P
system I1. Let us assume that input objects aac are given into
the membrane from the outside region.

We first consider a computation of II on the standard P
system. In the initial state, the applicable rules are ¢ — b and
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¢ — e, and the two rules are applied in parallel with maximal
parallelism. Then, input objects are evolved into bbe after the
first computation step in the P system. Since the object bbe
cannot be evolved using evolution rulesin Ry, the computation
on the P system is halted.

We next consider a computation of II on the asynchronous
P system. In the initial state of the asynchronous P system,
the applicable rules are ¢ — b and ¢ — e, and the two rules
are applied asynchronously. Then, the input objects aac can
be evolved into bbe, abe, bbe, abe or aae in the first step of
the computations. In this case, objects bbc and abc can be
evolved into bd and ad in the second step of the computation,
respectively.

Therefore, a number of executions are possible in the
asynchronous P system, and the evolution rulesin the standard
P system, which assumes a maximal parallel manner, may not
work in an asynchronous parallel manner.

In the asynchronous P system, all evolution rules can be
applied completely in paralel, which is the same as the
conventional P system, or all evolution rules can be applied
sequentially. We define the number of steps executed in the
asynchronous P system in the maximal parallel manner as
the number of parallel steps. We aso define the number of
steps in the case that the applicable evolution rules are applied
sequentially as the number of sequential steps. The numbers
of parallel and sequential steps indicate the best and worst
case complexities for the asynchronous P system. In addition,
the proposed asynchronous P system must be guaranteed to
output a correct solution in any asynchronous execution.

C. Representation of binary numbers with objects

In this subsection, we describe a unified representation of
a binary number with objects. The representation is similar
to the binary notation of [14], and one object corresponds
to one bit of a binary number. Therefore, we use O(mn)
objects to denote n binary numbers of m bits. In addition, the
representation enables the addressing feature, i.e., each binary
number is stored in a given address.

Let Vim—1,Vim—2, -+, Vio bem Boolean values stored in
address i. In case that the values denote a non-negative integer
V;, the following expression holds.

m—1

Vi= > Viyjx2
§=0

We use the following m objects to denote a binary number
of m bits. In the objects, A; and B; denote the address and
the bit position, respectively, in which each value is stored.

<Ai; B’rn—l; V;,'rn—1>7 <Ai; B’rn—2; V;,'rn—2>7 Tty <Aza BO7 Vuo)

The above objects are referred to as memory objects. For
example, the following four memory objects denote a binary
number 1000, which is stored in address 1.

<A1;B37 1)) <A1;BQ70>5 <A17B1;O>7 <A17B050>

I11. COMPARE-AND-EXCHANGE

In this section, we present an asynchronous P system for
the compare-and-exchange operation of two binary numbers
of m bits. The input of the compare-and-exchange operation
is a pair of two values p, ¢, and the output of the operation
is also a pair of two values z, y such that x = min{p, ¢} and
y = max{p, ¢}. We first explain an input and an output of the
compare-and-exchange operation for the P system, and then,
show an outline and details of the P system with an example.
Finally, we discuss time complexity of the proposed P system.

A. Input and output

An input and an output of the compare-and-exchange oper-
ation are expressed using memory objects described in Section
2.

We assume that two input binary numbers of m bitsis stored
in addresses p and ¢. The following two sets of objects are
given as an input in the outermost membrane.

<Ap7 Bm—h VYp,m—l)a <Apa Bm—2; Vp,m—2>a ) <Ap7 BO; Vp,0>
<Aqa Bm—lv V;],m—1>7 <Aq7 Bm—27 V;],m—2>7 ) <Aq7 BO; V;;,O>

An output of the compare-and-exchange operation, which
is a pair of two binary numbers stored in addresses = and y,
is also given as sets of memory objects as follows.

<Ax; Bmfla Vz,m71>7 <Ax7 Bm727 Vx,m72>7 Ty <Ax; B(); Vz,()>
<Aya Bmfla Vy,m71>v <Aya Bm*Z} Vy,m*2>7 Ty <Aya B()v Vy,0>

B. An asynchronous P system for the compare-and-exchange

We first explain an overview of the asynchronous P sys-
tem for the compare-and-exchange operation. The membrane
structure used in the computation is the outermost membrane
only such that [ |;.

The computation of the P system consists of the following
3 steps.

Step 1: Find the most significant bit, which is the left-most
bit position such that Boolean values of two binary
numbers p and ¢ differs. Then, compute the relation
between p and ¢ from the most significant bit.

Step 2: In case that p > ¢, copy al Boolean values of
p and ¢ to memory objects that denotes y and =,
respectively. In the other case, copy al Boolean
values of p and ¢ to memory objects that denotes
x and y, respectively.

Step 3: Send out memory objects that denote = and y from
the outermost membrane.

We now explain outline of each step of the computation. In
Step 1, the most significant bit is searched from the higher bit
to the lower bit applying the following two sets of evolution
rules.

Riix = {(A,,B;,V)(Aq, B;,V)(CB,1)
4><APaBiav><Aquiav><CBaZ‘71>

|V e{0,1},1<i<m—1}
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Ri12 = {(4p,Bi,1)(Ag, B, 0)(CB, 1)
— (Ap, B, 1){Ay4, B;,0)(GTE)
|0<i<m-—1}
U{<ApaBivO><Aqui;1><CBvi>
— (Ap, B;,0)(Aq, B;, 1)(LT)
[0<i<m-—1}
U{(Ap, By, V)(Ay, Bo, V)(CB,0)
— (Ap, By, V){(Aq, By, V)(GTE)
| Ve{0,1}}

In the above evolution rules, object (CB, i) denotes current
bit position for comparison of two Boolean values. In case
that two Boolean values are equal, except for the lowest bits,
evolution rules in Ry ;; is applied, and the comparison is
moved to the lower bit position. In the other case, one of
objects (GTE) and (LT), which denote “grester than or
equal to” and “less than” respectively, is created according
to evolution rulesin Ry ;1 o.

In Step 2, Boolean values that denote p and ¢ are copied to
memory objects that denote = and y according to the results
of the comparison in Step 1. Step 2 is executed applying the
following set of evolution rule.

R, = {(GTE)— (EX,m—1),(LT) — (CP,m —1)}
U{<Apa Bia Vp><Aqv Bi; V:1><EX7 Z>

— <A93a Bia V:1><Aya Bia Vp><EXaZ - 1>;

<A;w B;, Vp) <A<17 B;, ‘/;1><CP7 Z>

— (Ag, Bi, Vp)(Ay, Bi, Vg )(CP,i — 1)

| Vp, Vg€ {0,1},1<i<m—1}

U{(EX,-1) - (CB,m — 1),

(CP,—1) = (CB,m — 1)}

In the above R; o, object (E X, i) executes exchange of two
input values p and ¢, i.e. the object copies values p and ¢ to
and z from the higher bit to the lower bit. On the other hand,
object (C'P, i) similarly copies two input values p and ¢ to «
and y. At the end of Step 2, object (CB, m — 1) is created
for initializing the object for the next compare-and-exchange
operation.

In Step 3, memory objects, which denote x and y, are sent
out from the outermost membrane applying the following set
of send-out communication rules.

R1,3 = {[<A:mBZvVa:><AvaZaVy>]l
- [ ]1 <AJE7 Bi, V:L><Ay7 B, Vy>
| Vi, V, €{0,1},0<i <m — 1}

Note that Step 3 may be executed before finishing Step
2 because we assume the asynchronous P system. In any
execution of the P system, the P system output correct results
at the end of computation because sets of evolution rules is
designed to be applied sequentialy.

1
<A, B3 1><A B, 0> <A B, 0> <A, B,,0>
<AqB31>I<A,B, 1> <A B, 1> <A B,,0>
<CB 3>

‘ I:zl,l,l

<A,By 13 <A B, 1>I<A B,,0> <A, B, 0>
<AyBy 13 <A B,0>i<A,B,,1> <A, B, 0>
<CB,2>

‘ R1,1,2

- N
\ <A,By 1> <A B, 1> <AB,,0> <A, B, 0>

<AB31> <A,B,0> <A B, 1> <A,B,0>

<A,.B31> <A, B, 1> <A, ,B,,0> <A, B,0> Ris
<A,B, 1> <A B,0><A B, 1><A B,0>

<CB,3>

Fig. 2. An example of execution of II..

We now formally define P system 7. that executes the
compare-and-exchange operation for two binary numbers of
m bits.

IMee = (Oa My W1, Rl)

0 = {<Apoian>a<AaniaV;1>a
<Avaian>v<Avai7Vy>
| Vo, Vo, Vi, V, € {0,1},0 <9 < m — 1}
U{{(CB,#) | 0<i<m—1}
U{{EX,i),(CP,i) | —1<i<m-—1}
U{(GTE),(LT)}

po= [h

wi = {(CB,m-1)}

Ry = Ry11UR112UR12UR 3

Figure 2 illustrates an example of an execution of the P
system Il... In the example, two input binary numbers are
p = 1100 and ¢ = 1010, and the memory objects that denote
p and ¢ are given from the outside region into the P system.
Then, the comparison for the first bit is executed applying
Ri1.11, and the comparison is moved the the next bit.

In the next step, a set of rule R, ;> is applied, and object
(GTE) is created in the membrane, and the object enables
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R 2. After application of R, », exchanged values are sent out
from the outermost membrane applying R 3.

C. Complexity of the P system

We now consider complexity of the proposed P system
II.. Both of the number of sequential and parallel steps in
Step 1 and Step 2 are O(m) because the steps are executed
sequentially. The number of sequential and parallel steps in
Step 3 is O(m) and O(1), respectively, because the step can
executed in parallel.

Since the number of types of objects in the P system is
O(m) and the number of kinds of evolution rulesisalso O(m),
we obtain the following theorem for II....

Theorem 1. An asynchronous P system II.., which exe-
cutes compare-and-exchange operation of two binary numbers
of m bits, worksin in O(m) sequential and parallel steps using
O(m) types of objects and evolution rules of size O(m). O

V. SORTING

We next show an asynchronous P system for sorting n
binary numbers of m bits. An idea of the P system is based
on the odd-even transposition sort [19], and the P system 11,
which is described in previous section, is used as a sub-system.
We first explain an input and an output of sorting for our P
system, and then, show an outline and details of our P system.
Finally, we discuss time complexity of the proposed P system.

A. Input and output
We assume that input of sorting is n binary numbers
Vo, V1, -+, V,_1, and also assume that the numbers are stored
in addresses Xy, X1, - - - X,,_1. The binary numbers are given
as a set of memory objects given below.
(X0, Bm=1,Vo,m-1){Xo0, Bm—2, Vo,m-2) - - - (X0, Bo, Vo,0)
<X1; Bm—l; Vl,m—l) <X17 Bm—27 ‘/1,7rz—2> e <X1; 307 ‘/1,0>

<Xn—17 Bm—la Xn—l,m—l) <Xn—17 Bm—27 Xn—l,m—2> e
t <An71; B(), anl,()>
We also assume that output of sorting is a set of binary
numbers stored in addresses Yy, Y1, --Y,_1. The memory
objects for output are given below.
<Yb; B’rn—l; VO,'rn—l) <Yb; B’rn—2; VO,'rn—2> o <Y07 BO; VO,O>
<Yi, B’rn—l; Vl,'rn—l) <Y1; B’rn—2; Vl,'rn—2> o <Y17 BO; Vl,O>

<}/n—1; Bm—l; V;L—l,m—1><1/n—1; Bm—2; V;L—l,m—2> e
v <Yn71; B()v anl,()>

B. An asynchronous P system for sorting

We first explain an overview of the asynchronous P system
for sorting. The membrane structure used in the computation
consists of three membranes such that [ [ |ce_odd [ Jce_even]1s
where membranes ce_odd and ce_even is a P system for the
compare-and-exchange operation for pairs of binary numbers.

The computation of the P system consists of the following
steps.

Step 1. Repeat the following two sub-steps, (1-1) and (1-2),
5 times, and send out obtained memory objects from
the outermost membrane.
Send memory objects Vp, Vi, --V,_1 into mem-
brane ce odd. Then, execute the compare-and-
exchange operation for 3 pairs given below. (We call
the the compare-and-exchange step odd exchange
step.)

(1-1)

(Vai, Vapr) (00 < g -1)

The above memory strands are sent out from the
membrane after the odd exchange step.

Send memory objects that denote Vy, Vi, --V,, 1
into membrane ce_even. Then, execute the compare-
and-exchange operation for 5 pairs given below. (We
call the compare-and-exchange step even exchange
step.)

(1-2)

(Vaio1, Vo)) (1<i<Z—1)

The above memory strands are also sent out from the
membrane after the even exchange step.

We now explain an outline of each step of the computation.
First of al, we consider two P systems, I1.e_oqq @d Ilce cven,
which execute the odd and even exchange steps. Since each
pair of compare-and-exchange operation is executed indepen-
dently from the other pairs, I1.. ,qq and Il.c cyen are obtained
by modifying II... We assume that these two P systems are
two membranes ce_odd and ce_even.

We next explain the other steps for the P system. Since
we assume an asynchronous P system, we must consider how
to execute the above step synchronoudly, i.e., (1-1) and (1-2)
must not be executed simultaneously.

In (1-1), input objects are moved into membrane ce_odd.
This step is executed applying the following evolution rules.

Riii = {(Xi, By, V)(Mo,i,j)[ lee_odd
— [<Xiija V><M07iaj>]ce_odd
|V e{0,1},0<i<n—-1,0<j<m-—1}
U{[<M0, iaj)]ce_odd — [ ]ce_odd<MOa ’L',j + 1>
|0<i<n—-1,0<j<m-—2}
U{KMOa ia m — 1>]ce_odd
— [ ]ce_odd<MOvi + 1; O>
[0<i<n-—1}
U{{(Mo,n,0)(C, k) — (Mg,0,0){C, k+ 1)
|0<k<n-1}

In the above R; ., object (A;, B;,V;;) is moved
into membrane ce_odd using object (Mo,1,j). The object
(Mo, 1,j) first moves memory objects stored in address O,
next moves memory objects stored in address 1, and so on.
After al memory objects are moved into membrane ce_odd,

the object is set to (Mg, 0, 0), which is an object used to move
memory object into membrane ce_even. In addition, object
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(C, k) is used to count the number of steps, and the object is
incremented at the end of (1-1).

After moving memory objects into membrane ce_odd, the
compare-and-exchange operation is executed in the membrane,
and al memory objects are asynchronously sent out from
membrane ce_odd.

In (1-2), input objects are moved into membrane ce_odd
using the following R 1,2, which is similar to Ry ; ;.

R1,1,2 - {<Xi7 Bja V> <ME727]>[ ]ce_e'uen
— [<X17 Bja V> <ME7 ivj>]ce_even
|V e{0,1},0<i<n-1,0<j<m-—1}
U{KMEa Z‘aj>]ce_even
— [ ]ce_e'uen<ME; ’L',j + 1>
U{KME; i; m — 1>]ce_e'uen
— [ Jee_even(M,i+1,0)
|0<i<n-—1}
U{<ME7 n, 0><Cv k> - <M07 0; 0><Cv k+ 1>
|0<k<n-1}

After 5 times executions of (1-1) and (1-2), sorting is
completed, and object (Mo, 0,0) and (C, n)is obtained. Then,
al memory objects are sent out applying the following R; ».

Ris = {(Mop,0,0)(C,n)— (S,0,0)}

U{<XiaBj7V><Sai7j>

—(Y;,B;,V){(S,i,j+ 1)

| Vef0,1},0<i<n—-10<j<m-2}
U{{X;, Bin—-1,V)(S,i,m — 1)

— <1/z7 B77L—17 V> <S7Z + 17 O>

| Ve{0,1},0<i<n-—1}
U{[Ofu ij V>]1 - [ ]1<}fi7 Bja V>

| Ve{0,1},0<i<n—-1,0<j<m—1}
U{(S,n,0) — (Mo,0,0,1)}

We now formally define P system Il,,,; that executes
sorting for n binary numbers of m bits.

Msore = (07 My W1, Wee_oddy Wee_even s Ry, Rce_odch Rce_e'uen)

O = {(X;,B;,V),(Yi,B;,V) |V €{0,1},
0<i<n—-1,0<j<m-1}

u{{Mo, i,3), (Mg, 1, j)
|0<i<n,0<j<m-—1}

U{(C,k) | 0 <k <n}

U{(S,4,4) | 0<i<n,0<j<m—1}
= [[]ee_even| Jee_odd]1

wi = {{(Mo,0,0,1)}

R = Ri1iUR112UR

(wce_oddn Wee_evens Hce- Rce_odd and Rce_even are Omltted)

C. Complexity of the P system

We now consider complexity of the proposed P system
I0r:- The numbers of parallel and sequential steps in (1-1)
and (1-2) are O(m) paralel steps and O(mn) sequentia steps
because compare-and-exchange operations are executed for 3
pairs of binary numbers. The other steps, which sequentially
move memory objects, works in O(nm). Since (1-1) and (1-
2) is repeated % times, time complexity of the P system is
O(mn?) sequential and parallel steps.

The number of types of objects in the P system is O(mn),
and the number of kinds of evolution rules is aso O(mn).
Therefore, we obtain the following theorem for I1,,,.;.

Theorem 2: An asynchronous P system I1;,,.;, which sorts
n binary numbers of m bits, worksin O(mn?) sequential and
parallel stepsusing O(mn) types of objectsand evolution rules
of size O(mn). O

V. CONCLUSIONS

We proposed asynchronous P systems for the compare-and-
exchange operation and sorting. The proposed P systems are
fully asynchronous, i.e. any number of applicable rules may be
applied in one step of the P systems. The first P system for the
compare-and-exchange operation works in O(m) sequentia
and paralel steps for two binary numbers of m bits, and the
second P system for sorting works in O(mn?) sequential and
parallel steps for n binary numbers of m bits. Although the
number of stepsis not small as well-known sorting algorithms,
the proposed P system shows that the basic operations can be
executed on the asynchronous P system.

As our future work, we are considering reduction of the
numbers of parallel steps on the proposed asynchronous P
systems.
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Agreement among mobile robots in the three-dimensional
Euclidean space:
The plane formation problem and the pattern formation problem

Yukiko Yamauchi *

Kyushu University, Japan.

Abstract. We consider a swarm of autonomous mobile robots each of which is anonymous and obliv-
ious (memory-less), and synchronously executes the same algorithm. The plane formation problem
requires the robots to land on a common plane without forming any multiplicity from a given initial con-
figuration and the pattern formation problem requires the robots to from a given target pattern from an
initial configuration. We first investigate the pattern formation problem for oblivious fully-synchronous
(FSYNC) robots moving in the three dimensional Euclidean space (3D-space), and characterize the
problem by showing a necessary and sufficient condition for the robots to form a target pattern F' from
an initial configuration P. The pattern formation problem in the two dimensional Euclidean space
(2D-space) has been characterized by Yamashita and Suzuki (TCS 2010) and Fujinaga et al. (SICOMP
2015). They showed a necessary and sufficient condition based on the notion of symmetricity of an initial
configuration that shows the symmetry that the robots can never break. The symmetricity of p(P) of
positions of robots P is intuitively the order of the cyclic group of the initial configuration. It has been
shown that the oblivious FSYNC robots can form a target pattern F' from an initial configuration P if
and only if p(P) divides p(F'). We extend the notion of symmetricity to 3D-space by using the rotation
groups that is defined by a set of rotation axes and their arrangement. We define the symmetricity o(P)
of positions of robots in 3D-space as the set of rotation groups formed by rotation axes that the robots
can never eliminate. We show the following necessary and sufficient condition for the pattern formation
problem which is a natural extension of existing results of the pattern formation problem in 2D-space:
The oblivious FSYNC robots in 3D-space can form a target pattern F' from an initial configuration P
if and only if o(P) C o(F'). We will show the impossibility by showing the worst case arrangement of
local coordinate systems of robots, that does not allow the robots to break their symmetricity. For the
possibility cases, we present a pattern formation algorithm for oblivious FSYNC robots. As a corollary
of the main result, we can show a necessary and sufficient condition for the robots to form a plane:
The oblivious FSYNC robots in 3D-space can from a plane if and only if o(P) is a cyclic group or a
dihedral group. We then show a plane formation algorithm for oblivious FSYNC robots.

Keywords. FSYNC model, mobile robots in three dimensional Euclidean space, plane formation prob-
lem, pattern formation problem, rotation group, symmetry breaking.

* Corresponding author. Address: 744 Motooka, Nishi-ku, Fukuoka 819-0395, Japan. Fax: +81-92-802-3637. Email:
yamauchi@inf .kyushu-u.ac. jp
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iZ Baba 5 [1] ® Gathering 7V 3 X A% HKIZT
5. Gathering l3ARD 1 DF 7%, BEDES 2 DDA
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HUTEMIZWS & &, FETESIBIZ, g P K
T OFDER%ZZITHS Z LT, —HOF/EEEHE
FTHIENTES.

UF, BEIAT v TEMERAT v 7 DM % S
T5.
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-84, state % Select IZEFE L, 2 DDHLE ZTD
oAz FELETS. k>2THEDT, H<
EE2ANDIT =TV MR 2DODFILNE EDM S %
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